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I  HAVE  endeavoured,  in  the  following  Treatise,  to  convey 
as  complete  an  account  of  the  present  state  of  knowledge  on 
the  subject  of  Differential  Equationa,  as  was  consistent  with 
the  idea  of  a  work  intended,  primM-iiy,  for  elementary  instruc- 
tion. It  was  my  object,  first  of  all,  to  meet  the  wants  of  those 
who  had  no  previous  acquaintance  with  the  subject,  but  I  also 
desired  not  quite  to  disappoint  others  who  might  seek  for  more 
advanced  iBformation,  These  distinct,  but  not  inconsistent 
aims  determined  the  plan  of  composition.  The  earlier  sections 
of  each  chapter  contain  that  kind  of  matter  which  has  usually 
been  thought  suitable  for  the  beginner,  while  the  latter  ones 
are  devoted  either  to  an  a<;count  of  recent  discovery,  or  to  the 
discussion  of  such  deeper  questions  of  principle  as  are  likely  to 
present  themselves  to  the  reflective  student  in  connexion  with 
the  methods  and  processes  of  his  previous  course.  An  appen- 
dix to  the  table  of  contents  will  shew  what  portions  of  the 
work  are  regarded  as  sufficient  for  the  less  complete,  but  still 
not  unconnected  study  of  the  subject. 

The  principles  which  I  have  kept  in  view  in  carrying  out 
the  above  design,  are  the  following : 

1st,  In  the  exposition  of  methods  I  have  adhered  as  closely 
as  possible  to  the  historical  order  of  their  development. 

I  presume  that  few  who  have  paid  any  attention  to  the 
bietory  of  the  Mathematical  Analysis,  will  doubt  that  it  has 
l<een  developed  in  a  certain  order,  or  that  that  order  has  been, 
to  a  great  extent,  necessary — being  determined,  either  by  steps 
wf  logical  deduction,  or  by  the  successive  introduction  of  new 
ideas  and  conceptions,  when  the  time  for  their  evolution  had 


1^ 


rnrived.  And  tliese  are  causes  which  operate  in  perfect  har- 
mony. Each  new  scientific  conception  gives  occasion  to  new 
applications  of  deductive  reasoning;  but  those  apphcations 
may  be  only  possible  through  the  methodd  and  the  processes 
which  belong  to  an  earUer  stage. 

Thus,  to  take  an  illustration  from  the  subject  of  the  follow- 
ing work, — the  solution  of  ordinary  simultaneoiia  differential 
equations  properly  precedes  that  of  linear  partial  differential 
equations  of  the  first  order;  and  this,  again,  properly  pre  cedew 
that  of  partial  differential  equations  of  the  first  order  which  are 
not  linear.  And  in  this  natural  order  were  the  theories  of 
these  subjects  devtiloped.  Again,  there  exist  large  and  very 
important  classes  ofdifferentiol  equations  the  solution  of  which 
depends  on  some  process  of  successive  reduction.  Now  such 
reduction  seems  to  have  been  effected  at  first  by  a  repeated 
change  of  variables ;  afterwards,  and  with  greater  generality, 
by  a  combination  of  such  transformations  with  others  involv- 
ing differentiation ;  last  of  all,  and  with  greatest  generality,  by 
symbolical  methods.  I  think  it  necessary  to  direct  attention 
to  instances  like  these,  because  the  iniUcationa  which  they 
afford  appear  to  me  to  have  been,  in  some  works  of  great 
ability,  overlooked,  and  because  I  wish  to  explain  my  motives 
for  departing  from  the  precedent  thus  set. 

Now  there  is  this  reason  for  grounding  the  order  of  expo- 
sition upon  the  historical  sequence  of  discovery,  that  by  so 
doing  we  are  most  likely  to  present  each  new  form  of  truth  to 
tlie  mind,  precisely  at  that  stage  at  which  the  mind  is  most 
fitted  to  receive  it,  or  even,  like  that  of  the  discoverer,  to  go 
forth  to  meet  it.  Of  the  many  forms  of  false  culture,  a  pre- 
mature converse  with  abstractions  is  perhaps  the  most  likely 
to  prove  fatal  to  the  growth  of  a  masculine  vigour  of  intellect. 

In  accordance  with  the  above  principles  I  have  reserved 
the  exposition,  and,  with  one  unimportant  exception,  the  ap- 
plication of  symbolical  methods  to  the  end  of  the  work.    The 


propriety  of  tliia  coiirae  appears  to  me  to  be  confivnied  by  an 
examination  of  the  actual  processes  to  which  symbolical 
methods,  as  applied  to  differential  equations,  lead.  Generally 
speaking,  these  methods  present  the  solution  of  the  proposed 
equation  as  dependent  upon  the  performance  of  certain  inverse 
operations,  I  have  endeavoured  to  shew  in  Chap,  xvr.,  that 
the  expressions  by  which  these  inverse  operations  are  sym- 
bolized are  in  reality  a  species  of  interrogations,  admitting  of 
answers,  legitimate,  but  differing  in  species  and  character  ac- 
cording to  the  nature  of  the  transformations  to  which  the 
expressions  from  which  they  are  derived  have  been  subjected. 
The  solutions  thus  obtained  may  ho  particular  or  geoeral,-r- 
they  may  be  defccti-ve,  wholly  or  partially,  or  complete  oi' 
redundant,  in  those  elements  of  a  solution  which  are  termed 
arbitrary.  If  defective,  the  question  arises  how  the  defect 
is  to  be  supplied ;  if  redundant,  the  more  difficult  question 
whether  the  redundancy  is  real  or  apparent,  and  in  either 
case  how  it  is  to  be  dealt  with,  must  be  considered.  And 
here  the  necessity  of  some  prior  acquaintance  with  the  things 
themselves,  rather  than  with  the  symbolic  forms  of  their  ex- 
pression, must  become  apparent.  The  most  accomplished  in 
the  use  of  symbols  must  sometimes  throw  aside  his  abstrac- 
tions and  resort  to  homelier  methods  for  trial  and  verification 
— ^not  doubting,  in  so  doing,  the  truth  which  lies  at  the  bottom 
of  his  symbolism,  but  distrusting  his  own  powers. 

The  question  of  the  true  value  and  proper  place  of  sym- 
bolical methods  is  undoubtedly  of  great  importance.  Theii- 
convenient  simplicity — their  condensed  power — must  ever 
constitute  their  first  claim  upon  attention.  I  believe  how- 
ever that,  in  order  to  form  a  just  estimate,  we  must  consider 
them  in  another  aspect,  viz,  as  in  some  sort  the  visible  mani- 
festation of  truths  relating  to  the  intimate  and  vital  con- 
nexion of  language  with  thought — truths  of  which  it  may  be 
presumed  that  we  do  not  yet  see  the  entire  scheme  and  con- 
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uexion.  But,  while  this  consideration  vindicates  to  tlicm  a 
Ligh  position,  it  soetas  to  me  clearly  to  define  tliat  position. 
Ab  discussiona  about  words  can  never  remove  the  diffieultiea 
that  exist  in  things,  so  ao  ekil!  in  the  use  of  thoBe  aids  to 
thought  which  language  furnishes  cau  relieve  us  from  the 
necessity  of  a  prior  and  more  direct  study  of  the  things  which 
are  the  subjects  of  our  reasonings.  Aud  the  more  exact, 
and  the  more  complete,  that  study  of  things  lias  been,  the 
more  likely  shall  we  be  to  employ  with  advantage  all  inatru- 
mental  aids  and  appliances. 

But  although  I  have,  for  the  reasons  above  mentioned, 
treated  of  symbolical  methods  only  in  the  latter  chapters  of 
the  work,  I  trust  that  the  exposition  of  them  which  is  there 
given  will  repay  the  attention  of  the  student.  I  have  endea- 
voured to  supply  what  appeared  to  me  to  be  serious  defects  in 
tkeir  logic,  and  I  have  collected  under  them  a  large  number 
of  equations,  nearly  all  of  which  are  important, — from  their 
connexion  witli  physical  science  or  for  other  reasons, 

2ndly,  I  have  endeavoured,  more  perhaps  than  it  has  been 
usual  to  do,  to  found  the  methods  of  solution  of  differential 
equations  upon  the  study  of  the  modes  of  their  formation.  In 
principle,  this  course  is  justified  by  a  consideration  of  the  real 
nature  of  inverse  processes,  the  laws  of  which  must  be  ulti- 
mately derived  from  those  of  the  direct  processes  to  which 
they  stand  related ;  in  point  of  expediency  it  is  recommended 
by  the  greater  simplicity,  and  even  iu  some  instances  by  the 
greater  generality,  of  the  demonstrations  to  which  it  leads. 
I  would  refer  particularly  to  the  demonstration  of  AIonge'H 
method  for  the  solution  of  partial  differential  equations  of 
the  second  order  given  in  Chap.  xv. 

With  respect  to  the  sources  from  which  information  has 
been  drawn,  it  ia  proper  to  mention  that,  on  questions  re- 
lating to  the  theory  of  differential  equations,  my  obligations 
are  greatest   to   Lagrange,  Jacobi,  Cauchy,  and,   of   living 
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writers,  to  Professor  De  Moi^an.  For  niethoda  and  exam- 
ples, a  very  large  number  of  memoira  English  and  foreign 
have  been  consulted ;  these  are,  for  the  moat  part,  acknow- 
ledged. At  the  same  time  it  is  right  to  add  that,  in  almost 
every  part  of  the  work,  I  found  it  necessary  to  engage  more 
or  less  in  original  investigation,  and  especially  in  those  parts 
vrhich  relate  to  Eiocati's  equation,  to  integrating  factors,  to 
singular  solutions,  to  the  inverse  problems  of  Geometry  and 
Optics,  to  partial  differential  equations  both  of  the  first  and 
second  order,  and,  as  baa  already  been  intimated,  to  symboli- 
cal methods.  The  demonstrations  scattered  through  the  work 
are  also  many  of  them  new,  at  least  in  form. 

In  recent  years  much  light  has  been  thrown  on  certain 
classes  of  differential  equations  by  the  researches  of  Jacob: 
on  the  Calculus  of  Variations,  and  of  the  same  great  analyst, 
with  Sir  W.  R  Hamilton  and  others,  on  Theoretical  Dyna- 
mics. I  have  thought  it  more  accordant  with  the  design 
of  an  elementary  treatise  to  endeavour  to  prepare  the  way 
For  thia  order  of  inquiries  than  to  enter  systematically  upon 
them.  This  object  has  been  kept  in  view  in  tbo  writing  of 
various  portions  of  the  following  work,  and  more  particularly 
of  that  which  relates  to  partial  differential  equations  of  the 
firet  order. 
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PREFACE    TO    THE    SECOND    EDITION. 


In  composing  his  Treatise  on  Differential  Equations  Pro- 
fessor Boole  fonnd  himself  deeply  interested  in  the  subject 
to  which  his  first  labours  as  an  original  investigator  had 
been  devoted.  In  consequence  he  determined  soon  after  the 
publication  of  the  volume  to  continue  hia  studies  and  re- 
searches with  the  design  of  ultimately  reconstructing  the 
Treatise  on  a  more  extensive  scale.  During  the  last  six 
years  of  his  life  he  worked  steadily  at  this  object;  and  he 
was  about  to  send  the  first  sheets  of  the  new  edition  to  the 
press  when  he  was  attacked  by  the  illness  which  terminated 
in  his  sudden  and  lamented  death. 

His  manuscripts  were  entrusted  to  me  early  in  the  present 
year.  After  careful  consideration  it  seemed  to  me  that  the 
best  plan  to  pursue  was  to  reprint  the  original  volume,  and 
to  collect  into  a  supplementary  volume  the  additional  matter 
which  had  been  prepared  for  enlarging  the  work.  The  pro- 
priety, I  might  almost  say  the  necessity,  of  this  course  will 
be  shewn  more  conveniently  in  the  preface  to  the  supple- 
mentary volume,  which  will  soon  be  published. 

The  present  volume  then  is  a  reprint  of  the  original 
Treatise  with  changes  and  corrections,  some  of  whicli  were 
indicated  in  Professor  Boole's  interleaved  copy,  and  some 
of  which  have  been  made  on  my  own  authority,  Tha 
sheets  have  been  carefully  read  by  the  Rev,  J.  Sephton, 
Fellow  of  St  John's  College,  as  well  as  by  myself;  and  I 
trust  that  few  misprints  or  errors  will  now  be  found  in  the 
volume. 

I.  TODHUNTER. 


St  Josn's  Coid^at,  Cimbrhnie, 
OclobcT,  18B5. 
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DIFFERENTIAL    EQUATIONS. 

CHAPTER  I 

OF  THE  NATURE  ASD   ORIGIN  OF   DIFFERENTIAL   EQUATIONS. 

1.     What  is  meant  by  a  diffLTential  equation  t 
To  answer  this  question  we  must  revert  to  the  fundamental 
conceptions  of  the  Differential  Calculus. 

The  Differential  Calculus  contemplates  quantity  as  subject 
to  variation ;  and  variation  as  capable  of  being  measured.  In 
compsjing  any  two  variable  quantities  x  and  y  connected  by 
a  known  relation,  e.g.  the  ordinate  and  abscissa  of  a  given 
enrvC,  it  defines  the  rate  of  variation  of  the  one,  y,  as  referred 
to  that  of  the  other,  x,  by  means  of  the  fundamental  con- 
ception of  a  limit ;  it  espressos  that  ratio  by  a  differential 

coeflScient  -r^ :  and  of  that  differential  coefficient  it  shews  how 

die' 
to  determine  the  varying  magnitude  or  value.    Or,  again,  con- 

wdraing  -^  as  a  new  variable,  it  seeks  to  determine  the  rate 

°  as 
of  its  variation  as  referred  to  the  same  fixed  standard,  the 
VkHatiou  of  x,  hy  means  of  a  second  differential  coef&cient 

3^ .  and  80  on.     But  in  all  its  applications,  as  well  as  in  its 

theory  and  its  processes,  the  primitive  relation  between  the 
vambles  x  and  y  is  supposed  to  be  known. 

In  the  Integral  Calculus,  on  the  other  hand,  it  is  the  rela- 
tion among  the  primitive  variables,  x,  y,  &c.  which  is  sought. 
lu  that  branch  of  tbti  Integral  Calculus  with  which  the  student 
B.  D.  E.  1 
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is  supposed  to  he  already  familiar,  the  differential  coefficienl 

-^  being  given  in  terms  of  the  independent  variable  3-,  it 

proposed  to  determine  the  most  general  relation  between  y 
and  a:.     Expressing  the  giveti  relation  in  tlie  form 

*/ 

3x 


M'). 


■■(I), 


I  eqnation  in  tha 
a  involved.    But 


in  terms  i 


the  relation  sought  is  exhibited  in  the  form 

Tn  (1)  we  have  a  particular  example  of  a 
expression  of  which  a  differential  coefficient 

instead  of  having  as  in  that  example  -j^  ex] 

X,  we  might  have  that  differential  coefEeient  expressed  i^ 
terms  of  y,  or  in  terms  of  a;  and  y.  Or  we  might  have  alt 
eqnation  in  which  differential  coefficients  of  a  higher  order, 

J-—,  -j^,  &c.,  were  involved,  with  orwithont  the  primitive; 

variables.  All  these  including  {1)  are  examples  of  differentia 
equations.  The  essential  character  conaiata  in  the  presence  oj 
differential  coefficients. 


The  equations 


ax 


are  seen  to  he  differential  equations,  the  latter  of  which  con- 
tains, while  the  former  does  not  contain,  the  primitive  vari- 
ables. 

And  thus  we  are  led  to  the  following  definition. 

Dep.  a  differential  equation  j*  an  expressed  relation  in- 
volving  differential  coefficients,  with,  or  vntkout  the  pnmitiw 
variables  from  which  those  differential  coefficients  are  denved. 
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That  which  gives  to  the  study  of  differential  equations  its 
peculiar  value,  is  the  circumstance  that  many  of  the  most  im- 
,  portant  conceptions  of  Geometry  and  Mechanics  can  only  be 
realized  in  thought  by  means  of  the  fundamental  conception 
of  the  limit.  When  such  is  the  case,  the  only  adequate  ex- 
pression of  those  conceptions  in  language  is  through  the  me- 
dium of  differential  coefficients, — the  only  adequate  expression 
of  the  truths  and  relations  of  which  they  are  the  subjects  is 
in  the  form  of  differential  equations. 


Species,   Order  and  Degree, 

2.     The  species  of  differential  equations  are  determined 

Mther  by  the  mode  iu  which  differential  coefficients  enter  into 

their  composition,  or  by  the  nature  of  the  differential  coeffi- 

■   dente  themselves.     We  may  thua  distinguish  two  great  pri- 

I  mary  daases  of  differential  equations,  viz. : 

Ist.  Ordinaty  differential  equations,  or  those  in  which  all 
the  differential  coefScionta  involved  have  reference  to  a  single 
independent  variable. 

Sndly.  Partial  differential  equations,  characterized  by  the 
presence  of  partial  differential  coefficients,  and  therefore  in- 
aicating  the  existence  of  two  or  more  independent  variables 
with  respect  to  which  those  differential  coefficients  have  been 
Gmned. 

Thus  an  equation  such  as  (2)  or  (3),  involving  no  other 
diSerential  coefficients  than  -,-,  ■—,  &c.  is  an  ordinary  dif- 
ferential equation,  in  which  x  is  the  independent,  y  the  de- 
pendent variable.     An  equation  involving  -j-  and  -=-  would, 

on  the  contrary,  be  a  partial  difierential  equation,  having  z 
for  its  dependent,  x  and  y  for  its  independent  variables.   The 

equation  x-i~  +  T/-j-=si3  a  partial  differential  equation . 

The  present  chapter  will  he  chiefly  devoted  to  the  con- 
lideration  of  that  class  of  ordinary  differential  equations  iu 

1—1 


■which  there  exists  a  single  independent  variable  a,  a  single 
dependent  variablo  y,  and  one  or  more  of  the  differential 
coefficients  of  y  taken  with  respect  to  x ;  the  presence  of  the 
last  element  only,  viz.  the  diffi-'rential  coefficient,  being  es 
tial  (Art.  1). 

The  two  following  equations,  in  addition  to  those  already 
given,  will  exemphfy  some  of  the  chief  varieties  of  the  specif 
under  consideration :  ^ 


71^ 


my 


..{*), 


variably 
all  involved ;  bu(^ 


— W 

In  (4)  the  independent  variable  x,  the 
w,  and  the  differential  coefficient  -j-  are 

■while  in  the  previous  examples  ^-  appears  only  in  the  first 

degree,  in  the  present  one  it  appears  in  the  second  degrej 
and  under  a  radical  sign.     In  (5)  we  meet  with  the  seconj 

differential  coefficient  -j^  in  addition  to  the  first  difi'erentaal 

coefficient  ->--  and  the  independent  variable  a 

The  typical  or  general  form  of  a  differential  equation  of  tha 
species  just  described  is 

dy     d'y  d"!/" 


/('.: 


*  dx"/ 


,.(6), 


with  the  condition,  already  referred  to,  that  one  at  least  of  thi 
differential  coefficients  must  explicitly  present  itself  All  ths 
above  equations  may  at  once  be  referred  to  the  typical  fonni 
by  trauspositioQ  of  their  second  member. 
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3.  Differential  Equations  arc  ranked  in  order  and  degree 
accordiDg  to  the  following  principles. 

1st.  The  order  of  a  differentia!  equation  la  the  same  as 
the  order  of  the  highest  differential  coefficient  which  it  con- 
tains. 

2Ddlj.  The  degree  of  a  differential  equation  is  the  same 
as  the  degree  to  which  the  differential  coefficient  which  luarka 
its  order  is  raised,  that  coefficient  being  supposed  to  enter  into 
the  equation  in  a  ratiouai  form. 


Thus  the  equation 


\dj' 


Jl. 


is  of  the  first  order  and  of  the  second  degree. 
The  equation 

d'li       d>/     ^  n 

is  of  the  second  order  and  of  the  first  degree. 
The  equation 

iVl'-^s '^'^ 

reduced  to  the  rational  form 

(D'-S-^-« (»)■ 

is  seen  to  he  of  the  first  order  and  second  degree. 

The  ground  of  the  preference  which  is  to  he  given  to 
rational  forms  in  the  expression  and  in  the  classification  of 
differential  equations  is,  that  a  rational  form  is  at  the  same 
time  the  moat  general  form  of  which  an  equation  is  sus- 
ceptible. Tims  (8)  includes  both  the  equations  which  would 
bo  formed  by  giving  different  signs  to  the  radical  in  (7). 

The  typical  form  of  an  ordinaiy  differential  equation  of  the 
first  order  is  evidently 


I 


/(-^S)= 


4.     When  a  differential  equation  i 
pressed  in  the  form 


[CH.  II 
capable  of  being  ex- 


~d^^ 


'as; 


:^^  +  A'4.^...  +  X.,=X., 


..(10), 


in  which  the  coefBcienta  A",,  X^,  ...X„  and  the  second  member' 
Xare  either  constant  quantities  or  functions  of  the  indepen- 
dent variable  is  only,  the  equation  is  said  to  be  linear.  Equa-' 
tiona  (1),  (2)  and  (3)  are  thus  seen  to  be  linear,  but  (4)  and  (5)'. 
are  not  linear.  If  we  refer  (3),  after  dividing  both  members 
by  a;',  to  the  general  form  (10),  we  b 

1  ^_i 


»-2,  X. 


^,  J- 


When  the  coeEGoients  X,,  X,,  &c.  in  the  first  member  of  ^ 
linear  differential  equation  referred  to  the  above  general  typff 
are  constant  quantities,  the  equation  is  defined  as  a  linear 
differential  equation  with  constant  coefBcienta.  When  those 
coefficients  are  not  all  constant  it  is  defined  as  a  linear  dif- 
ferential equation  with  variable  coefficients.  The  distinctioD; 
is  illustrated  in  the  following  examples ; 


<v_ 


rfa:" 


-8j  = 


'^  ~ '"'•' E' ~  *  S ''"■'■''"  °°'"'' 


k 


the  former  of  which  is  a  linear  differential  equation  with 
constant  coefficients,  while  the  latter  would  be  described  a 
a  linear  differential  equation  with  variable  coefficients. 


Meaning  of  the  terms  'general  solution,'  'complete  primitive^ 

5.  In  all  differential  equations  there  ia,  as  has  been  seen, 
an  implied  reference  to  some  relation  among  variable  quantitiea 
dependent  and  independent ;  such  reference  being  established 
through  the  medium  of  differential  coefficients.  Mow  the  chief 
object  of  the  study  of  differential  equations  is  to  enable  us  to> 
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determine  whenever  it  is  possible,  and  in  the  most  general 
manner  which  is  possible,  such  implied  relation  among  the 
primitive  variables.  That  relation,  when  discovered,  is,  hy 
the  adoption  of  a  term  primarily  applicable  to  the  mode  or 
process  of  its  discoveiy,  called  the  sobition  of  the  equation. 

Thus  if  the  given  equation  be 

a=^  +  y=C03a;  (11). 

the  fotlowiug  process  of  solution  may  be  adopted.  Multiply- 
ing by  dx,  we  have 

xdi/  +  ydx  =  cos  xdx, 
and  Integrating,  since  each  member  is  an  exact  differential, 
xy  =  am  x -\- c (12). 

The  result  is  termed  the  solution,  or,  atill  more  definitely,  the 
general  solution  of  the  equation.  It  involves  an  arbitraiy 
constant,  c,  by  giving  particular  values  to  which  a  series  of 
particular  solutious  is  obtained.     The  equations 

xy  =  sin  x, 

xy  =  sin  a:  +  1, 
are  particular  solutions  of  the  given  diffureatial  equation. 

The  term  solution  is  still  employed,  even  when  the  inte- 
gration necessary  in  order  to  obtain  in  a  finite  and  explicit 
form  the  relation  between  the  variables  cannot  be  effected. 
Thus  if  we  had  the  diffcreatial  equation. 


"%- 


-ar«"-0.. 


..(13), 


wc  should  thence  derive  in  succession 
xd'i  ~  ydj:  _  ^dx 

^e'dx  , 


X       J 


..(U). 
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and  the  laat  result  is  called  the  solution  of  the  given  equation, 
although  it  involves  an  integration  which  cannot  be  performed 
in  finite  terms. 

The  relation  among  the  variables  which  constitutes  ths 
general  solution  of  a  differential  equation,  as  above  described, 
IS  also  termed  its  complete  primitive.  The  relation  (li)  in- 
volving the  arbitrary  constant  c  is  virtually  the  completa 
primitive  of  the  differential  equation  (13).  It  will  be  observed 
that  the  terms  'general  solution'  and  'complete  primitive,' 
though  applied  to  a  common  object,  have  relation  to  distinct 
processes  and  to  a  distinct  order  of  thought.  In  the  strict 
application  of  the  former  term  we  contemplate  the  differentia! 
equation  as  prior  in  the  order  of  thought,  and  the  explicit 
relation  among  the  variables  as  thence  deduced  by  a  proceaB 
of  solution ;  while  in  the  strict  iise  of  the  latter  term  thaf 
order  both  of  thought  and  of  process  is  reversed. 


Genesis  of  Differential  Equations. 

6.  The  theory  of  the  genesis  of  differential  equations  from 
their  primitives  is  to  a  certain  extent  explained  in  treatises 
on  the  Differential  Calculus,  but  there  are  some  points  of  great- 
importance  relating  to  the  connexion  of  differential  equation* 
thus  dfflived,  not  only  with  their  primitive,  but  with  each 
other,  which  need  a  distinct  elucidation. 

Suj^se  that  the  complete  primitive  expresses  a  relatiiM 
between  x,  y  and  an  arbitrary  constant  c.  Differentiating  oi 
the  supposition  that  x  is  the  independent  variable,  we  obtain 

new  equation  which  must  involve  -r- ,  and  which  may  involve 

any  or  all  of  the  quantities  x,  y  and  c.  If  it  do  not  involv) 
c,  it  will  constitute  the  differential  equation  of  the  first  ordel 
corresponding  to  the  given  primitive.  If  it  involve  c,  then 
the  elimination  of  c  between  it  and  the  primitive  will  lead 
the  differential  equation  in  question. 

Thus  if  the  complete  primitive  be 

J*=ca! (1), 
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we  have  on  diflferentiatiou, 

I- (^). 

and,  flimiDating  the  constant  c, 

y-4. ('). 

the  differential  equation  of  the  first  order  of  -which  (1)  is  tba 
complete  primitive. 

That  primitive  might  have  been  so  prepared  as  to  lead  to 
the  same  final  eq^uation  by  mere  differentiation.  Thus,  re- 
ducing the  primitive  to  the  form 


we  have  on  differentiating  and  clearing  the  result  of  fractioas, 

dx     ■' 

which  agrees  with  (3).  And  generally,  if  a  primitive  involving 
an  arbitrary  constant  c  be  reduced  to  the  form  ^  (ar,  y)  =c, 
the  corresponding  differential  equation  will  be  obtained  by 
mere  differentiation  and  removal  of  irrelevant  factors,  i.e.  of 

(actors  which  do  not  contain  -/ ,  and  do  not  therefore  affect 
ax 

the  relation  in  which  ~  stands  to  x  and  «.     For  it  is  in  that 

day  " 

relotioD,  as  already  intimated,  Art.  2,  that  the  essential 
character  of  the  differential  equation  consists. 

It  is  to  be  observed  that  when  the  differentiation  of  a  primi- 
tivo  involving  an  arbitrary  constant  c  does  not  of  itself  cause 
that  constant  to  disappear,  the  result  to  which  it  leads  is  still 
R  diflerential  equation,  only  not  that  differential  equation  of 
which  the  equation  given  constitutes  the  complete  primitive. 
Thus,  while  the  complete  primitive  of  (3)  is  (1),  that  of  (2)  is 
y=:cx  +  c,  c'  being  now  the  arbitrary  constant, — arbitrary 
as  being  independent  of  ajiything  contained  in  the  differential 
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equation.  Indeed  when  we  consider  ^'"^  =  c  aa  the  differential 
equation,  tlie  coiiatant  c,  as  entering  into  its  complete  primitive, 

ia  not  arbitrary,  the  value  vfhich  it  bears  ia  the  primitive 
being  determined  by  tliat  which  it  bears  ia  the  differential 
equation. 

As  another  illuatration  of  the  same  theory,  the  equation. 
y  =  ce"  as  complete  primitive  gives  rise  to  the  differential 
equation  of  the  first  order 

■while  the  equation  immediately  derived  from  it  by  differ- 
entiation,  viz.   -3"  =  cae",   has    for   its   complete   primitive 

y  =  c^  +  c'.  To  the  last  mentioned  differential  equation,' 
y  =  ce"  stands  in  the  relation  of  a  particular  primitive. 


Second  and  Iligher  Orders. 

7.  It  is  shewn  in  the  previous  section  that  from  an  equa- 
tion containing  x  and  y  with  an  arbitrary  constant  c,  we  cao 
by  differentiation,  and  elimination  (if  necessary)  of  that  con- 
stant, obtain  the  differential  equation  of  the  first  order,  of  whicli 
the  given  equation  constitutes  the  complete  primitive. 

In  like  manner  an  equation  connecting  x,  y,  and  two 
arbitrary  constants  being  given,  if  we  differentiate  twice,  and 
eliminate,  uhould  they  not  have  already  disappeared,  the 
arbitrary  constants,  we  shall  aiTive  at  a  differential  equation. 
of  the  second  order  free  from  both  the  constants  in  question, 
and  of  which  the  given  equation  constitutes  the  completa 
primitive. 


Thus,  if  we  take  as  the  primitive  equation 
y  =  iui'  +  bx  


-(4), 
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we  find  OQ  differentiation 
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dx ' 
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and,  elimiriating  h  between  these  equations. 


y  =  x 


^y. 


a  dlEFerential  equation  of  the  first  order  free  from  the  constant 
h.     Differentiating  this  equation  we  have 

and,  eliminating  a  between  the  last  two  equations, 
,cVy     ^    du     „       n 


••(7). 

B,  differential  equation  of  the  second  order  free  from  both 
a  and  h. 

In  the  above  example  the  coustaut  6  was  eliminated  after 
tbe  first  differentiation,  and  the  constant  a  after  the  second. 
But  the  same  final  result  would  have  been  arrived  at  if  the 
order  of  the  eliminations  had  been  reversed.  Thus,  if  a  be 
eliminated  between  (4)  and  (5),  we  shall  have 

-^  -i 


'■dx 


+  Jj;  -  2jf  =  0, 


a  dififerential  equation  of  the  first  ordev,  different  in  form  from 
(6),  and  involving  b  instead  of  a.  But  on  differentiating  this 
equation  and  eliminating  h,  we  shall  arrive  at  the  same  final 
equation  of  the  second  order  (7). 

And  generally  the  order  in  which  the  Constanta  are  eliminated 
does  not  affect  tke/orm  of  the  final  diffei-entiat  equation. 

Now  a  little  consideration  vrill  shew  that  this  is  necessarily 
the  caae.  We  are  to  remember  that  the  generality  which  the 
primitive  derives  from  the  presence  of  its  arbitrary  constants 
i  only  in  this,  that  it  is  thus  made  to  stand  as  the 
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representative  of  an  infinite  number  of  particular  equations,  ia 
each  of  which  these  constants  receive  particular  and  definite 
values.  If  in  any  one  of  the  equations  thus  particularized  we 
further  give  to  a;  a  definite  value,  definite  values  will  also 

result  for  y,  -r- ,  j^ ,  &c.     Thus  to  a   given  abscissa  of  a 

given  curve,  i.e.  of  a  curve  determined  as  to  its  species  by  the 
form  of  its  equation,  and  as  to  its  elements  by  tlie  values  of  tha 
conatantsin  that  equation,  correspond  only  definite  valuesof  the 
ordinate  y  determining  the  corresponding  points  of  the  curve, 

definite  values  of  -,-  determining  the  inclination  of  the  tan- 

ax  ° 

gents  at  such  points  to  the  axis  of  x,  and  definite  values  of 

-j^  determining,  in  conjunction  with  the  fonner,  the  measure  of 

curvature  at  the  same  points.  In  other  words,  the  species  of  tha 
curve  as  defined  by  an  equation  of  the  form  ^  {x,  y,a,h)=0 

being  fixed,  the  values  ofy,-^,  -j~  have  a  fixed  dependence 

on  those  of  a,  h  and  x. 


Andl 


the  equation  ^  (a;,  y,  a,  J)  =  0  being  given,  any 
■       "  "  idthe 


processes  of  differentiation,  elimination,  &c.  applied  tnereto  can 
only  serve,  either  1st,  to  bring  out  or  manifest  the  dependence 
above  referred  to,  or  Sndly,  to  modify  the  accidental  form  of  its 
expression;  but  in  no  sense  tocreata  such  dependence  or  affect 

its  real  nature.    Now  this  dependence  of  y,  -J- ,  -j^  upon  o,  h, 

and  X,  involves  the  existence  of  three  equations  among  six- 
quantities.  Therefore  the  ehmination  which  thus  becomes 
possible  of  two  of  those  quantities,  a,  h,  must  leave  a  single 

final   relation  between   the   remaining  four,  x,  v,    ,   ,  V-,* 

And  this  is  the  differential  equation  in  question. 


As  another  example,  let  u; 
c  and  c'  from  the  equation 


eliminate  the  arbitrary  constants 
■  +  «■«" (8). 


.  SECOND  AND  HIGEER   0EDER8. 


Differentiating  we  have 
dx 


To  eliminate  c  subtract  from  this  equation  the  primitivo 
(8)  multiplied  by  a;  we  have 


-  ay  =  {&  — a)  c'e**.. 


..(10). 


,  differentiating 


l  =  M*-«>o'.", 


and  (to  eliminate  c)  subtracting  from  this  the  previous  equa- 
tion multiplied  by  b,  we  have 


g-(«+»)f+«'.=»- 


the  differential  equation  of  the  second  order  required. 

If  we  had  first  eliminated  c  we  should  iu  the  place  of  (10) 
have  obtained  the  equation 


#_ 


6j-(<.-6)«e". 


,,(12). 


Differentiating  this  and  eliminating  c  we  again  obtain  the 
same  final  result  (11), 

That  result  is  a  diffarential  equation  of  the  second  order,  and 
(8),  involving  both  the  arbitrary  constants  c  and  c',  is  its  com- 
plete primitive.  The  intermediate  equations  (10)  and  (12),  each 
of  which  contains  one  of  the  arbitrary  constants,  and  from 
each  of  which,  by  the  elimination  of  that  constant,  the  final 
differential  equation  may  be  derived,  are  its  first  integrals.  As 
the  term  primitive  has  reference  to  the  direct  processes  of 
differentiation,  &c  by  which  a  differential  equation  is  formed, 
Uie  term  integral  has  reference  to  the  inverse  process  of 
integration  by  which  we  reascend  from  a  differential  equation 
to  its  primitive.  Considered  with  reference  to  these  proceaaea 
the  primitive  is  sometimes  termed  i\i%  final  integral. 


It  has  been  ste^vn  that  the  order  of  auccesaion  in  which 
arbitrary  constants  are  eliminated  is  indifferent.  It  may  be 
added,  and  upon  the  same  ground,  that  the  elimination  may 
be  simultaneous.     If  we  wiite  the  primitive  (8)  in  the  form 

y  —  «■"  —  c'e'"  =  0, 
and  differentiate  it  twice,  we  have 


dx 


-ac^~hc'e''  =  (}, 


a'ee"-JVe"  =  0, 


and,  from  the  above  system  of  three  equations  eliminating  the 
constants  c  and  e'  by  the  ra«thod  of  cross-multiplication,  we 
again  arrive  at  the  final  differential  equation  of  the  second 
order  (11). 

8.  The  above  examples  prepare  us  for  the  general  state- 
ment of  the  theoiy  of  the  genesis  of  differential  equations: 
Let  F(x,  y.  c,,  c,,  ...cj  =  0  be  a  primitive  equation  between 
X  and  y  involving  n  arbitrary  constants  c^,  c,,...c.  Different 
tiating  with  respect  to  x,  and  regarding  j/  as  a  function  of  x 
we  obtain  directly,  or  hy  elimination  of  c^,  an  equation  of  th( 
first  order  of  the  form 


*.fe..i, 


..c„)  =  0. 


Differentiating  this  equation  with  respect  to  x,  and  regarding 

y  and  J^  as  functions  of  that  quantity,  we  obtain  directly,  o|; 

by  elimination  of  c,,  an  equation  of  the  second  order  of  thfl 
general  form 


f-t^'^'S'S'' 


Continuing  the  process,  we  an 
form 

'die'  di?'' 


*. 


}  at  a  final  result  of  the 


■S)=°- 
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\^ 


I  ordinary  differential  equation  of 


Now  tliis  is  the  type  of  s 
the  »"■  order,  (6),  Art.  2. 

Aa,  in  the  ahove  process  of  diiFerentiatioQ  and  elimination, 
yre  might  have  begun  by  ehminating  any  other  of  the  eon- 
Btants  instead  of  c,,  it  follows  that  to  a  primitive  containing 
n  arbitrary  constants  there  belong  n  differential  equations  of 
the  first  order,  each  involving  n  —  1  arbitrary  constants.  But 
as  those  differential  equations  are  all  formed  by  mere  pro- 
cesses of  elimination  from  two  equations,  viz.  from  the  primi- 
tive and  its  first  derived  equation,  tteo  only  of  them  are 
independent.  Again,  as  the  differential  equations  of  the 
second  order  are  formed  by  eliminating  two  of  the  constants 


,  and  as  from  n  constants,  ■ 


-  combinations 


C.|  C,)  ...  i.'(,j    auu.   iKj    iiuiii   th   L^uuTt^aii ta,   i*  — = — 

of  two  constants  can  be  selected,  it  is  seen  that  there  will 

exist  n  —^ —  difierential  equations  of  the  eecond  order,  each 

contcuning  m— 2  arbitrary  constants.  Of  these  equations 
three  only  will  however  be  independent,  the  whole  system 
being  denved  actually  or  virtually  from  the  primitive  and  its 
first  and  second  derived  equations; — actually  if  we  differen- 
tiate twice  before  eliminating ;  virtually  if  each  differentiation 
is  followed  by  the  elimination  of  a  constant. 

This  process  of  deduction  continued  leads  to  the  following 
general  theorems,  viz.: 

Ist.     To  a  (^ven  ■jyriiniUve  invc^vinrj  w,  y,  and  n  arbitrary 

,     ,     ,,         n(n-l)  (n-2)...(n-r-t-l)     ,...       ., 

eonttanta  belong    -^ .    „  ^ — — — — ^    aiffei-ential 

eqyatuma  of  the  r""  order  (r  heing  any  ivlwle  number  less  than 
n), each  involeing  v—r  arbitrary  constants,  but  of  tliose  eqitd- 
tions  r  +  l  only  imll  be  independent. 

2nd.  There  wiU  eartst  one  differential  elation  of  the  h"" 
order  free  Jrom  arbitrary  constaitts. 

The  converse  of  the  latter  truth,  viz.  that  a  differential 
equation  of  the  n*  order  implies  the  existence  of  a  complete 
pnmitive  involving  n  arbitrary  constants,  will  be  established 
mn  future  page.     [See  \iage  187.] 


Critermi  of  derivation  from  a 


primitive. 


9.  It  13  established  in  Art.  7,  1st,  that  from  a  primitive 
equation  involving  two  arbitrary  constants  arise  two  differen- 
tial equations  of  the  first  order,  eocb  involving  one  of  those 
constants;  2ndly,  that  each  of  these  differential  equations  of 
the  first  order  gives  rise  to  the  same  differential  equation  of 
the  second  order,  of  which  the  original  equation  constitutea 
the  complete  primitive  or  final  integral. 

The  second  of  the  properties  above  noted  constitutes  a 
cciterion  by  which  it  may  be  determined  whether  two  dif- 
ferential equations  of  the  first  order,  each  involving  an  arbi-" 
trary  constant,  originate  from  the  same  primitive.  We  must 
differentiate  each  equation,  and  then  eliminate  its  arbitrary 
constant.     If  the  two  results  agree  as  differential  equations  <« 

the  second  order,  i.e.  if  they  give  the  same  value  of  -j^ 

aa  a  function  of  x,  y,  and  >-  ,  the  differential  equations  of  tho 
first  order  must  have  originated  in  the  same  primitive.  Fur- 
thermore, that  primitive  will  be  obtained  by  eliminating  ^ 
"between  the  two  differential  equations  given. 


Ex.     The  differential  equatit 
dy 


3  of  the  first  order 


V-xy 


dy  _ 


arc  both  derived  from  the  same  primitive.  Each  of  them 
leads  on  differentiation  and  elimination  of  its  arbitrary  con- 
stant to  the  differential  equation  of  the  second  order, 


..•i^n^ 


-^t-"- 


AllT,  10,] 


FHOM  A  COMMOH  PBIMITIVE. 


,   ^y   , 


The  primitive,  found  by  eliminating  -j-  from  the  given 
cfjuatioQS,  ia 

!/■-""  =  * (*), 

a  and  6  being  arbitrary  constants. 


10.     Tbe  differential  equations  of  the  first  order  which 

conatitute  tbe  first  integrals  (Art.  7)  of  a  differential  equation 

of  the  second  order  {as,  in  the  above  example,  (1)  and  (2) 

I  are  firet  integrals  of  (3)),  may  by  algebraic  solution  be  reduced 

to  the  forms 


Now  a  function  of  the  arbitrary  constants  a  and  b,  aa  ^(a,  b), 
is  itself  an  arbitrary  constant,  and  may  be  represented  by  c. 
Hence  any  equation  of  the  form 

would,  equally  with  (5)  and  (6),  constitute  a  first  integral  of 
the  supposed  equation  of  the  second  order.  It  is  evident  that 
(7)  is  the  general  type  of  all  such  first  integrals. 

Thus  the  type  of  the  first  integrals  of  (3)  would  be 


xda:'  -5 


-xy 


dxj' 


But  any  two  first  integrals  included  under  this  type  and  in- 
Jependent  of  each  other  would  lead  us,  as  is  obvious,  to  the 
same  final  integral  {!),  either  under  its  actual  or  under  an 
(i^uivalent  form. 

While  therefore,  viewed  as  an  independent  system,  the  first 
ntvgralB  of  a  differential  equation  of  the  second  order  are  but 
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two,  it  13  formally  more  correct  to  regard  them  as  mfinite  i 
number,  but  as  so  related  tbat  any  two  of  them  which  ai 
independent  contain  by  implication  all  the  rest. 

Such   considerations   ara   easily   extended   to   difierentii 
equations  of  the  higher  orders. 


Geometrical  illiistrations. 

11,  Geometry,  by  its  peculiar  conceptions  of  direction, 
tangency,  and  curvature,  all  developed  out  of  the  primary 
conception  of  the  limit,  Art.  1,  throws  much  light  on  thfl 
nature  of  differential  equations. 

As  the  simplest  illustration  let  the  equation  of  a  straigy 
line 

S  =  a^+h (I) 

be  taken  as  the  complete  primitive,  a  and  b  being  arbitrary 
Constanta. 


Differentiating,  we  have 


Elimiuating  a,  we  find 


and  again  differentiatin: 


a=« <^)- 

^1-' (^>' 

s=» w- 


Of  these  equations,  (4),  which  is  free  from  arbitrary  con- 
_Btants,  is  the  general  differential  equation  of  the  second  ordf " 
of  a  straight  line ;  and  {2)  and  (3),  each  of  which  contains  on 
of  the  original  arbitrary  constants,  are  the  two  differentia 
equations  of  the  first  order.  Moreover,  each  of  these  dif- 
lerential  equations  expresses  some  general  property  of  the 
straight  line — (2),  that  its  inclination  to  the  axis  is  uniform ; 
(3),  that  any  intercept,  paralleLto-the  axis  of  ]/,  between  the 
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Btraight  line  and  a  parallel  to  it  throiigli  the  origin  will  be  of 
constant  length ;  (I),  that  a  straight  line  is  nowhere  either 
convex  or  concave ; — and  thia  property,  which  does  not  in- 
volve, in  the  same  definite  manner  as  the  others  do,  the  con- 
siderations gf  distance  and  of  angular  magnitude,  is  evidently 
the  moat  absolute  of  the  three. 

The  equation  of  the  circle  is 

Ca:-o)'-l-(y-6)'  =  r' {5), 

and  if  we  regard  a  and  h  as  arbitrary  constants  the  corre- 
sponding diU'erential  equation  of  the  second  order  will  be 


Jjc)  \ 


1  + 


£y  ^ 

I    expressing  the  property  that  the  radius  of  curvature  ia  in- 
variable and  equal  to  r. 

If  we  proceed  to  another  differentiation,  we  find 

-(£)]S-4(S)"- c). 

which  is  the  general  differential  equation  of  a  circle  free  from 
wbitrary  constants.  And  the  geometrical  property  which  this 
equation  also  expresses  is  the  invariability  of  the  radius  of 
curvature,  but  the  expression  is  of  a  more  absolute  character 
than  that  of  the  previous  equation  (G).  For  in  that  equation, 
we  may  attribute  to  r  a  definite  value,  and  then  it  ceases  to 
be  the  differential  equation  of  all  circles,  and  pertains  to  that 
jwrticular  circle  only  whose  radius  ia  r.  The  equation  (7) 
idmite  of  no  sucb  limitation. 

Monge  lias  deduced  the  general  differential  equation  of 
lines  of  the  second  order  expressed  by  the  algebraic  equation 


i 


aa^  +  hx^  +  cf-i-  ex  +/y  = 


t—1 
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But  here  our  powers  of  geometrical  interpretation  fail,  and 
results  such  as  this  can  scarcely  be  otherwise  useful  than 
a  registry  of  integrable  forrae. 

From  the  above  examples  it  will  be  evident  that  the 
higher  the  order  of  the  differential  equation  obtained  by  eli- 
mination of  the  determining  constants  from  the  equation  o£ 
a  curve,  the  higher  and  more  absolute  ia  the  property  which 
that  different iid  equation  expresses. 

We  reserve  to  a  future  Chapter  the  consideration  of  thfl 
genesis  of  partial  differential  equations  as  well  as  of  ordinary 
differential  equations  involving  more  than  two  variables. 


1.  Distinguish  the  following  differential  equations  accord" 
ing  to  species,  order,  and  degree,  and  take  account  of  anj 
peculiarities  dependent  upon  their  coefficients. 


(1) 

(2) 
(3) 
(*) 
(5) 


|-a^J,-«^. 


(I)" 


ds         dz  _a? 
^dx    ^dy~~y' 


BZESCISES. 


SI 


Iain  the  term  '  complete  primitive,'  and  form  tlie 
equations  of  tlie  first  order  of  wliicli  tlie  following 
are  the  complete  primitives,  c  being  regarded  as  tlie  arbitrary 
constant,  viz.  '■ 

,j  =  (i  +  c),'. 

y  =  ce"*"  "  +  tan~'  a:  —  1. 

y  =  (ea;  +  loga!  +  l)-'. 


(1) 
(2) 
(3) 

(4) 
(5) 
(6) 


=  0. 


y  =  cx+^ 


w- 


3.  Form  the  diEFerential  equations  of  the  second  order  of 
vrhich  the  following  arc  the  complete  primitives,  c  and  c  being 
regarded  as  arbitrary  constants. 


(1) 

(2) 
(3) 


y  =  c  C03  mx  +  C  BU 

t/  =  c cos  {mx  +  c). 

,      c-\-o'x 
j,  =  a,log--_. 


4.  State  the  criterion  by  which  it  may  be  determined 
whether  differential  equations  are  derived  from  a  common 
primitive. 

5.  Shew  that  the  differential  equations 


dii 

"A- 


primitive  involving  a  and  b 


we  not  derived  from  a 
u  arbitrary  constanb^ 

6.  Shew  that  each  of  the  following  pairs  of  equations,  in 
wMcli  p  stands  for  -r- ,  is  derived  from  a  common  primitive, 
»nd  di^termine  the  primitive  : 
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'    (2)     y  —  xp=^a  (y'  +  p),  and  y  —  ap  =  5  (1  +  x^j>). 

7.  How  many  first,  second,  third,  &c.  integrals,  belong 
to  the  general  diflferential  equation  of  lines  of  the  second 
order  given  in  Art.  11,  and  how  many  of  each  order  are  inde- 
pendent  ? 

8.  From  the  equation  (y  —  hf  =  4m  (a?  —  a)  assumed  as  the 
primitive,  deduce  1st  the  diflferential  equations  of  the  first 
order  involving  a  and  b  as  their  respective  arbitrary  constants ; 
2dly  the  geneiul  functional  expression  for  all  diflferential  equa- 
tions of  the  first  order  derivable  from  the  same  primitive, 

9.  Of  what  primitive  involving  two  arbitrary  constants 
would  the  functional  equation 

^  (y  —  %px,  p^x)  =  c 
represent  all  possible  diflferential  equations  of  the  first  order? 

10.  How  many  independent  diflferential  equations  of  all 
orders  are  derivable  from  a  given  primitive  involving  a?,  y, 
and  n  arbitrary  constants  ? 


^(   ^S    ] 


CHAPTER  II. 


OS   DIFFERENTIAL  EQUATIONS  OF  THE   FIRST  ORDER  AND 
DEGREE  BETWEEN  TWO   VARIABLES. 

1.  The  Jiffcrential  equations  of  which  we  shall  treat  in 
this  Chapter  may  be  represented  under  the  general  form 

ax 

Jfand  iV"  being  funetiona  of  the  variables  x  and  y. 

I  In  this  mode  of  repreBentation  x  \s  regarded  as  the  inde- 

pendent variable  and  y  as  the  dependent  variable. 

We  may,  however,  regard  y  as  the  independent  and  x  as 
the  dependent  variable,  on  which  supposition  the  form  of  the 
t^'pical  equation  will  be 

Mf+N=Q. 
dy 

For  as  any  primitive  equation  between  x  and  y  enables  us 
theoretically  to  determine  either  y  as  a  fanction  of  ar,  or  a;  as 
a  function  of  y,  it  is  indifferent  which  of  the  two  variables 
we  suppose  independent. 

It  is  usual  to  treat  this  equation  under  the  form 
Mdx  +  Ndy=0, 
not  however  from  any  preference  for  the  theory  of  infinitcsi- 
mala,  but  for  the  sake  of  symmetry. 

The  order  of  this  Chapter  will  bo  the  following.  As  the 
Mtlution  of  the  equation,  if  such  exist,  must  be  in  the  form  of 
a  relation  connecting  x  and  y,  I  shall  first  establish  a  prebmi- 
nary  propoaition  expressing  the  condition  of  mutual  depend- 


ence  of  functions  of  two  variables ;  I  shall  then  inquire  whal 
kind  of  relation  between  x  and  »/  is  necessarily  implied  by  thi 
existence  of  a  differential  equation  of  the  form 


M+N 


=  0; 


I  shall  discuss  certain  cases  in  which  the  equation  admib 
readily  of  finite  solution ;  and  I  shall  lastly  deduce  its  genera 
solution  in  a  series. 

Prop.  1.    Let  V  and  vhe  explicit  functions  of  the  two 
ahles  X  and  t/.     Then,  if  V  he  expressible  as  a  function  of  t, 
the  condition 

dV  dv     dV  dv 


=  0.. 


..(1) 


dx  dy      dy  dx 

will  be  identically  satisfied.     Conversely,  if  this  condition 
identically  satisfied,  V  will  be  expressible  as  a  function  of  v. 

lat.    For  suppose  V=^(v).    Then 
dV^d^ivldv 
dx         do     dx' 
dV  _  a^  (v)  dv 


Multiplying  the  first  equation  by  -j- ,  the  second  by  t-  ; 
and  subtracting,  we  have 

dVdv_dVdv^Q 
dx  dy      dy  dx 

And  thia  is  satisfied  identically;  since  hy  the  process 
elimination  the  second  member  vanishes  independently  both. 
of  the  form  of  ti  as  a  function  of  x  and  y,  and  of  the  form  o^ 
y  as  a  function  of  v. 

2ndly.  Also  if  the  above  condition  be  satisfied  identically, 
Kwill  be  expressible  as  a  function  of  w.  For  whatever  func- 
tions V  and  V  may  be  of  x  and  y,  it  will  be  possible  by  elimi- 


h 


FiasT  OBBEB  AND  DEQBEE.  25 

nating  one  of  the  variables  x  and  y  to  express  V  a3  a  function 
of  the  other  variable  and  of  v.  Suppose  for  instance  the 
expression  for  Y  thus  obtained  to  he 


F=*(^, 


ax  dx 

dV_ 

Substituting  these  values 
\  ire  have  as  the  result 


d(&  (a;,  v)  dv 
do       dx' 

d<f,  {x,  v)  dv 
do       dy' 

,dV      ,dV. 

A  -j—  and  -,—  m 

dx  dij 


\ 


the  equation  (1) 


..(2). 


:pUcit  function  of  botli 
Hence,  from  (2), 


d^  {x^  rfw  _ 
dx      dif 

But,  V  being  by  hypothesis  ai 
variables  x  and  y,  j-  is  not  identically  0. 

d^{x,v)_ 
dx      "" 

identically.  Therefore  ^  {x,  v),  which  represents  Y,  does  not 
contain  x  in  its  expression;  and  Y  reduces  simply  to  a  func- 
tion of  V. 

We  have  supposed  each  of  the  functions  V  and  v  to  con- 
tain both  the  variables  x  and  y.  But,  whether  this  he  or  he 
not  the  case,  the  identical  satisfying  of  (1)  is  the  necessary 
and  sufficient  condition  of  the  functional  dependence  of  V 
and  V. 

For  suppose  either  Y  or  v,  and  for  distinction  we  shall 
chuose  e,  to  be  a  function  of  one  of  the  variables  only,  as  x, 
wd  f  to  be  a  function  of  ».     Then  is  Y  also  a  function  of  x. 


dy         dy 
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Conversely,  supposing  w  to  be  a  function  of  a;  only,  and  (1)' 
to  be  identically  satisfied,  that  equation  reduces  to 

dy  ~    ' 
ivhonce  Vh  expressible  as  a  function  of  v. 

2.     The  equation  M+N-r-  =  0  always  involves  the  existence 
of  a  primitive  relation  between  x  andy  of  the  form 

f¥.y)-c, 

in  which  c  is  an  arbitrary  constant. 

let  us  first  consider  what  is  the  immedtata  signification 
the  equation 


M+N 


dx 


..11). 


"We  know  that  if  i\x  represent  any  finite  increment  of  x,  an4 
&.y  the  corresponding  finite  increment  of  i/,    -  will  represeat 

'  approaches  as  Aa;  approached 


the  limit  to  which  the  ratio 
toO. 

Let  us  then  first 


the  interpretation  of  the  equatioa 


M+N 


,^y. 


,.(2). 


We  havi 


A.V 


_M 
N' 
being  a  function  of 
those  variables,  we  may  write 


Tbe  second  member  of  this  equation 
and  y,  since  J/ and  iVare  functions 


Aa:" 


..(3), 


the  form  of  ^  {x,  y)  being  known  when  M  and  N  are  given. 

Now  if  we  assign  to  x  any  series  of  values,  it  is  possibi 
to  assign  a  corresponding  series  of  values  of  y,  any  one  ( 
which  being  fixed  orbitranly  all  the  others  will  be  detertninec 

■•rC3). 


ART.  2.] 

Thus  let  Xg,  Xj,  a;,..,  be  the  series  of  arbitrary  values  of  3:, 
aoii  y„  an  arbitrary  value  of  y  corresponding  to  x„  as  the 
value  of  X,  then,  representing  by  Aj;^  the  increment  of  x^, 
Le,  the  value  which  being  added  to  a:,  converts  it  into  a;,, 
we  have  by  (3) 

therefore  yo  +  ^yn  =  5o  +  ^  {^t<t/^^^,f 

But  as  Ay,  represents  the  increment  of  ,y,  corresponding  to 
Aai,  as  the  increment  of  x„  it  is  evident  that  y„  +  Ay,  wiU  be 
the  value  of  _y  corresponding  to  i,  +  Aar,  as  the  value  of  x. 
Representing  then  this  value  of  y  by  y,  we  shall  have 

=  y.+^k.yo)  i^.-^.) W- 

In  like  manner  we  shall  find 

!/,=y,  +  'f>ix„i/,)  (x,-x,) (5), 

but,  I/,  being  already  determined  by  (4),  y,  is  determined,  andi 
continuing  the  operation,  a  series  of  values  of  y  will  be  deter- 
mined, only  one  of  which  is  arbitrary,  while  all  the  others  are 
a;^igaed  in  terms  of  that  arbitrary  value  and  of  the  known 
'   values  of  x. 

IS,  for  example,  we  have  the  particular  equation 
^!/=ix  +  !f)Ax, 

and  assign  to  x  the  series  of  values  0,  1,  2,  3,  4,  Ac,  and 
at  tbe  same  time  assume  that  when  x  is  equal  to  0,  y  is  equal 
to  1,  we  shall  have  the  two  following  corresponding  series  of 
values,  viz, 

'  x^  =  0,     x,  =  l,    x^  =  2,     x^=    3,     »,=    4,  &c, 

3'o  =  l.     ^1  =  2,     y,  =  5,     ya  =  12,    y.  =  27,   &c. 
By  assigning  a  different  value  to  y,,,  or  by  assuming  arbi- 
trarily the  value  of  some  other  term  of  the  series  y„,  y^ ,  y,,  &c. 
we  should  find  another  set  of  values  of  those  quantities  cor- 
lespondiug  to  the  given  values  of  x.     But,  in  eveiy  such  set, 


tlie  values 
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of  all  the  terms  but  one  will  be  determined  by 


Now  if  the  intervals  between  the  successive  values  of  x  are 
diminished,  while  the  number  \s  proportionately  increased, 
each  of  the  corresponding  sets  of  values  of  x  and  if  will  more 
and  more  approach  lo  the  state  of  continuous  magnitude. 
And,  in  the  limit,  to  every  conceivable  value  of  x  will  corre- 
spond a  value  of  y,  determined  in  subjection  to  a  continuous 
law — to  a  law  however  which  permits  ua  to  assign  one  of  the 
values  of  y  arbitrarily.  The  analytical  expression  of  that 
law  will  be  the  solution  of  the  differential  equation  given. 

3.  To  illustrate  the  same  doctrine  geometrically,  if  x  and 
y  represent  rectangular  co-ordinates,  any  system  such  as  the 
above  would  represent  a  eeiiea  of  points  of  which  the  abscissas' 
having  been  assumed  arbitrarily,  the  corresponding  values  of 
y,  except  one,  are  determined  by  a  continuous  law.  In  the 
limit,  that  series  of  pointa  would  approximate  to  a  curve  the 
species  of  which  as  dependent  upon  the  form  of  its  equation 
would  be  determined  by  a  law,  but  an  element  of  which,  re- 
presented by  a  conHtant  in  that  equation,  would  be  left  arbi- 
trary, so  as  to  permit  us  to  draw  the  curve  through  a  given 
pomt 

The  form  of  the  analytical  solution  thus  indicated  is 

/t»',y)=« (6). 

The  genesis  of  differential  equations  of  the  first  order  and 
degree  from  equations  of  this  description  has  already  been 
explained  in  Chap.  I.  Art.  6.  It  is  evident  that,  as  c  is  arbi- 
trary, such  a  value  may  be  assigned  to  it  as  to  make  a  given 
value  of  y  correspond  to  a  given  value  of  x.  If  those  corre- 
sponding values  are  a:,,  y„,  we  have  only  to 


/{",.  </.)-<:■■ 


-m. 


whence  c  is  determined.  But  c  being  once  determined,  all  the 
values  of  j/  depend  upon  those  of  x,  in  obedience  to  the  law 
expressed  by  (6), 


ABT.  4.]  VtSST  ORDER  AND  BEOREE. 

Lastly  it  may  be  shewn  that  two  distinct  complete  prii 
tivCB  of  Mdx  +  Ndi/  =  0  cannot  exist. 

For  suppose  that  there  are  two  such  primitives 


then  by  differentiating  each 
du     dudy  _ 
dx     dy  dx 


0     ^j^ii^'J  = 

'      dx     dij  dx 


=  0, 


whence,  eliminating  -,  ■ 

du  dv     du  dv 
dx  dy     dy  dx 

which   shews,  by  Prop,  i,  that  «  is  a  function  of  u.     The 
\  second  equation  is  then  equivalent  to 

and  this  is  resolvable  by  solution  into  equations  of  the  form 


each  of  which  is  therefore  only  a  repetition  of  the  first  sup- 
posed complete  primitive. 


Certain  C\ 


s  in  which  the  equation  Mdx  H 
of  finite  solution. 


Ndy  =  0  admits 


4.  The  equation  Mdx  +  Ndy  =  0  can  always  be  solved  ■when 
th^  variables  in  M  and  N  admit  of  being  separated;  i.e.  when 
the  equation  can  be  reduced  to  the  form 

Xdx  +  Ydy  =  0  


fYdy  = 
in  which  X  is  o  function  of  x  alone,  and  T 


(8), 

( function  ofj 


To  solve  the  equation  in  its  reduced  form  (8),  it  is  only 
necessary  to  integrate  the  two  terms  separately,  and  to  equate 
the  result  to  an  arbitrary  constant.    Thus  the  solution  will  be 


jXdx+JYdy'^c 


.,(9). 
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On  differentiating  this  result  the  arbitrary  constant  c  dis- 
appears, and  (8)  is  reproduced. 

Thus  the  solution  of  the  equation 

xdx  +  ydy  =  0 

•111.  a^  +  y' 

will  be  — ^-^  =  ^> 

or,  since  c  is  arbitrary, 

The  solution  of  the  equation 

dx  A^^Q 


+ 


l+x     1+y 
will  in  like  manner  be 

log  (l  +  x)+  log  (1  +  y)  =  c ; 

a  result  which  may  be  simplified  in  the  following  manner. 
We  have 

log(l+a;)  (l+y)  =  c; 
therefore  (1  +  a?)  (1  +  2/)  =  e". 

But  a  function  of  an  arbitrary  constant  is  itself  an  arbitrary 
constant     Hence  we  may  write  as  the  solution 

(l  +  a:)(l+y)=C. 

Indeed  it  frequently  happens  that  solutions  which  present 
themselves  in  a  transcendental  form  admit  of  being  reduced 
to  an  algebraic  form. 

Thus  also  the  solution  of  the  equation 

'^       ^J^^.-0 (10) 


being 

sin*^  X  +  sin"*  y  =  c, 

we  shall  have,  on  taking  the  sine  of  both  members  of  the 
equation  and  replacing  sin  c  by  (7, 

x^{l-f)+jf^{l^a^)=C (11), 

which  is  algebraic. 


5.     Different  modea  of  iategration  will  also  give  rise  to 
solutions  whicli  at  first  sight  appear  to  be  discordant.     Tho 
discordtiDcG  however  will  be  only  apparent.     Thus  if  wo  ex- 
press the  equation  last  solved  in  the  form 
—  dx     ,     —^y 


and  integrate  by  means  of  the  formula 
-dp 


=  0, 


JV(l-ic') 


=  cos"  X  +  const.. 


..(12). 


we  shall  have 

cos"'  X  +  cos"'  y  =  C^ 
and,  taking  the  cosine  of  both  members, 

*'y-V[(l-^(l-^')}  =  coa£7,. 
The  last  result  may  however  be  reduced  to  the  form 

"'v'(l-/)+yV(l-=:')-«mO, (13), 

which,  as  sin  C^  is  arbitrary,  agrees  with  the  previous  re- 
sult, (11). 

The  constants  C  and  (7,  are  seen  to  be  connected  by  a 
relation  G=am  C,,  which  is  independent  of  the  variables  a? 

And  in  general  the  teat  of  the  accordance  of  two  solutions 
of  a  differential  equation,  each  involving  an  arbitrary  constant, 
is,  tliat  on  eliminating  one  of  the  variables,  the  other  variable 
will  disappear  alao,  and  a  relation  between  the  arbitrary  con- 
stanta  alone  re^t. 

Or  expressing  the  solutions  in  the  form 
V=C.     v  =  c, 
we  may  directly  apply  the  test  of  equivalence 
dVdv_dVdo^^^ 
dx  dy      dy  dx        ' 
resulting  from  the  proposition  in  Art.  1. 


r 
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6.  It  eometimea  happens  that  the  variables  may  be  sepa- 
rated by  raultiplyiug  or  dividing  the  equation  by  a  factor. 
Thus  the  eqnatioQ 

becomes  on  multiplying  by  (1  +  ar)  (1  +;/), 

x(\  -^xidx  ~y  l,\-\-y)  dy  ^  0, 
in  which  the  variables  are  separated.     Integration  then  gives: 

2^3       2      3 

The  most  general  form  of  equations  in  which  the  variabli 
can  be  separated  by  the  process  above  mentioned  is 

X,J\dx'^XJ'^dy  =  Q (14), 

in  which  X,  and  X^  are  functions  of  x  only,  and  Y^  and  PJ 
functions  of  y  only.  On  dividing  the  above  equation  bj 
y,A',,  or,  which  amounts  to  the  same  thing,  multiplying  it  bj 

the  factor  ,  we  have 


in  which  the  variables  are  separated. 

Ex.     The   equation  x  ■/ [\  +  y"')  dx -i- yj  {I  +  x*)  dy  =  ii 
thus  reduced  to 


=  0, 


xdx  ydi/ 

and  has  for  ita  complete  integral 

V(l  +  "^  +  V(l +»*)  =  «■ 

7.     Sometimes  too  the  variables  in  the  equation 
Mdx  +  Ndy  =  0 
admit  of  being  separated  after  a  preliminary  transformatio 


u 
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Ex.  ].     If  iu   the    equation    {x  -  f)  dx -^ 'i.xydy  =  0,    wc 
assume  y  —  'J{xz),  we  find 

Substituting  these  expressions  for  y  and  dy  in  tlie  given 
equatioD,  we  have 

X 

Therefore  integrating  and  replacing  z  by  its  value  —  , 


log  a:  +  ■'^ 

Es.  2.     [y-x){l  +  a?)Uy- 
Afieume  a:  =  tan  d,   y  =  tan  ^ 
(taa  ^  —  tan  ^)  sec  9  aec'ifx 
which  reduces  to 

sin  {^-e)d^-nde 
Now  let  i^  —  6  =  '^,  then 

sin  -^(^0  =  }id^  —  nd<^, 

iherefore 


ni\+fYdx  =  Q. 

Wo  find 
^  —  n  sec'' ^  sec' fi  (i'fl  =  0, 

0. 


^      n  —  Bin  Y 


vbence 


H, 


— r^  +  c: 
sin  yjr 

the  integral  in  the  second  membei'  is  a  known  form. 

It  will  be  remarked  that  the  transformations  employed 
io  the  above  examples  are  not  very  obvious  ones.  They 
would  scarcely  be  suggested  by  the  forms  of  the  differ- 
eutial  equations  themselves.  And  in  the  present  state  of 
aoalyeis,  it  would  he  impossible  to  lay  down  any  general  d:' 
r«:tiou  on  the  subject.  There  are  however  certain  classes  c 
'iifferential  equations  in  which  the  nature  of  the  required  trans- 
fonaation  can  be  determined.  Among  them  a  foremost  place 
a  due  tu  homogeneous  equations. 


Br-  1 

i    J 

Lce  ■ 


Equations. 

8.  The  differential  equatiun  Mdx  +  Ndy  =  0  is  said  to  be' 
homogeneous  when  M  and  jV"  are  homogeneous  functions  at 
X  and  y,  and  are  of  the  same  degree. 

Thus  the  equation 

is  a  homogeneoua  equatioa,  M  and  II  being  here  of  the  first 

degree. 

To  integrate  a  homogeneous  equation  it  snffices  to  assume 
y  =  vx.  In  the  transformed  equation  the  variables  a;  and  »: 
will  then  admit  of  separation. 

L  Thus  in  the  above  example  we  should  find 

m  -whence  dividing  by  x 

V(l  -\-v^dx-xdv  =  0, 
from  which  result 
^^H  ^x  di 


'x      ^(l+v-)     °' 
log3:-log[y  +  V'(l+u')l  = 
Replacing  r  by  -  ,  we  have 


for  the  complete  primitive. 

Afl  in  Art.  6,  the  above  solution  admits  of  a  simpler  e 
preasion.     Freed  from  transcendeote  and  radicals,  it  gives 

x'=r2Cy+C*. 
C  being  an  arbitrary  constant. 

To  demonstrate  the  above  method  generally,  let  us  suppom 
that  M  and  N  are  homogeneous  functions  of  x  and  y  of  thi 


b 
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n**  degree.    We  may  then,  in  accordance  with  the  known  type 
of  homogeneoua  fiinctiona,  write 

so  that  the  equation  Mdx  +  N'di/  =  0  becomeB  on  substitution 
sDd  divieion  by  the  common  factor  ic", 

*(S)fo  +  V,(|)ji,-l) (16), 

Now  assuming  ^  =  vx,  we  have 

"  =  w,   dj/  =  vdx'^xdv, 
and  the  above  equation  becomes 

^  (u)  dx-\--<^  {v)  {vdx  +  xdc)  = 
Or,  {^  {v)  +  vf  [v)]  dx  +  ^{v)  xdv  =  0. 

Therefore 

dx  i|r  (v)  dv      _ 

whence  on  integrating 


{17), 


J.^(t.)+«Vr(l.) 


,.(18). 


It  ia  obnous  from  the  symmetry  of  the  relation  between  a 

oad  y  that  we  might  equally  employ  the  transformation  ~  =v 

and  regard  v  and  y  as  the  new  variables.  What  is  essential 
in  the  method  is  the  substitution,  in  place  of  the  original  vari- 
ables  X  and  y,  of  a  new  system  of  variables,  consLsting  of  one 
variable  of  the  old  system,  and  of  the  ratio  which  is  borne 
to  it  by  the  other  variable  of  that  system. 

£x.     It  Ib  required  to  integrate  the  equation 

[x-^{xi/)~y]dx^^l{wy)dy=Q, 

a-2 
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by  the  direct  application  of  (18).    Here,  w  =  1, 
Thus  we  have 

i|r(t;)=t?4, 

and  (18)  gives 


log  a?  +  I 1 -.  =  G. 

^1  —  i;3  —  -y  +  v* 


To  effect  the  integration  in  the  second  term,  let  v  =  ^. 
v^dv  f       2fdt 


r        v^dv         _  f       2edt 


Then,         .  .-,...., 


=  j4:^+tlog(l-0  +  ilog(l  +  e) 
=  37^  +  log(l-0  +  ilog(l-O. 


Hence  finally,  replacing  thj^, 


-r .  +log  {x^  -2^*)  +ilog  (a?-y)  =  C 

9.    The  equation 

(aa?  +  %  +  c)&;  +  (a'a;  +  5'y  +  cVy  =  0 (19) 

may  be  rendered  homogeneous,  either  first  by  assuming 

and  properly  determining  a  and  /8;  or  secondly  by  assuming 
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The  first  transformation  gives 
{ax  -i-h}/'  —aa—hff  +  c)  dx'  +  {ax  +  h'y  —  a' a — 6'j9 + c')  di/  =  0, 
whence  if  a  and  ^8  be  determined  by  the  conditions 
aa.  +  l0  =  o, 
a'a  +  J'/3  =  c', 
we  shall  have  the  homogeneoua  equation 

(aV  +  by')daf-i-  (a V  +  b'y)  dy'  =  0. 
Making  then  i/'  =  ira;'  we  find 

itc'  fo'  +  &')i)  dv 

which  ia  directly  integrablc. 

The  second  transfonnation  gives 

odat  +  My  =  dx',  ctdx  +  h'dy  =  dy', 

vheQce  determining  dx  and  dy,  the  proposed  equation  assumes 
the  homogeneous  form 

(6V  ~  cty')  dx  —  (bx  -  ay')  dy  =  0. 

Both  these  transformations  fail  if  ab'  —  a'b  =  0.     But  in  this 

case,  since  h'  =  ~,  the  proposed  equation  may  be  expressed 


{ax  +  by  +  c)  dx  -i-  -(ax  +  by  +  —rjdy  =  0, 

and  the  variables  will  be  separated  if  we  assume  ax-^hy^  z, 
and  then  adopt  either  z  and  a;  or  s  and  y  as  the  new  variables. 

These  transformations  are  linear,  and  by  one  of  the  two 
the  proposed  equation  is  usually  solved. 

[For  another  method  see  the  Swpplementary  Volume,  Chap- 
ter XIX,  Arts.  1  and  2.] 
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10.     The  linear  differential  equation  of  the  first  order  ahd 
degree 

|+^^=<2 (21). 

P  and  Q  being  functions  of  x,  admits  of  being  solved.  When 
Q  =  0  the  solution  is  obtained  by  separating  the  variables; 
and  when  Q  is  not  equal  to  0,  a  solution  may  be  founded 
upon  that  of  the  previous  and  simpler  case. 

It  must  be  observed  that  the  linear  equation  (21),  when 
reduced  to  the  form 

{Py^Q)dx  +  dy  =  0, 

falls  imder  the  general  tj^e,  Mdx  +  Ndy  =  0. 

1st,  When  Q  =  0,  we  have 

Dividing  by  y,  in  order  to  separate  the  variables. 


dy  _ 

y 

'Pdx. 

-jPdx+c,^ 

y= 

=  Cfe--^^^ ,   (22), 

C  being  an  arbitrary  constant  substituted  for  e\  It  has  been 
already  observed  that  a  function  of  an  arbitrary  constant  is 
itself  an  arbitrary  constant ;  see  Art.  4. 

2ndly,  To  solve  the  linear  equation  (21)  when  Q  is  not  equal 
to  0,  let  us  assign  to  the  solution  the  general  form  (S2)  above 
obtained,  but  suppose  C  to  be  no  longer  a  constant  but  a  new 
variable  quantity — an  unknown  function  of  x,  which  must  be 
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determined  in  accordance  with  tlio  new  conditions  to  which 
the  solution  mustbe  subject. 

Substituting  then  the  above  expreBsion  for  y  in  (21J,  and 
observing  that,  since  C  is  now  vanable,  we  have 


^=A  I 


dx' 

■s 

u<-  -; 

there  results 

5=j;:« 


-  CPt''- 


H 


e^^  Qdx  +  c, 

c  being  an  arbitrary  constant.     Substituting  this 
value  of  Cin  (22),  we  have  finally 


e--^™'(/e-fr"(3rfic^c)  (23), 


Uie  solution  required. 

I         It  will  be  observed  that  if  Q  =  0,  the  above  solution  is 
I    reduced  to  the  form  (22)  before  obtained. 

I        The  method  of  generalizing  a  solution  above  exemplified  is 

■   called  the  method  of  the  vwriati&n  of  parameters,  the  term 

r    parameter,  by  an  extension  of  its  use  in  the  conic  sections, 

being  applied  to  denote  the  arbitrary  constants  of  the  solution 

I     of  a  differential  equation.     It  is  only,  however,  in  certain 

cases  that  this  method  is  successful.     It  is  always  legitimate 

to  endeavour  to  adapt  a  solution  to  wider  conditions  by  a 

tmuformation,  which,  like  the  above,  only  introduces  a  new 

variable  instead  of  an  old  one,  or  a  new  and  adequate  system 

of  variabtea  in  the  room  of  a  former  system.     But  it  is  not 

alwsyii  that  the  equations  thus  obtained  are,  as  in  the  above 

czample,  easier  of  solution  than  those  of  which  they  take  the 

place. 
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Ex.1.  Given  $^  - -^  =  (a?  + 1)». 

ax     x  +  1 

Here      -P=^^,     «  =  («+!)». 

Hence  jPdx  =  -  2  log  (ar  + 1),    e^'^  =  (a?  + 1)-^. 

fe^'^  Qdx  =f{x  + 1)  dx  =^^^ + c. 
Therefore      3,  =  (aj-H)«|^^±l£  +  c|. 
Ex.2.    Given    | _ -|?j  =  e' (.  +  ir. 
Here -we  find       /P(C&j  =  — wlog(aj  +  l)> 

Therefore  y  =  (a?  + 1)"  if  +  c). 

11.    Equations  of  the  form 

P  and  Q  being  functions  of  x,  are  reducible  to  a  linear  form. 
For,  dividing  by  ^,  we  have 

Now  let  y"*  =  2r,  then 

,                                 ^dy         1     dz 
whence  y    -r-  =  q t"  » 

so  that  the  equation  becomes 
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which  is  linear, 

Ex.    Given  ^  +  -i^=^MDV. 

ax     x+1  2 

Here,  dividing  by  y*,  we  have 

*    dx'^x  +  1  2      ' 

I 

and^  assuming  y^^z, 

^dx'^x  +  l  2      ' 

The  solution  of  this  equation,  which  is  identical  in  form  with 
that  of  Ex.  1,  is 

whence  y  =  |^^^+ c  {x  + 1)  j"*. 

General  solution  hy  development 

12.  In  the  earlier  portion  of  this  Chapter  it  was  esta- 
blished, by  considerations  foimded  upon  the  nature  and  inter- 
pretation of  the  equation 

Mdx^-Ndy^O, 

that  it  impHed  the  existence  of  a  primitive  equation  between 
«i  Jf,  and  an  arbitrary  constant.  The  examples  of  finite  solu- 
wWk  which  have  been  given  above,  illustrate  this  truth.    But 


I 

} 


42  GENERAL  SOLUTION  BY  DEVELOPMENT.         [CH.  IL 

a  further  and  more  complete  illustration  is  afiforded  by  the 
presence  of  an  arbitrary  constant  in  the  general  integral  of 
the  equation,  as  developed  in  the  form  of  a  series  by  Taylor^s 
theorem.    This  mode  of  solution  we  now  proceed  to  exhibit. 

From  the  given  equation  we  have 

dy  _     M 

.      di       N' 

the  second  member  of  which,  being  a  function  of  x  and  y, 
may  be  represented  by/^  {x,  y).     Thus  we  may  write 

%=fMy)-' (24). 

And  differentiating  this  equation. 

^y  ^  ^/i  fe  y)  I  <¥i  (^>  y)  % 

da?  dx  dy       dx. 

"    dx    ^    dy    -/i^^'J/;* 

the  second  member  of  which,  being  a  function  of  x  and  y, 
may  be  represented  by  f^  (a?,  y).  Thus  we  have,  as  a  co^se- 
quence  of  (24), 

g=/.(«'.2') (25).    , 

Repeating  on  this  equation  the  above  process  of  differentia- 
tion and  substitution,  we  have 


wherein 


g=/.('^.y) (26). 


/.(-.^)=^fe^+^V.(-.s^). 


And,  contiiiuing  thus  to  repeat  the  same  operation,  we  obtain 


a  series  of  equations  determiiiuig  the 
coefficteuU  of  j^.  in  the  farm 

the  dependence  of  f^  (x,  y)  npon  _/^  (x,  y),  and  hence  ulti- 
mately upoa_^  (a^  jf),  being  dttermined  by  the  general  equa- 
tion 


■■(27), 


„  (2S). 


Hence  Jf  and  N  being  given,  the  expressions  for 


are  implicitly  given  also. 

Now-r  1  -;i,  &c.  determine  the  coefficients  of  the  several 
dx  dar 
terma  after  tlie  first  in  the  development  of  y  in  ascending 
powers  of  x,  by  Taylor's  theorem,  or  more  generally  in  as- 
cending powers  of  X  —  x^,  where  jt,  is  a  particular  value  of  x. 
Leaving  that  first  term  arbitrary,  the  development  is  thus 
seen  to  be  possible,  and  the  result,  while  constituting  the 
general  integral  of  the  given  differential  equation,  shews  that 
that  integral  involves  an  arbitrary  constant. 

Actually  to  obtain  tho  development,  let  <ft(x)  represent  the 
general  value  of  y,  and  let  y,  be  the  particular  value  of ;/ 
corresponding  to  some  particular  and  definite  value,  x^,  of 
the  variable  x.    Then,  writing  0  {x)  in  the  form 

we  have,  by  Taylor's  theorem, 

y  =  *(■«.) +  </>'K)(^-'^o)  + 

But  6  {x^  is  what  v  becomes  v 


"«^ 


dtl){x) 
dx 


,  ^ 


f-+&c...{29). 
Hence0(a-J=3/,. 
when  m  =  x.. 


\   Again,  ^'{x^  is  what 
Hence  0'(^ii)=/i(*o' S«)  ^1  C^*)-     ■''°  ^^  manner  0"(a;J  is 


,  and  ia  therefore  equal  to 

ft  C^^o'  y^-     Determining  thus  the  successive  coefficients  of 
(29),  wa  have  finally 


..(30), 


isponding  value 


&c. . 


■  (31). 


which  is  the  general  integraL 

If  we  assume  x^  =  0,  and  represent  the  c 
of  2/  hy  c,  we  have 

jr  =  0+/,(0,c)«+/,(<'.=)o  + 

Should  however  any  of  the  coefficients  in  this  development 
become  infinite  we  must  revert  to  the  previous  form,  and  give 
to  a;„  such  a  value  as  will  render  the  coefficients  finite, 
therefore  justify  the  application  of  Taylor's  theorem. 

Virtually  the  integral  (30)  involves  like  (31)  only  one  arbi- 
trary constant.  For  in  applying  it  we  are  supposed  to  give 
to  a;,  a  definite  value,  and  this  being  done  the  corresponding 
arbitrary  value  of  y„  constitutes  the  single  arbitrary  constaat 
of  the  solution. 

[See  the  Supplementary  Volume,  Chapter  xrx,  Arts.  4 
and  6.] 


EXERCISES. 

[  1.     Integrate  the  differential  equations : 

(1)  {l  +  x)ydx  +  il-y)xds=0. 

(2)  (y'  +  xi/'^dx  +  (it^-  yx")  dy  =  0. 

(3)  ^{\  +  x^dy-i\  +  f)dx  =  0. 

(4)  {\^f)dx-{y  +  ^{\+y')]{l  +  a?)Uy  =  0. 

(5)  sin  05  cos  ydx  —  cos  x  sin  ydy  =  0. 

(6)  sec'  X  tan  ydx  +  sec*^  tan  xdy  =  0. 
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2.  DiflTerent  processes  of  solution  present  the  primitive  of 
a  differential  equation  under  the  following  different  forms,  viz. 

tan'*  (os  +  y)  +  tan"*  (^  —  y )  =  ^^ 
y-^a?  +  l  =  2Cx. 
Are  these  results  accordant  ? 

3.  Integrate  the  homogeneous  equations : 

(1)  (y-aj)dy+yeZa;  =  0. 

(2)  {2*J(xy)^x}dy  +  ydx=:0. 

(3)  xdt/'-ydX'-s^isi?  +  f)dx  =  0. 

(4)  (x'-ycoa-]  dx  +  xcos-  dy  =  0, 

\  X/  X 

(6)     (8y  +  10:d)  dx  +  {5y  +  7x)  dy  =  0. 

4,    Integrate  the  equations : 

(1)  {2x-  y  +  1)  dxJr^^y  -  X  -1)  dy  =  0. 

(2)  (3^ -7aj+  7)  daj+  (7y - 3a;+  3)  eZy  =  0 ; 

the  former  as  an  exact  differential  equation,  the  latter  by  re- 
duction to  a  homogeneous  form. 

5.  Explain  what  is  meant  by  variation  of  parameters,  and, 

d'u 

•  oaTing  integrated  the  equation  x-^  —ay  =  0,  deduce  by  that 
method  the  solution  of  the  equation  x-r-—atf  =  x+l. 

6.  Integrate,  by  the  direct  application  of  (23),  the  linear 
equations, 


dx^l+af^     2a!(l  +  a!'^' 
(2)  «(l-a?)g  +  (2a;»-l)y  =  aa>«. 

tVi  ^y  '       y  a!+V(l-a!») 

^''^  «fc  +  (1  _  a,«^%  -     (l-a^J»     • 


1 
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(5)       a+«^^+»=t«"-» 

7.  Shew  that  the  solution  of  the  general  linear  equation 
-rr  +  Py  =i  ^  may  be  expressed  in  the  form 

8.  Shew  that,  <f>  {x)  being  any  function  of  x,  the  solution 
of  the  linear  equation 

^-y'l>'{x)  =  4>{x)<f>'{x).      |.. 

will  be  y  =  c^^^  —  <^  (a?)  —  1.  f 

9.  Shew  that  if  in  the  linear  equation  -p  +  Py  =  ^  we 

represent  -^  ^7  P>  ^^d  then,  dififerentiating  and  eliminating 

y,  form  a  diflFerential  equation  between  jp  and  x,  that  equation 
will  also  be  linear. 

10.  Integrate  the  differential  equations : 

dz 

(1)  (1  -  aO  ^  -  xz  =  axz\ 

Hz 

(2)  Sz'^^az'=^x-^1. 

dz 

(3)  ~  +  2a:;5  =  2aajV. 

dz 

(4)  ^-  +  «cos/i?=«*sin2a?, 

(5)  »£  +  2^  =  y'logar. 
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CHAPTER  in. 

EXACT  DIFFEREMTIAl  EQUATIO?fS  OF  THE  FlitST  DEGREE, 

1,  As  tlie  cases  considered  in  the  previous  Chapter  under 
which  the  equation  Mdm  +  Ndy  =  0  is  iutegrable  by  the  sepa- 
ration of  the  variables,  are  but  a  small  number  of  the  cases 
in  which  a  solution  expressible  in  finite  terms  exists,  Analysts 
have  engaged  in  a  more  fundamental  inquiry  of  which  the 
following  are  the  objects,  viz. 

1st,  To  ascertain  under  what  conditions  the  equation 

Mdce  +  Ndy  =  0 

is  derived  by  immediate  differentiation  from  a  primitive  of 
the  form  f{x,  y)  =  c,  and  how,  when  those  conditions  are 
satisfied,  the  primitive  may  be  found. 

Sndly,  To  ascertain  whether,  when  those  conditions  are  not 
satisfied,  it  is  possible  to  discover  a  factor  by  which  the  equa- 
tion Mdx  +  Ndy  =  0  being  multiplied,  its  first  member  will 
become  an  exact  differential. 

These  inquiries  will  form  the  subject  of  this  and  the  follow- 
ing Chapter. 

Pbop.  l     77(6  one  necessary  and  sufficient  condition  under 
vhick  tJte  first  member  of  the  equation  Mdx  +  Ndy  =  0  is  am 
txact  differential  is                                           —  . 
dU^dN 
dy~  dx '"'• 

I*t  it  be  considered  in  the  first  place  what  is  meant  by  the 
supposition  that  Mdx -^  Ndy  is  an  exact  differential.  It  is 
that  M  and  N  are  partial  differential  coefScients  with  respect 
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to  X  and  y, — that  there  exists  some  functiou  V,  such  that 

'i-M (^). 


=  N  . 


..(3). 


dV 

Any  relation  between  M  and  JV"  which  we  can  derive  Indi 
pendentlj  of  the  form  of  F'froni  the  above  equations  will  t 
^necessary  condition  of  Mdcc  +  Ndy  being  an  exact  differentia 
And  conversely,  any  relation  between  M  and  N  which  suffices 
to  enable  us  to  discover  a  function  Factually  satisfying  tlie 
above  equations   (2),  (3),    will   be  a  su^fftdent  condition  of 
Mdx  +  Ndy  being  an  esact   differential.    And  if  the  eam 
condition  should  present  itself  in  both  cases,  it  will  be  'boti 
necessary  and  sufficient. 


DifFerentiating  (2)  with  respect  to  y,  and  (3)  with  ] 
■4o  ai,  we  have 


:spec 


^dM 
dy  ' 


d?V  _ 
dxdy 


..(4). 


rBut  the  first  members  of  these  equations  being,  by  a  knowj) 
theorem  of  the  Biiferential  Calculus,  equal,  we  have 


_dN 


,..(5). 


This,  therefore,  is  a  necessary  condition  of  Mdx  +  Ndy  beii 
an  exact  differential  It  is  also,  as  will  next  be  shewn, 
sufficient  condition. 

In  the  first  place  the  function  V,  if  such  exist,  must  satis 
the  equation  (2). 

Integrating  this  equation  relatively  to  x  alone  (since  t] 

differentiation  in  -j-  is  relative  to  a;  alone),  we  have 

V=fudx+G (6), 
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C  being  a  quantity  which  is  constant  relatively  to  x,  so  that 

dG 

-J-  =  0.    Hence,  though  0  does  not  vary  with  x,  it  may  vary 

with  y,  and  there  is  nothing  to  limit  the  manner  of  its  varia- 
tion. It  is  therefore  an  arbitrary  function  of  y,  and  we  may 
write 


V^JMdx  +  <l>{y) (7), 


This  is  the  most  general  form  of  F  as  a  function  of  x  and  y, 
which  satisfies  the  equation  (2). 

In  the  second  place  V  must  satisfy  the  equation  (3).  Sub- 
stituting in  that  equation  the  value  of  V  given  in  (7),  we 
have 

dJMdx     d4>  iy)  _  ^ 

dy  dy     ''    ' 

Therefore  ^^N^^^. 

dy  dy 

Whence  ^(y)^  j^N^^l^)dy+ G (8), 

C  being  simply  an  arbitrary  constant,  since,  as  the  constant 
of  integration  with  respect  to  ^  it  cannot  contain  y,  and  as 
part  of  the  expression  for  ^  {y)  it  cannot  contain  x. 

Now  the  integration  in  the  second  member  is  theoretically 
possible  (though  its  expression  in  finite  terms  may  not  be 

possible)  if  the  coefficient  of  dy,  viz.  N — ~ — ,  is  a  function 

of  y  only,  i.e.  if  its  differential  coefficient  with  respect  to  x 
is  0.     Expressing  this  condition,  we  have 


dlf      d  djMdx^ 
dx      dx     dy 

^  d  dJMdx  _  d  djMdx 

dx     dy         dy     dx 

^dM 
dy' 

B.D.E: 


(9). 
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Thus  the  condition  (9)  becomes 

^-^  =  0 (10). 

ax       ay 

This  then  is  a  sufficient,  as  it  has  before  been  shewn  to 
be  a  necessary  condition  of  Mdx  +  Ndy  being  an  exact  diflfe- 
reiitiaL  . . 

The  substitution  in  (7)  of  the  value  of  <^  (y)  found  in  (8) 
gives 

r=fMdx+j(N-^l^)di,+  G (11). 

Finally,  supposing  still  the  condition  (10)  satisfied,  the 
solution  of  the  equation  Mdx  +  Ndy  =  0  will  be 

JMd.+j(N-^J^)d,=  C (12). 

2.  The  practical  rule  to  which  the  above  investigation 
leads  is  the  following. 

To  solve  the  equation  Mdx  +  Ndy  =  0  when  its  first  mem- 
ber is  an  exact  diflerential,  integrate  Mdx  with  respect  to  x, 
regarding  y  as  constant,  and  adding,  instead  of  an  arbitrary 
constant,  an  arbitrary  function  of  y,  which  must  afterwards  be 
determined  by  the  condition  that  the  differential  coefficient  of 
the  sura  with  respect  to  y  shall  be  equal  to  N.  Then  that 
sum  equated  to  an  arbitrary  constant  will  be  the  solution 
required. 

Ex.  1.     Given  (iB»-  ixy  -  2y')  dx  +  (/-  4ary  -  2a:')  t7y  =  0. 

Here.if=ic*  — .4a;y  — 2y*  and  N=y^'-4ixy'-2x\  whence 

dM    dN 

and  the  first  member  of  the  given  equation  is  an  exact  diffe- 
rential. 
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Now  JMdx  =  ^-2a?y-2y*x  +  <l>(y) (1), 

the  arbitrary  function  <f>  {y)  occupying,  according  to  the  rule, 
the  place  of  the  constant  of  integi*ation.  To  determine  j>  {y), 
we  have 


d_ 
dy 


'^-2a^y^2y'x  +  <f>{y)^=f^4:xy^2x\ 


Whence  ^  =  /, 


dy 


_y 


,3 


Substituting  this  value  in  the  second  member  of  (1),  and 
equating  the  result  to  an  arbitrary  constant,  we  have 

the  solution  required. 
Ex.2.    Given      ,J'"^  .,  +  |l-  //Jl  J^=0. 

Here    if=^77-s r^ ,    N=  — 


Hence  we  find 

dM  ^     -y     ^dN 

dy  "(aj^+y*)*     dx  ' 

To   obtain  the  complete  integral  we  will  on  this  occasion 
employ  directly  the  general  form  of  solution  (12).    We  have 


JMdx  =  log{x  +  ^(x'+y% 
dyj  y 


ft  r 

Hence  N-^-y-  JMdx  =  0,  so  that  (12)  gives  simply 

log{aj+V(a5'+y')l==c. 
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Substituting  log  C  for  c,  and  tlien  freeing  the  Squation  froi 
logaritlimic  signs  and  fi'oni  radicals,  we  have 

3.  We  may  in  many  cases  either  dispense  with  the  app£ 
cation  of  the  eriterion  (1),  or  greatly  simplify  its  applicatioi 
by  attending  to  the  two  following  principles,  viz.  i 

Ist,  If  Mdx-{-S'di/  can  be  divided  into  two  portions,  oa 
of  which  is  manifestly  an  exact  differential,  it  suffices  to  stata 
tain  whether  the  other  is  such. 

2ndly,  If  Mdx  +  Ndy,  or  that  portion  of  it  which,  according 
to  the  above  principle,  it  may  suffice  to  examine,  can  be  re 
solved  into  two  factors,  one  of  which  is  manifestly  the  exa( 
differential  of  a  function  of  x  and  y,  which  we  wilt  reprei 
by  u,  then  when  the  other  factor  is  expressible  as  a  functii 
of  u,  we  shall  have  an  expression  of  the  formy(M)  dv,  which 
irily  an  exact  differential. 


Kt.     Given  \x+  - 


\dx-^\y- 


This  equation  may  be  expressed  in  the  form 
ydx 


dy=Q. 


xdx  +  ydy  +  - 


=  0. 


Now,  xdx  +  ydy  being  an  exact  differential,  it  suffices  to  i 
amine  whether  the  term  - — ; — ; — ^-,  ia  such  ako. 

This  term  may  be  expressed  in  the  form  of  the  product 

V(/-^J  y' 

the  second  factor  of  which  is  the  differential  of  - .     If ' 

y 

make  -  =  w  the  product  assumes  the  form  -77^ — — 57 ,  which 
the  differentia!  of  sin"'u. 


V(l-«-)' 
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The  complete  primitive  is  therefore 

— ^  +  sm*-  =  c. 

2  y 

4,  The  converse  form  of  the  property  last  noticed  is  of 
sufficient  importance  to  be  stated  as  a  distinct  proposition, 
namely, 

Prop.  II.  If  JJ  and  u  be  functions  of  x  and  y,  and  Udu  be 
an  exact  differential,  then  U  will  be  a  function  of  u. 

For  Udu^  U^dx+U^ dy. 

ax  dy   ^ 

Hence  the  second  member  being  an  exact  differential  we 
have  by  Prop.  i. 

d  /  rrdu\       d  I  ^^dti\ 


dy\     dxj      dx\     dy)       ' 

therefore  ^^_^$f  =  0. 

ay  dx      ax  ay 

Therefore,  by  the  proposition  in  the  first  Article  of  the  second 
Chapter,  U  will  be  a  function  of  u. 

EXEKCISES. 
1.     (»*  +  ^xy*)  ^  +  (y"  +  ^y)  dy  =  0. 

4.     ^^ydy^'^Jyj^^O. 

X  +if 

5.  (1  +  fy)  dx + 6*~^1  -  -)  cZy  =  0. 

6.  e'(a?+y«+2ic)(te+2y€*rf^  =  0. 
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7.  {w  COS  {nx  +  my)  —  m  sin  {mx  +  ny)}  dx 

+  {mcos  {nx  +  my)  —  wsin  {mx-hny)}  dy  =  Q. 

8.  Shew,  without  applying  the  criterion,  that  the  follow- 
ing are  exact  differentials,  viz. 


2j,|.  xdx  +  ydy       ydx-xdy  ^^ 

(l  +  a?  +  v')*        ^-^f 


(l  +  a?  +  3^«) 

X 

9.  Integrate  the  above  equations. 

10.  Integrate  the  equation  — ^-^ — ^—^ —  -f-  x^^dx  =  0, 

cy  ~~  ex 

distinguishing  between  the  different  cases  which  present  them- 
selves according,  1st,  as  h  and  c  are  of  the  same  or  of  opposite 
signs;  2ndly,  as  a  is  equal  to,  or  not  equal  to,  0. 

11.  Shew  by  the  criterion  that  the  expression 


is  generally  an  exact  differential,  and  exhibit  the  functional 

^  ,  .  ^dM      ,  dN 

forms  which  -y-  and  -r-  assume. 

ay  dx 
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CHAPTER  IV. 

ON  THE  INTEGRATING  FACTORS  OF  THE  DIFFERENTIAL 

EQUATION  Mdx  +  Ndt/ =^  0. 

2.  The  first  member  of  the  equation  Mdx  +  Ndy  =  0  not 
l^^'ing  necessarily  an  exact  differential,  analysts  have  sought 
to  render  it  such  by  multiplying  the  equation  by  a  properly 
A^tennined  factor. 

Thus  the  first  member  of  the  equation 

is  not  an  exact  differential,  since  it  does  not  satisfy  the  con- 
dition —J-  =  -J— ,  but  it  becomes  an  exact  differential  if  the 
ay      dx 

equation  be  multiplied  by  2a?,  and  its  integration,  which  then 
^>^mes  possible,  leads  to  the  primitive  equation 

The  multiplier  2a:  is  termed  an  integrating  factor. 

We  propose  in  this  Chapter  to  demonstrate  that  integrating 
actors  of  the  equation  Mdx  +  Ndy  =  0  always  exist,  to  in- 
vestigate some  of  their  properties  and  relations,  and  to  shew 
how  in  certain  cases  integrating  factors  may  be  discovered. 
To  complete  this  subject  we  shall,  in  the  next  following 
^ftpter,  investigate  a  partial  differential  equation,  upon  the 
solution  of  which  their  general  determination  depends,  and 
Spall  examine  some  of  t£e  conditions  under  which  the  solu- 
tion qS  that  equation  is  possible. 


/ 
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2.    To  every  dififerential  equation  of  the  form 

Mdx  +  Ndy  =  0, 

pertains  an  infinite  number  of  integrating  factors,  all  of  wliich 
are  included  under  a  single  functional  expression. 

It  has  been  shewn,  Chap.  ii.  Art.  2,  that  the  above  equa- 
tion always  involves  the  existence  of  a  complete  primitive  of 
the  form 

'^{^yy)==c (1). 

Differentiating  the  last  equation,  we  have 

dir(x,y)  ^  d'^{x,y)dy  ^^ 

dx  dy      dx       ^  '* 

The  value  of  -r  determined  as  a  function  of  x  and  y  from 

dx  ^ 

dxi 
this  equation  must  be  the  same  as  the  value  of  -^  furnished  by 

the  given  differential  equation  expressed  in  the  form 

dx 

dv 
Hence  eliminating  ->-  between  these  equations  we  have 

d'^  (y,  7j)     df  {x,  y) 

dx dy  /«v 

—M W^ W. 

Let  /t  be  the  value  of  each  of  these  ratios,  then 

As  fiM  and  fiN  are  therefore  the  partial  differential  co- 
efficients with  respect  to  x  and  y  of  the  same  function  yp*  (a;,  y), 
the,  expression  fiMdx  +  fiNdy  will  be  an  exact  differential 
Thus  Mdx  +  Ndy  is  always  susceptible  of  being  made  an 
exact  differential  by  a  factor  /a. 
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3.  The  form  of  the  complete  primitive  ia  however  without 
gaiti  or  loss  of  generality  susceptible  of  variation.  Thus  the 
primitive  x'{l+y^  =  c,  Art.  1,  might,  without  becOTniDg  more 
or  less  general,  be  presented  in  the  forms 

or  in  the  functional  form  _/'[a^(l  +y)}  =  c,  where  c,  c,,  c,  are 
arbitrary  constants.  And  generally  a  complete  primitive  ex- 
pressed in  the  form  F=  c  may  be  expressed  also  in  the  form 
_f(  V^  =c,  /{V}  denoting  any  function  of  V.  These  variations 
in  the  form  of  the  complete  primitive  imply  corresponding 
va-riations  in  the  form  of  the  integrating  factor,  a  special  deter- 
mination of  which  has  already  heen  given.  Art.  1. 

To  investigate  the  general  form  under  which  all  such 
special  determinations  are  included,  let  us  suppose  ft  to 
DS  a  particular  integrating  factor  of  Mdx  +  Ndy,  and  let 
\iAtdx  +  fiNdy  be  the  exact  differential  of  a  function  i^  {a;,  y). 
Then  representing  for  the  present  ^  {x,  y)  by  w,  we  have 

fiMdx  +  ftNdy  =  dv. 
ILultJpIy  this  equation  by /(u),  an  arbitrary  function  of  u;  such 
lieing,  by  Art.  4,  Chap,  iii.,  the   general   form  of  a   factor 
"Uich  will  render  the  second  member  an  exact  differential. 
We  have 

^fiv)(Mdx  +  M^)=/{v)dv. 
Now  the  second  member  of  this  equation  being  an  exact  dif- 
f'ffaiitial  the  first  is  so  also.  As  moreover  the  tirst  member  of 
tpe  above  equation  can  only  become  an  exact  differential 
"inulianeously  with  the  second,  the  factor  fj.f{v)  is  the 
gi'Deral  form  of  a  factor  which  renders  Mdx  +  Ndi/  an  exact 
'liS'erential, 
We  may  express  the  above  result  in  the  following  theorem, 

1/fibean  integratinff  factor  o/  the  equation  Mdx+Ifdy=0, 
OM  jf  r  =  c  he  the  complete  primitive  obtained  by  inidtiplying 
«>ttq«ation  ty  that  factor  and  integrating,  t}ientif{v)  will  be 
"^ijfpicaXform  of  all  Uie  integrating  factors  of  the  equation. 

riinhermore,/'{!!)  being  an  arbitrary  function  of  v,  the  num- 
wofauch  factors  is  infinite. 
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Ex.    The  equation 

becomes  Integrable  on  multiplying  it  by  the  factor  ( —  j ,  the 
actual  solution  thus  obtained  being 

X  ,  y 

2  T^       8  "■  • 

y     ^ 

Hence  the  general  form  of  the  integrating  factor  of  the  equa- 
tion is 


^Y  ^  \f  "^  ^7  • 


4.  From  the  typical  form  of  the  integrating  factor  of  the 
equation  Mdx  +  Ndy  =  0,  it  follows  that  if  we  know  two  par- 
ticular integrating  factors  of  the  equation,  the  solution  may  be 
inferred  without  integration. 

For  fi  being  one  of  the  factors  given,  the  other  must  be  of 
the  form  fifiv).  If  we  determine  their  ratio  by  division  and 
equate  the  result  to  an  arbitrary  constant  we  shall  have 

which,  from  what  has  been  said  in  the  preceding  Article,  is  a 
form  of  the  complete  primitive. 

5.  It  has  been  observed,  Art.  1,  that  the  discovery  of  an 
integrating  factor  of  the  differential  equation  Mdx  +  Ndy^O 
generally  depends  on  the  solution  of  another  differential  equa- 
tion, but  there  are  some  cases  in  which  it  presents  itself  on  in- 
spection.    The  equation 

{^y^  +y)dx  —  xdy  =  0, 

becomes  integrable  on  being  multiplied  by  the  factor  -5,  and 

this  factor  is  at  once  suggested  if  we  place  the  equation  in 
the  form 

'l^xdx  +  ydx  —  xdy  =  0, 
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"We  could  thus,  also  by  iaspection,  assign  the  integrating 
fitctom  of  any  equation  of  the  form 

and  many  other  forms  will  readily  suggest  themselves.  The 
following  analysis  will  however  lead  to  results  of  greater 
generality  and  importance. 


Special  Determinations  of  Integrating  Factors. 

€.    Whatever  may  be  the  constitution  of  the  functions  M 
and  N  we  have  identically 


no.@. 


Hence, 

JTh+Ndf/  =  \  liMx  +  Ny)d  log  xy  +  [Mx-Ny) d  log-|    (1). 

*lie  functions  Mx+Ny  and  Mx  —  Ny  appear  in  the  second 
lumber  of  this  equation  as  the  coefficients  of  exact  differen- 
Ws,  And  upon  the  nature  and  relations  of  these  functions 
™e  inquiiy  will  now  depend. 

Whatever  may  be  the  constitution  of  M  and  N  some  one, 
Wd  only  one,  of  the  following  cases  will  present  itself, 
fiilher  the  functions  Mx  +  Ny  and  Mx  —  Ny  will  be  both 
iilfintically  equal  to  0,  or  one  of  thera  will  be  so  and  not  the 
''"•w,  or  neither  of  them  will  be  identically  equal  to  0.  These 
^•scs  we  will  separately  consider. 

,  Irt.  The  case  of  Mx  +  Ny  and  Mx  —  Ny  being  both  iden- 
twJsJIy  equal  to  0  may  be  dismissed,  as  it  woidd  involve  the 
Wppoaition  tliat  Jf  and  .^are  each  identically  equal  to  0. 
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2n(ily.  Suppose  that  one  of  the  functions  Mx+2^y  and 
Mx  —  Nff  is  identically  equal  to  0  and  not  the  other,  and  first 
let  J£c  +  A^  be  identically  equal  to  0,  tlien  (1)  becomes 

Mdx  +  i%  =  i  (Mx  -  N^)  d\os~; 

whence  dividing  by  Mx  —  Ny, 

=  i'?log'^ (2). 


Mdx  +  Ndy  _ 
'M^'Ny    " 


Now  the  second  member  being  an  exact  differential  the  first 
member  ia  also  one.     In  this  case  then  Mdx  +  Ndy  is  mada 

an  exact  differential  by  tlie  factor  -p -rr  ■    By  parallel 

reasoning  it  follows  that  if  Mx  —  Ny  is  identically  equal  to  0 
and  not  Mx  +  Ni/,  an  integrating  factor  of  Mdx -^  Ndy  will 


Mx  +  Ny ' 

And  thus  we  are  led  to  the  following  theorem. 

Theoeem.  If  one  only  of  the  functions  Mx+ Ny  and 
Mx  —  Ny  is  identically  equal  to  0,  the  reciprocal  of  the  othn 
function  will  be  an  integrating  factor  ofUie  equation 

Mdx  +  Ndy  =  0. 

Srdly.  Let  neither  of  the  functions  Mx  +  Ny  and  Mx—Nj) 
be  identically  equal  to  0.  Then  first  dividing  the  fund^ 
mental  equation  (1)  by  Mx  +  Ny,  we  have 


Mx  +  Ny 


^  Mx  +  Ny 


..(3). 


Now,   by   Art.   3,   Chap,  ni.,   the    second  member  of  thfl 
above  equation  becomes  an  exact  differential  (its  first  teni^ 

being  already  such)  if  jj ^  ia  a  function  of  log  - ;   thera 

fore  if  it  is  a  function  of  - :  therefore  if  it  ia  a  homogeneou 
y 
Lfimction  of  x  and  y  of  the  degree  0,  for  the  typical  form  ol 


is  ^  [-};  therefore,  finally,  if  M  and  N  .in 


such  a  function 

homogeneous  functions  of  x  and  ^  of  a  common  degree.  For 
let  M  and  N  be  homogeneous  and  of  the  «'"  degree.  Then 
Alx  —  Ny  and  Mx+Ny  are  each  of  the  degree  n  +  1,  and 
Mx  —  ^ . 

■   is  of  the  degree  0.  ThuaJ/ancl.^being  homogeneous 


Mx  +  Ny 

functions  of  the  n"*  degree,  the  second  member,  and  therefore 

the  first  member  of  (3),  is  an  exact  differential. 

From  this  conclusion,  combined  with  the  previous  one,  wg 
arrive  at  the  following  theorem. 

Theoeem.    The  equation  Mdx  +  Ndy  =  0  when  homogeneous 
is  made  integrahh  by  the  factor  jfj—rj^  <  '"■^^ss  Mx  +Ny  is 


factor. 

Always  then  the  homogeneous  equation  Mdx-]-Ndy=-'f)  i 


made  jntcgrable  either  by  the  factor 


Mx  +  A'y' 


,  or   by   tlio 


Mx  —  Ny' 

In  the  second  place,  dividing  the  fundamental  equation  (Ij 
by  Mx  —  Ny.  we  have 

of  vhich   the  second  member,   and  therefore  aiRo  the  firnt 

member,  becomes  an  esact  differential  if  jf J^  id  a  ftinc- 

™ii  of  loga;^;  therefore  if  it  is  a  function  of  xy;  thcrofore, 
"Hftlly,  if  M  and  JV  are  of  the  respective  forma 

M  =  F^{xy)y,    N=^F,[xy)x; 
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Biuce  tbis  supposition  would  give 

Mx  +  Ni/^F,  [xy)  +  F^  {xy) 
Mx-Ny~  F,{xy)-F,{xy)' 
of  wliich  the  second  member  is  a  function  of  tbe  product  xy. 
Hence  the  following  theorem. 

Theorem.    The  equation  Mdx  +  ^dy  =  0  is  made  integraWt 
by  the  faciar  -j^ ji- ,  lisksn,  M  and  N  are  of  the  respectv 

forms 

M=FSs^)y,    N=F^{xy)x, 

unless  Mx  —  Ny  is   identiofiUy   equal  to   0,   in   tvldck   com 

jz ^  is  an  integrating  factxir. 

Or  the  theorem  might  be  thus  expressed.     The  equation 
F^{xy)ydx  +  F^{xy)  xdy  =  0 
is  made  integrable  hy  tlie  factor 

1 

ay[F^ixy)-F,ixy)y 

unless  we  have  identically  F^{xy)  —  F^(xy)  —  0,  in  which  ca 

1 

is  an  integrating  factor. 

We  may,  however,  remark  that,  in  the  particular  case 
■which  F^(xy)  —  F^{xy)  =  0,  no  factor  is  needed,  as  the  di^ 
ferential  equation  may  then  be  expressed  in  the  form 

F^(xy)(ydx  +  xdy)  =  0, 
the  first  member  being  manifestly  an  exact  differential. 

7.     The  results  of  the  above  investigation  may  be  summe 
up  OS  follows. 

If  either  of  the  functions  Mx  +  Ny,  Mx  —  Ny  is  identically 
egval  to  0,  the  reciprocal  of  the  other  function  is  an  integrating 


h 
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factor  of  Mdx  +  Ndy  =  0 ;  hut  if  neither  of  these  functions  is 
equal  to  0,   then    ^       ^    is  an  integrating  factor  for  the 

equation  when  homogeneous,  and    ^.  ^  ^     an  integrating 
factor  of  the  equation  when  susceptible  of  expression  in  the  form 

Ex.1.    Given     ajWa?  +  (3aj'y  +  2^^  rfy  =  0. 

This  is  a  homogeneous  equation,  and  its  integrating  factor 
according  to  the  rule  above  given  will  be 


• 
Thus  we  have,  as  an  eixact  diflferential  equation, 


: ,   {^^y  +  2/)  dy 

Referring  then  to  Art.  2,  CHiap.  ill.,  we  have 

Differentiating  this  expression  with  respect  to  y,  and  com- 
paring the  result  with  the  corresponding  term  in  (1),  we  find 

^^'     =s  0,  whence  ^  (y)  =  const.^  and  we  have 

,       a^H-2y» 

or  V  +  2y*=(7V(«*  +  y») 
for  the  int^rai  required. 
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Ex.  2.     Given  (y  +  xy^)  dx  +  {x  —  yx^  dy  =  0. 
This  equation  may  be  expressed  in  the  form 

(1  +  xy)  ydx  +  (1  —  xy)  xdy  =0. 
Hence  its  integrating  factor,  as  given  by  the  rule,  will  be 

1  1 

Mx  —  Ny     (1  +  xy)  xy  —  {1  —  xy)  xy. 


a.  .2 


2a^y 

Rejecting  the  constant  ^,  we  have,  on  multiplying  the  given 
equation  by 


2^^  ' 


^y 


1  +XU  J       1  ^  xy  J       ^ 
•^  dx+        u    dy  =  0. 


xy  xy 

Hence 

Now  Ndy=  -^ — ".    Hence  the  complementary  function 
9  {y)  will  be  —  log  y.    Thus  we  have 

log  X  —  log  y =  C 

xy 

for  the  integral  required. 

Ex.3.    Given  {a^y''  +  xy')dx'-(a?y +a^y')dy  =  0. 

If  we  treat  this  as  a  homogeneous  equation  regardless  of 
the  implied  conditions,  we  find 


Mx  +  Ny     0* 
The  rule  however  shews  that  when  Mx  +  Ny  is,  as  in  the 


kbove  example,  identically  equal  to  0,  - 
itegrating  factor,  which  in  the  above  c 


-  represents  an 


rhe  equation  ia  thug  reduced  to 


■whence  we  find  y  =  cxa9  the  complete  integral. 

8.  From  the  theorems  of  the  preceding  article  others  of 
peater  generality  may  be  deduced  by  transfoi-mation,  Thua, 
fflnce  the  equation  I'^  (xy)  ydx  +  F^  {xy)  xdy  =  0  is  made  into- 


grable  by  the  factor 
equation 


:^{F,{xy)-F,{xy)\- 
F^  (mu)  vdu  +  F^  {uv)  udv  =  0 


it  follows  that  the 


I  made  infegrahle  by  the  factor  - 


,  u  and 


«  being  any  functions  of  x  and  y.     Hence  expressing  dv.  in 

tlie  form  -j-  die  +  -r-  dVi  and  dv  in  the  form  -^dx-^ 

dx         dy   "'  d" 

•M  that  the  equation 


dy" 


f,(..).|+^.(..)„|}..+ji..(..)4%i..(«)«f*.o 

H  mule  iDtfigrable  by  the  factor  — rm — ; — th-, — tt  ,  what- 

"  "'  iii>  ji",  {uv)  —  F^  (aa)] 

s^er  fnnctioDB  of  x  and  y  are  represented  by  u  and  v.  And, 
on  giving  particular  forms  to  these  functions,  particular  con- 
'iitions  of  integration  of  the  equation  Mdx  +  Ndy  =  0  present 
t'lO'iselvcs. 

8-    An  integrating  factor  for  homogeneous  equations  may 
*!»  be  found  by  the  following  method,  due  to  Professor  Stokes, 
*iii)  fint  pointed  out  the  necessity  of  taking  account  of  the 
S.I1.E.  5 
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case  in  which  Mx  +  Ny  is  identically  equal  to  0.    ( Cambridge 
Mathematical  Journal,  Vol.  iv.  p.  241.     First  Series.) 

Suppose  M  and  iV  to  be  homogeneous  functions  of  x  and  y 
of  the  degrees.     Then  we  may  write 

if  =  a;"^(t;),  J^=aj"i/r(v)  (1), 

where  v  stands  for  -  . 

X 

Hence    Mdx  +  Ndy  =  x''^{v)  dx'\-x''ylr{v)dt/  (2). 

But  y  =  ocv,  therefore  dy  =  xdv  +  vdx.    Substituting  this  value 
of  dy  in  the  second  member,  we  have 

Mdx  +  Ndy^^x""  {(j)  (v)  + 1;^  (v)}  dx  +  a;"'*''^  {v)  dv  ...(3). 

Two  cases  here  present  themselves. 

First,  the  constitution  of  the  functions  <}>  (v)  and  -^  (t?)  may 
be  such  that  (j>  (v)  +  vslr  {v)  may  be  identically  equal  to  0. 
This  will  happen  if  Mx  +  Ny  is  identically  equal  to  0,  since 

by  (1) 

Mx  +  Ny  =  x""^^  [<}>  (v)  +  vyfr  {v)} (4). 

In  this  case  the  equation  (3)  reduces  itself  to 

Mdx  +  Ndy  =  x''^^^jr{v)dv, 

Mdx  +  Ndy       ,  ,  x  , 
or    ^nH-i     ^  =ir{v)  dv. 

X 

Now  the  second  member  being  an  exact  dififerential  the  first 
is  so  alfio^  and  Mdx  +  Ndy  is  therefore  made  integrable  by 

1 

the  factor  — r+i . 

X 

•  Secondly,  the  constitution  of  ^  (v)  and  -^  (v)  may  be  audi 
that  ^  (v)  +  vyfr  (v)  is  not  identically  equal  to  0.  And  this 
happens  when  Mx  +  Ny  is  not  identically  equal  to  0. 

In  this  case  dividing  both  members  of  (3)  by 

af^'{<}>iv)  +  vit(v)}, 
yre  have 


dv 


Mdx  +  Ndi/       _dx         '^(v) 


tile  second  member  being 
'"  Bjch.     Now 
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exact  differential  the  first 


Mdx  +  Ndi/ 


_  Mdx  +  Ndy 


by  (4). 


(then  Mdx  +  Ndy  is  made  integrable  by  the  factor 


^Ix  +  Ny' 
Combining  these  results  together,  we  see  that  the  homo- 
geneoua  equation  Mdx  +  Ndy  =  0  is  made  integrable  by  the 

factor -7 


,  unless  the  constitution  of  M  and  N  is  such 


Mx-\-Ny' 

*9  to  make  that  factor  infinite.     In  the  latter  case  —^^  will  be 
ftti  mtegrating  factor,  n  being  the  degree  of  M  and  N. 

The  form  of  the  supplementary  integrating  factor  as  given 
wy  the  above  investigation  is  different  from  that  before  ob- 
taiood.    The  results  are  however  perfectly  consistent. 

For  a  more  complete  analysis  of  the  problem  which  has  for 
it*  object  the  discovery  of  the  integrating  factors  of  a  homo- 
geneous equation  we  must  have  recourse  to  the  method  of  the 
wn  Chapter. 


1.  Shew  by  the  application  of  the  theorem  of  Art.  I. 
pWp-U.  that  the  espression  x'f -i-:^ +  y'+2{xy  —  \)  {x-^y) 
•"sfonction  of  x  and  y,  only  as  being  a  function  of  ay  +  a;  +  y, 

*■    A  particular  integrating  factor  of  the  equation 
2xydx  +  (y'  -  3^^  d^  =  0  is  y~*. 
jTOVe  this,  and   deduce   another   integrating  factor  by  the 
Iwmuls  established  in  Art.  6  for  homogeneous  equations. 

."-   Exhibit  the  general  foi-m  under  which  all  the  integrat- 
'**•*'"  of  the  above  equation  are  comprehended. 

5—2 
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4.    Deduce  in  Kke  manner  the  functional  expression  foraD 
the  integrating  factors  of  the  equation 


X       y  \y       x)       ' 


5.     Obtain  integrating  factors  for  the  homogeneous  equa- 
tions : 


(1) 

(2) 
(3) 

(4) 


^^y — yd^ = V(^ + y^)  dx. 

{8y  +  IOjj)  dx+{5i/  +  7x)  dy  =  0. 

ip? -^^  2xy  —  if)  dx  +  (i/'  +  2xy  -  af)  dy 


=  0. 


tf  +  iay  +  xJ^^O. 


(5)     ( 


a?  COS  -  +  y  sin  -  j  ydx  +  (^  cos  - — y  sin  *^  j  xdy  *=  0. 


y 


Exhibit  the   corresponding  integrals  of  the  above  equa- 
tions. 


•  6.    The  formula 


Mx+~Ny  ^^^  *^  ^^®  ^^  integrating 
factor  for  the  homogeneous  equation     ^     '^     =  0.    What 

formula  ought  here  to  be  employed  and  to  what  result  does  ft 
lead  ? 

7.    Determine  an  integrating  factor  of  each  of  the  equatioDi 

(1)  {ofy^  +  xy)  ydx  +  (a^y'  - 1)  xdy=0. 

(2)  (p^y'^+aff+xy  +  l)  ydx+{xY^  a?f^xy+ 1)  a%«ft 


(     «9     ) 


I  THE   GENERAL   DETEBMINATIOS    OF   THE    INTEORATINQ 
FACTORS    OF   THE   EQUATION   Mdx  +  Ndy  =  0. 

L  Pbop.   It  is  required  to  form  a  differential  equation  for 
ilni  "niflg  in  the  moat  general  manner  the  integrating  fac- 
>  equation  Mdx  +  Mdy  =  0. 
any  integrating  factor  of  the  aljove  equation,  then 

.  — J +/i,Ndy  is  by  hypothesis  an  exact  differential,  wft 

bsve  by  Prop.  l.  Chap.  m. 


d(nN^]_d(,i^{) 


%  by  transpositio 


df._  df. 


fdSf 


dN\ 
dill' 


I 


•hicli  is  the  equation  required. 

_  Hour  this  equation  involves  the  partial  differential  coeffi- 
'fteata  of  fL  taj^en  with  respect  to  x  and  y.  It  is  therefore 
^pitrtial  differential  equation.  We  have  not  the  means  of 
wWing  it  geTWnUly,  and  it  will  hereafter  appear  that  its 
SMari  solution  would  demand  a  previoua  general  solution 
ofthe  differential  equation  Mdx  +  Ndi/=0,  of  which  /j,  is 
"'K  iategrating  factor.  But  there  are  many  eases  in  which, 
*e  can  solve  the  equation  under  some  restrictive  condition 
"'  bjipotliesis,  and  the  form  of  the  solution  obtained  will 
slwjjB  indicate  when  the  supposed  condition  or  hypothesis 
■<t^ttmat& 
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The  following  are  examples  of  such  solutions. 

2.     Let  /A  be  a  function  of  one  of  the  variables  only,  e.g. 

suppose  /A  =  ^  (a?),  then  since  -v-  =  0,  we  have  from  (1) 


Therefore 


or 


^'{x)  _  dy      dx 
^x)  y       ' 

dM    dN 
-^log<f>{x)^± 


dx 


Now  if  the  second  member  of  this  equation  is  a  function  oft 
the  equation  is  integrable,  and  we  have 

dM    dN 


\og<f>{x)  =  j  JL—^dx. 


N 
Whence 


J 


dy      dx 


dx 


/*  =  «•'      "^    " (2). 

We  have  seen  that  the  hypothesis  assumed  as  the  basis  of 
the  above  solution,  viz.  that  the  integrating  factor  /it  is  a 
function  of  x  only,  is  legitimate  when  the  constitution  of  the 
functions  Jf  and  JVis  such  that  the  expression 

fdM     dN\  ,  ^ 

\dy       dx)  ' 

is  a  function  of  x  only.    In  this  case  (2)  enables  us  to  deter- 
mine the  value  of  /a. 

In  like  manner  the  condition  under  which  /a  is  a  function 
of  2^  only,  is 

dN^dM 

-,  ^  =a  function  of  y  only (3), 
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and  tte  value  of  /*,  on  this  hypothesis,  is 

u.  =  e-'      "       


..(5) 


Ex,    Let  us  inquire  whether  the  equation 

{Sa*  +  6j;^  +  Sf)  dx  +  (2js"  +  ^xy)  dy  =  0. . 
aJmits  of  an  integrating  factor  which  is  a  function  of  x  only. 
Making  M=  3^-h5xy  +  Sy,  N=2x'+  Zxy,  we  find 
dM_dN 

dy       dx  ^  6j!  +  6jf-(43;  +  3y)  _  1 
]v  2a;"  -h  3^:^  a; ' 

and  this  result  being  a  function  of  x  alone,  the  determination 
|>I  |U  as  a  function  of  x  alone  is  seen  to  be  posaible.  From 
(SJ  We  now  find 

^  =  J'^=Cx. 
^  being  an  arbitrary  constant. 
Now  multiplying  (5)  by  Cx,  we  have 

C  {{^  +  Gx^ij  +  3xjf')  dx+{2!)?-\-  3a^V)  f^yl  =  0. 
The  first  member  of  this  equation  remains  a  complete  differ- 
entJaJ  whatever  value  we  assign  to  G.    11"  we  make  C=  1, 
Uid  integrate,  we  find 

*^  int^ral  sought. 

-The  student  may  obtain  also  the  same  result  by  solving  (5) 
"  a  homogeneous  equation. 

The  linear  differential  equation  of  the  first  order 

l+-p-i'-e  =  » (6). 

"*od  Q  beinff  functions  of  x,  mav  be  solved  bv  the  above 
"ethod 
**<»,  TeduciDg  it  to  the  form 

(iV-e)<i*  +  %-l) (7). 
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we  have  Jbf  =  Py  —  Q,  N=l,  whence 

dM^dN 
dy      dx      n 

T — ^' 

which  being  a  function  of  x  we  find  from  (2) 

fPdx 

Multiplying  (7)  by  the  factor  thus  determined,  we  have 

e^''''(Fy'-Q)dx  +  €^'^^dy^O, 

the  first  member  of  which  is,  now  the  exact  dififerential  of  the 
function 


€ 


f    fPdx   _  - 

y—je''      Qdx. 


Equating  this  expression  to  an  arbitraiy  constant  c,  we 
find 

y^f^^^lc^-^J^^Qdx] (8), 

which  agrees  with  the  result  of  Art.  10,  Chap.  il. 

3.  Let  it  he  required  to  determine  the  conditions  under 
which  the  equation  Mdx  +  Ndy  =  0,  can  he  made  integrable  6$ 
a  factor  /m  which  is  a  function  of  the  product  xy. 

Representing  xy  by  v  and  making  /a  =  ^  (v),  the  partial 
differential  equation  (1)  becomes 

^fC)|-^*V)|-(f-S)*W=o. 

T_  .  dv  dv  n      ^ 

whence,  smce  ;t-  —  y,  -r-  =  ar,  we  find 

dM_^dN 

^{v)"  Ny^Mx W- 

Thus  the  condition  sought  is  that  the  second  member  of  the 
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above  equation  be  reducible  to  a  function  of  v  alone,  L  e.  of 
xy  alone.    And  the  corresponding  value  of  /a  is 


du  dy 

dx 


do 


^^^j^y-Mz   (jQj 

One  case  in  which  the  above  condition  is  satisfied  is  the 
following,  viz. 

F^{xy)ydx-vF^{xy)xdy^Q (11). 

Making  Jf  =  F^  (v)  y,  N=:F^  {v)  x,  and  observing  that  since 

dv  dv  £   J 

dM_dN 

dy^ dx  _  F,  (v)  +  vF,'(v)  -  F,  (v)  -  vF,'(v) 

"Ny-Mx'  v{F^{v)-F^{v)] 

F,  (v)  -  F,  (v)  +  V  {F:(v)  -  F:(v)} 
v{F,iv)-F,{v}} 

__  1  f:(v)-f:(v) 

V     F,(v)-F,(vy 
a  function  of  v  alone. 

Multiplying  by  dv  and  integrating,  we  have 
dM     dN 


i 


#—#  dv^-logv- log [F,  {y) - F, (v)}. 


Ny  —  Mas 
Hence, 

1  _,  ^ 

'^     v{F,{v)-F,{v)]     xy  {F,{xy)  -  F,[xy)Y 

This  accords  with  a  result  of  Art.  6,  Chap.  IV. 

[The  above  investigation  fails  when  the  constitution  of  the 
functions  Jf  and  N  is  such  that  we  have  identically 

Ny  —  Mx  =  0. 

An  integrating  factor  for  this  case  has  already  been  found  in 
the  preceding  Chapter.] 
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Ex.  1.    Thus  the  equation  (ajy+l)ydaj  +  (aiy  —  l)ajdy=0 
becomes  integrable  on  being  multiplied  by  the  factor  5—, 

which  is  found  by  substituting  in  the  previous  expression 
ojy  + 1  for  F^  (xy),  and  xY^l  for  F^  [xy). 

The  final  solution  is 

Ex.  2.     The  equation 

(2ajy  -2^)  dx  +  (2a?y  -  a;)  dy  =  Q, 

does  not  fall  under  the  type  (11),  but  the  values  which  it 
furnishes  for  Jf  and  j^  give 

dM^dF 

dy       dx  _     4a;°y  - 1  -  ( Va? -- 1)     _      2_      2 

Ny  —  Mx     2x*y^  —  xy—  {2x*y^  —  xy) ""     xy"     v  ' 

so  that  the  condition  of  integrability  by  a  factor  of  the  form 
f{xy)  is  satisfied.     Hence 

«  J— _1__L 

Multiplying  the  equation  by  this  factor,  and  integrating,  we 
find  for  the  primitive 

xy     ^ 

4.  It  is  required  to  investigate  the  conditions  tmder  which 
the  equation  Mdx  +  Ndy  =  0  can  he  made  integrable  by  a 
factor  /L6  which  is  a  homogeneous  fu/ncticm  of  x  and  y  of  ike 
degree  0. 

As  ^Jb  must  be  of  the  form  ^  (-)  let  us  represent  -  by  r, 

\X/  X 

and  then  assuming  /a  =  ^  (v),  and  observing  that 

dv  _— y      dv  _  1 
dx"  0^  ^    dy     x' 


or  rafEdEltiifG  factohs. 

the  partial  differential  equation  {1}  becomes 


\dx       ail  J 
Mx  +  Ny 


■  (12). 


Thus  the  condition  sought  is  that  the  second  member  of  the 
above  equation  should  be  a  function  of  w,  Le.  of '-■ 
And  the  corresponding  value  of  /i  is 

fl,=  E}        *•+■*■'         . 

But  since  every  function  of  ~  is  homogeneous  and  of  the 

degree  0,  with  reference  to  the  variables  x  and  y,  we  may 
express  the  above  results  in  the  following  theorem. 

In  order  that  the  equation  Mdx  +  Ndy=0  may  be  made 
integrable  hy  a/actor  ft  whickis  a  homogeneous  function  ofx  and 
y  of  the  degree  0,  it  is  necessary  and  suffidentthat  t!t.e  function 

""[^     jd (13) 

Mx  +  Ny  '     ' 

should  he  also  homogeneous  and  of  the  degree  0.     This  con- 
dition being  satisfied,  the  value  of  fi  will  be 

/i  =  e/'.'°"" (14). 

where  v  stands  for  - ,  and  f(v)  is  what  the  function  (13)  ts 
reduced  to  by  this  transformation. 

The  above  investigation  fails  when  the  constitution  of  the 
functions  Jf  and  ^is  such  that  we  have  identically 
Mx+Ny  =  (i. 

An  integrating  factor  for  this  case  has  already  been  found  in 
the  preceding  Chapter. 
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tCH.I 


"We  proceed  to  notice  some  of  the  consequences  of  tlu 
\  atove  theorem, 

It  is  evident  that  the  condition  which  it  involves  will  bfl 
satisfied  when  3f  and  ^  are  homogeneous  functions  of  a;  and  jt 
^For,  supposing  them  to  be  homogeneous  and  of  the  «"'  degree 
the  numerator  and  denominator  of  the  fraction  (13)  will  e 
be  of  the  (n  + 1)""  degree,  and  the  fraction  itself  therefore  ol 
the  degree  0,  the  condition  required. 

It  is  not  however  by  homogeneous  equations  only  that 
this  condition  is  satisfied,  and  it  ia  sometimes  worth  while  ttf 
inquire  iiito  its  applicability  in  other  cases,  Thua  for  tie 
equation 


(--i-sac'']dx—    „dy^ 

\y        ■-•-■}        y'  ^ 


we  should  find  the  integrating  factor  cos  - . 

5.     /(  is  required  to  investigate  the  conditiotis  under  whv^ 
the  equation  Mdx  +  I^dy  =  0  can  be  made  integrable  by  ajcu 
tor  ft,  which  is  a  homogeneous /unction  of  the  degree  n. 

Assuming  (ii=a;"^(- j  ,  the  partial  difFcrential equation (1 

becomes 

ir{,.-.*g)-«"y*'g)}-3/.-.*'(|) 

Dividing  by  a;""'  and  transposing,  we  get 
whence 


'■©_<: 


tfiL 


dx      dy  I 
Mx  +  Ay 


Let  -  =11,  and  suppose  the  second  member  to 

form_/(i)) ;  then,  multiplying  both  sides  by  dv  and  iategrating, 
we  have 

log  *(■>)=// («)"'•■ 

Hence  ^^a;"^  (ti)  =  a;"e-'^""*. 

Thus  we  arrive  at  the  following  theorem. 

Theorem.  In  order  that  the  equation  Mdx  +  Ndy  =  0  may 
he  made  integrahle  by  a  factor  fi,  which  is  a  homogerieous  fwnc- 
tion  ofx  and  y  oftfis  •nr'  degree,  it  is  necessary,  aruiit  suffices, 
that  on  viakin^  y  =  vx  the  function 


,/dN    dM\        ,^ 
^ 


..(15) 


should  assume  the  form  f{v).     Tfiis  condition  being  satisfied, 
tlie  expression  for  /j.  will  be 

tj.  =  x"ef^^''^ (16). 


It  will  be  noted  that  the  condition  that  (15)  shall  be  a 
function  of  v,  is  the  same  as  the  condition  that  it  shall  be  a 
homogeneous  function  of  x  and  y  of  the  degree  0. 


The  theorem  fails  when  Mx  +  Ny  = 
sidered. 


a  case  already  con- 


Es.  1.     Required  to  determine  whether  the  equation 

(2a;'  +  5a?y  +  / -  jf ')  tfor  +  (2y°  +  Sxy'  +  o?-a?)dy  =  0 

admits  of  an  integrating  factor  which  is  a  homogeneous  func- 
tion of  X  and  y. 
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Here  M 

dM 
dy 


GENERAL  DETERMINATION  [CttY. 

2a;'  +  3a;V  +  2^'-/,    N=  2^  +  Sxy^+a^-af, 

dN 


-  =  3a?'  +  2y-3y«, 


dx 


=  3y"  +  2aj  -  au*. 


f    «.6^-6.-  +  2,-V. 


Hence,  on  substitution, 

\ax       dy  J 

Mx-V  Ny 

_~(n  +  6)a;'  +  (3n+6)a?y  +  2na?y+(n  +  2)a?' 


-2a^y 


2a;*  +  2a;'y  +  20:3^'  +  2/  +  x^y  +  xj^ 

We  are  now  to  inquire  whether  there  exists  any  value  of  n 
which  reduces  the  second  member  of  the  above  equation  to  a 
homogeneous  function  of  x  and  y  of  the  degree  0. 

That  member  may  be  expressed  in  the  form 

-X       (7t  +  6)a;'--(3n  +  6)V-2wy'~(n  +  2)a^  +  2ary 
0?  +  y  2a;'  +  2y'  +  xy  ' 

and  it  is  now  plain  that  if  any  value  of  n  will  answer  the 
required  condition,  it  must  be  one  which  will  make  the  terms 
containing  xy^  and  x^  in  the  numerator  of  the  second  factor 
vanish.     Making  then  w  =  —  2,  we  have 

—  a?       ^a?  +  ^if  +  2xy  _  —2a; 
x-\-y      2x^  +  2y^-\'xy  "  x-\-y 


-2 
1  +  v* 


Hence  /m  =  »"*€''  ^^  = 


a;'(l  +  i;)' 


C^+y)'* 
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Multiplying  the  given  equation  by  this  factor  iand  integrating, 
we  find  as  the  primitive  equation 

x  +  y 

In  the  case  of  homogeneous  equations  the  condition  in- 
volved in  the  general  theorem  will  be  satisfied  independently 
of  the  value  of  n,  the  particular  case  in  which  Mx-\-Ny=^0 
excepted.  It  follows  hence  that  with  this  exception  we  can 
find  an  integrating  factor  of  any  proposed  degree  for  the 
homogeneous  equation  Mdx  +  Ndy  =  0, 

Ex.  2.  Required  two  integrating  factors  of  the  respective 
degrees  0  and  1  for  the  equation 

(3a;  +  2y)  dx  +  xdy  =  0. 

First  making  Jf  =  3x  +  2y,  N=  x,  and  w  =  0,  we  have 

\ax       dy  I —X 

Mx-{-Ny  ~  '6{x-\-y)  ' 

-1 


Hence  f{^)  = 


3(l+«)' 


Secondly,  making  if  =  3a?  +  2y,  N^  x,  n  =  1,  we  have 

\dx       dy  J  ^ 

Mx-hNy 

Hence  f  (v)  =  0, 

'     /i  =  a:€-^^<'»'*  =  c'a;. 

Thus  replacing  each  of  the  constants  c  and  c'  by  unity,  the 
integrating  factors  in  question  are  f j   and  x. 
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Multiplying  by  the  second  factor  x  and  integrating,  i 
find  a;'  +  x'l/  —  C  for  the  primitive. 

Again,  if  in  illustration  of  the  remark  of  Art.  4,  Chap.  I' 
we  equate  to  an  arbitraiy  constant  the  ratio  of  the  secoi 
factor  to  the  first,  we  have 

x'  {x  4-  yY  =  constant, 
which  being  equivalent  to 

a?  {x  +  y)  =  constant, 
agrees  with  the  previoua  solution. 

Let  U9  next  examine  the  general  results  to  which  t 
theorem  leads,  when  M  and  N  are  homogeneous  and  of  t 
m'"  degree. 

The  general  forms  of  Jlfand  ^will  be  on  putting  v  for  - 

Hence,  observing  that 
dN 


dx 

dM_ 

dy 


=  7Ha:''"'f  (i-)  -  a:"^^-^'  («), 


>'  \v) ; 


we  have  on   substituting   in   the  expression  for  /{»),    ( 
dividing  numerator  and  denominator  of  the  result  by  a^. 


/{') 


..(17). 


If  we  make  n,  the  value  of  which  may  be  choaen  at  pli 
8ure,  equal  to  —  m  —  1,  we  have 

/■(„!. _±W+J*«±fM 

■'"  ^w  +  inf-w 

Hultipl^^  by  dv  and  integrating, 

f/(.)*  —  log  (,f  («)  +  »>>•  Ml- 
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Hence,  ^=xV'^*= -,,j^^^^-^^  =_^...(18). 

And  here  again  it  results  that  the  homogeneous  equation 
Mdx-^-Ndy^Q,   may  be    made   integrable   by  the  &ctor 

-.^ ^r^,  except  in  the  particular  case  in  which  the  con- 

stitution  of  M  and  ^is  such  as  to  make  l£c+3^=0.  More- 
over this  theorem  is  seen  to  be  only  a  particular  consequence 
of  the  general  theory  of  the  integrating  factors  of  homogeneous 
equations. 

Resuming  (17)  which  we  may  write  in  the  form 

_  (m  4-  n  + 1)  yr  (c)  -  {^  jv)  +  v^'  jv)  +  f  (p)} 

^we  have 

//(r)rfr=(m+«+l)/^^JJ^-log{^(r)  +  t^(r)], 

by  the  substitution  of  which,  combined  with  the  previous  re- 
duction, the  general  value  of  §1  becomes 


'^^ 5x^:3> (1^)' 

which  is  the  general  expression  for  an  integrating  factor  of  the 
n**  degree,  supposing  n  not  equal  to  —  m  —  1. 

If  -we  now  equate  to  an  arbitrary  constant  the  ratio  borne 
by  the  last  value  of  |a  to  the  previous  one  (18),  we  have 

which  is  readily  reducible  to 

N'ow  this  is  the  very  solution  of  the  homogeneous  equation 
McLr  -f  Ndy^O,  obtained  by  the  direct  assumption  y^vx.  ^n 
Art.  8,  Chap.  n. 

B.D.E. 


We  thua  see  that  in  the  case  of  homogeneous  equations  tl 
employment  of  integrating  iactors  conducts  us,  but  by  a 
lengthened  route,  lo  the  same  final  integrals  as  the  direct 
method  <rf  Chap.  ii.  It  is  difficult  to  lay  down  any  general 
Tule  as  to  the  value  of  concurrent  methods,  but  it  would  pro- 
bably be  not  very  remote  from  truth  to  say,  that  the  pecidiar 
advant£^e  of  the  theory  of  integrating  factors  consist*  rather 
in  its  aj^ropriateness  for  the  investigation  of  conditions  under 
which  solution  is  possible,  than  m  the  actual  processes  of 
solution  to  which  it  leads. 

6.     The  following  application  of  the  theorem  is  of  a  more 
general  character. 

The  equation 

F,dx  +  P^dyJrQ{xd}]-ydx)=(i C^l), 

■where  P,  and  P,  are  homogeneous  functions  of  x  and  y  of  the 
degree  p,  and  Q  is  a  homogeneous  function  of  x  and  y  of  tlie 
degree  q,  may  be  rendered  integrable  by  a  factor  ft  which  is 
homogeneous  function  of  a;  and  y  of  the  degree  — j  —  2. 

Here  M=  P,  -  Qy,     N=  P,  +  Qx. 

Hence  Msi-Ny  =  PjX  +  Fj/. 

Thus  the  denominator  of  (15)  is  the  same  as  if  Jlf  and  N  were 
reduced  to  their  first  terms  F^  and  F^,  And  the  numerator 
remains  the  same  also.  For  the  addition  which  the  second 
terms  of  Jf  and  N,  viz.—  Qy  and  Qx,  make  thereto  is 

which,  on  effecting  the  differentiation,  becomes 

but  Q  being  by  hypothesis  homogeneous  of  the  j"'  degree, 
whence, 

dQ        dQ        ,, 


(the  above  expressiou  reduces  to 

a^(y+n  +  2)  Q, 

and  Taoisbes  if  n  is  made  equal  to  —  g  —  2.  Thus  (15)  aa- 
ttimes  the  same  form  as  if  Jf  and  N  were  homogeneous  of  the 
'degree  p,  and  the  coudition  of  the  theorem  is  satisfied. 

[If  we  write  equation  (21)  in  the  form 

Ithe  required  result  follows  at  once  from  the  remark  on  page 
^9,   lines  4. ..7;  for  a  homogeneous   factor   of   the  degree 

—  J  —  2  will  obviously  render  Qx'd-  integrable.] 

7.  All  the  applications  which  we  Lave  hitherto  made 
pf  the  partial  dift'erential  equation  (1)  are  of  one  kind.  The 
^neral  problem  which  they  exemplify  is  the  following.  Under 
irhat  condition  does  the  equation  Mdx  +  Nd/f=0  admit  of 
beiQg  made  integrable  by  a  factor  of  the  form  0  (v)  where  v  is 
k  knowD  and  definite  function  of  x  and  y  ?  Let  us  examine 
2ie  general  form  of  its  solution. 

On  Bubstituting  0  (n)  for  fi  in  (1),  we  find 


dyr 
dx 


..(22). 


Hie  condition  sought  then  is  that  the  second  member  of  this 
iqnatton  should  be  a  function  of  v.  Representing  that  func- 
ioo  by_^(ti)  the  corresponding  value  of  fj.  is 


(i  =  eM"^ 


..(23). 


Any  special  case  may  be  treated  either  independently  as  in 
te  previous  examples,  or  by  directly  referring  it  to  the  above 
meral  fonn. 


^ 


GENERAL  DETEKMINATION 

Tims  a  direct  reference  to  the  above  theorem  shews  that  tl 
condition  whicli  must  bo  satisfif^d  in  order  that  the  ecjuatiol 
Mdx  +  Ndt/  =  0  may  admit  of  an  integi'ating  factor  of  t' 
form  ^  (a:°  ■+y)ia  that  the  function 

dM_dN^ 
dy      dx 

should  be  a  function  of  a)*  +  y.  And  the  mode  of  determining 
this  point  would  be  to  assume  !c'  +  y  =  v,  and,  thence  deducing 
y  =  v~a^,ix>  substitute  that  value  of  a  in  the  above  function, 
and  see  whether  the  result  assumed  the  form  f(y).  The 
equation  (23)  would  then  give  the  value  of  /i.  And  this  mode 
of  procedure  is  general. 

8.  When  by  the  discovery  of  an  integrating  factor  the 
possibility  of  solving  a  differential  equation  has  been  esta- 
blished, there  is  no  more  valuable  exercise  than  to  endeavour 
to  effect  the  same  object  by  other  means. 

Let  us   take 
Art.  6,  viz. 


P,  and  P,  being  homogen< 
geneous  of  the  degree  g. 


an  example  the  equation   considered  in 

P^dx+F^dif-i-Q{xds-ydx)=(i (24), 

of  the  degree  p,  and  Q  homo- 


.^*g),  p.=^f(f^.  «=.'x©, 


Let  P. 

making  ^  =  v,  whence  flow 


then 


dy  =  xdv  +  vdx, 

"^^y  —  ydz  =  a?dv, 

the  given  equation,  expressed  in  terms  of  the  variables  x  and 
V,  becomes 

a.'(f>  (jt)  dx  +  a^f  (v)  {xdv  +  vdx)  +  x'x  {v)  x  3^dv  =  0, 
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a  on  transpositioQ  and  division  the  form 

jtW__, xW_ 


M») +  ■"('(<') 


(■W+^-CW 


..(25). 


ow  the  reducibility  of  an  equation  of  this  form  to  a  linear 
brm  has  been  estabhshed  in  Chap,  ii.  Art.  11. 

Under  the  general  form  (24)  are  virtually  included  some 
emarkahle  equations  which  have  been  made  the  subjects  of 
tistinct  investigations. 

Thus  Jacob!  has,  by  an  analysis  of  a  very  peculiar  character, 
lived  the  differential  equation.    (Crelle's  Journal,  Vol.  sxiv.) 

'A+A'x+A"^){xd^~?/dx)-{B-i-B'x-hB"^)dt/ 

+  iC+C'x+C"^)dx  =  0 (26). 

[f,  however,  we  assume  in  that  equation 

x  =  ^+a,  y  =  i7  +  A 

■e  can,  by  a  proper  determination  of  the  constants  a  and  ^, 
3duce  it  to  the  form 

(af  +  «■,)  (f i,  -  ,i{)  -  (if  +  y,)  i,  +  (cf  +  o',)  .if  =  0. 

hich  falls  under  (24).  On  effectiag  the  substitution  in  ques- 
fion  the  equations  for  determining  a.  and  0  will  be  found  to  be 

a{A  +  A'a  +  A"^)  -{B  +  Sa.+  S"/9)  =  0, 

-^{A+A-a  +  A"^-\-C-^G'n-\-C"^  =  Q. 

The  most  convenient  mode  of  solving  these  equations  i 
tmte  them  in  the  symmetrical  form 

B-\-B'a-\.B"0     C+Ca-hC'-ff       .  ,     .,         .„. 

a.  fS 

len,  equating  each  of  these  expressions  to  X,  we  find 

A-X  +  A'a.+  A"p  =  0, 

B+(B'-\)a  +  B"0  =  O, 

C+C'a.+  {C"-\)^=0, 
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from  wliich  eliminating  «  and  ^  we  have  the  cubic  equation 

{A-\){B'-\)[G"-X)-B!'C{A-\)-A"C{B'-\) 

-  A'S{a"  -X)  +  A'B"0+-A"SG'  =  0.: (27), 

If  a  value  of  \  be  found  from  this  equation,  any  two  eqiU 
tiooa  of  the  preceding  system  will  give  a  and  (3. 

9.  The  present  chapter  would  be  incomplete  without  sc 
notice  of  a  method  which  was  largely  employed  by  Euler. 

That  method  consisted  in  assuming  /t  to  be  a  functi 
definite  in  form  as  respects  the  variable  y,  but  involving  u 
known  functions  of  x  as  the  coefficients  of  the  several  powf 
of!/. 

After  the  substitution  of  this  form  of  /i  in  the  partial  diffc^ 
ential  eqnatiou  (1 ) ,  the  result  is  arranged  according  to  the  powers 
of  J,  and  the  coefficients  of  those  powers  separately  equated  W 
0.  This  gives  a  series  of  simultaneous  differential  equations 
for  the  determination  of  the  unknown  functions  of  x.  But  f« 
the  success  of  the  method  it  is  necessary  that  the  primarj 
assumption  for  /i  should  have  been  chosen  with  some  speciu 
fitness  to  the  object  proposed.    The  following  is  an  example. 

Required  the  conditions  under  which  the  equatfcn 

Ppdx  +  {^  +  Q)dy  =  0 

admits  of  being  made  integrable  by  a  factor  of  the  form 


f+B^  +  Sff' 
P,  Q,  E  and  iS"  beiug  functions  of  x. 

In  the  partial  differential  equation  (1),  mining 


M=p^,  ^■=y  +  Q,  fi= 


y'  +  Iiy'-\-  Sj/' 


riearing  the  reKult  of  fractions  and  arranging  it  accortiing  to 
the  powers  of  y,  we  have 
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<^t-'^t)y 


..(28). 


hence,  equating  separately  to  0  the  coefficients  of  the  dif- 
■ent  powers  of  y,  we  have  the  ternary  system 

^S-i-o W. 


2i>  +  - 


dx 


■  ia,      dx' 


.0.. 


■  (30), 
..(31). 


The  last  equation  gives  S—cQ.c being  an  arhitrary  constant, 
ibstituting  this  value  of  5  in  the  equation  obtained  by 
liiniDatiiig  P  from  the  first  two  equations  of  the  system,  we 

(2c-S.)dQ  +  2QdIt=BdR. 

;  regarding  therein  B  as  the  independent  and  Q  as  the  de- 
indent  variable, 

linear  equation  of  which  the  solution  is 

Q=R-c-k-c'{B-2c)\ 
Hence  we  have 

5  =  c(iJ-c)  +  cc'(J?-2c)', 

id  from  the  substitution  of  the  value  of  Q  in  the  first  equa- 
Wi  of  the  ternary  system, 


P.-«'(JI-2o)f. 


These  values  of  S,   Q,  and  P,  in  which  M  is  arbitrary,  r 
duce  the  given  differential  equation  to  the  form 

[S^o  +  c'iR-2c)''  +  y]d!f-c'i/{It-2c)dR  =  0...iZ% 

and  present  its  integrating  factor  in  the  form 


y- +  %■  +  |o  («  -  0)  +  00' (ii  -  2c)")  y  • 

iS  being  an  arbitrary  function  of  x. 

Tor  other  examples  the  student  is  referred  to  LaciWj 
{Traite  du  Calcul  Dig.  et  du  Calcul  Int.  Vol.  n.  Chap.  IV.3 
The  results  of  thia  method  are  usually  of  a  very  complei 
character,  while  their  generality  is  limited  by  the  restriction* 
which  must  be  imposed  iu  order  to  render  the  system  o*^ 
reducing  equations  solvable.  Thus  Euler's  equation  abon^^ 
considered  is  virtually  only  a  limited  case  of  the  geaeid 
equation  (21).     If  we  assume 

y  +  c  =  ff,    R~  2c  =  t, 
it  becomes 

{s  +  t)d3  +  cc'tdt  +  c't  {tds  —  sdt), 
which  evidently  falls  under  that  equation. 

[The  Jacobian  theory  of  the  Last  Multiplier,  which 
connected  with  the  subject  of  the  present  Chapter,  is  d: 
cussed  in  the  Supplementary  Volume,  Chapter  sxxi.] 

EXERCISES. 

1.  The  following  equations  admit  of  integrating  facte 
of  the  form  0  (a:),  viz. 

(1)  (ic'+j'4  2x)dx  +  2ydy  =  Q. 

(2)  {a:" +^')  dx  -  2xy  dy  =  0. 
Uletermine  these  factors  and  integrate  the  equations. 

2.  The  equation  2xy  dx -^^  {'tf  —  fi^  dy  =  0  has  an  inte 
grating  factor  which  is  a  function  of  y.  Determine  it,  an 
integrate  the  equation. 
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Find  those  integrating  factors  of  the  equation 

which  are  homogeneous  functions  of  x  and  y  of  the  respective 
degrees  0  and  —  2,  and  from  the  consideration  of  those  factors 
deduce  the  complete  primitive  of  the  equation. 

4.  For  each  of  the  following  equations  examine  whether 
there  esists  an  integrating  factor  /*  satisfying  the  particular 
condition  specified,  and  if  so  determine  the  factor,  and  inte- 
grate the  equation. 

(1)  y  (x' +  y")  dx  +  X  (xdi/ —  ydx)  =  0,  /j.  a  homogeneous 
function  of  the  degree  —  3. 

(2)  (y'  +  axy']  dy  -  ay^da:  +{x-^y)  {xdy  -  ydx)  =  0,  /i  as 
in  the  previous  example. 

(3)  {if  —  x)d2f-\-  ydx  —  xd{-\=Q,  fi  homogeneous  of  the 
degree  —  1. 

(4)  (a:'  +  y"  +  1)  (Jk  —  2xydy  =  0,  fi  a.  function  of  ^  —  x\ 

(5)  (w—  ^x'y'—  2x')  dx  +  {2y'+  Sx'y*—  x)dy  =  0,  fi  a,  func- 
tion oi  af^+y. 

(6)  ixyx*yi-2xy-f-f)dx+(y'+wif+2xy-x'-x')dy^0, 
ft  a  function  of  the  product  (1  +  ar)  (1  +  j), 

(7)  (3^*  ~x)  dx+  {2y'  -  Gxy)  dy  =  0,   /i.  a   function   of 

5.  The  equation  y  (2^  +  ;y')  dx  +  x  (xdy  —  ydx)  =  0  has  an 
integrating  factor  of  the  form  e'cft  {x*+i^.  Determine  it,  and, 
from  the  comparison  of  the  result  with  that  of  (1)  Ex.  4, 
deduce  the  complete  primitive. 

6.  The  linear  equation  -^  +I)f  =  Q  having  an  integrating 

factor  of  the  form  e^'™',  deduce  a  corresponding  expression 
for  an  integrating  factor  of  the  equation 
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7.  Prove  that  the  equation 

where  P  is  any  function  of  a?,  has  an  integrating  factor  of  the 
form      ^  p    .    Lacroix,  Tom.  ii.  p.  278. 

8.  Deduce  a  similar  expression  for  an  integrating  factor 
of  the  equation  ;^  +  2/'+-t-  +  P"  =  0.    lb, 

9.  Investigate  the  conditions  under  which  the  equation 

where  P  and  Q  are  functions  of  x,  can  be  made  integrable 
by  a  factor  of  the  form  , — .  .,  ...,  and  determine  the  form 
oif{x). 
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CHAPTER    VL 


I.  There  are  certain  differential  equations  of  the  first 
order  and  degree,  to  which,  in  addition  to  their  intrinsic  claims 
upon  our  notice,  some  degree  of  historical  interest  belongs. 
AJnong  such,  a  prominent  place  is  due  to  two  equations 
■which,  having  heen  first  discussed  by  the  Italian  mathema- 
tician Kiccati  and  by  Euler  respectively,  have  from  this 
circumstance  derived  their  names.  To  these  equations,  and  to 
some  other  allied  forms,  the  present  Chapter  will  he  devoted. 

Riocati's  equation  is  usually  expressed  in  the  form 


..(1). 


ax 

But  as  both  it  and  some  other  equations  closely  related  to 
it  and  possessing  a  distinct  interest,  may,  either  immediately 
or  after  a  slight  reduction,  be  referred  to  the  more  general 
equation 


="^-''^  +  ^-^*  = 


-(2), 


tUe  discussion  of  which  happens  to  be  much  more  easy  than 
-that  of  the  special  equations  which  are  included  under  it,  we 
shall  consider  this  equation  first. 

To  reduce  Riccati's  equation  under  the  general  form  (2), 
it  aufiSces  to  assume  u  =  - .     We  find,  as  the  result  of  this 


substitution  in  (1), 


dx 


-I/+if  =  c. 


[  which  ifl  seen  to  be  a  particular  case  of  (2). 
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dv 
Of  the  equation  x -j-  —  ay  ^hy^  =^ ca;*. 

2.  The  discussion  upon  which  we  are  entering  may 
divided  into  two  parts.  First,  we  shall  shew  that  the  equj 
tion  is  solvable  when  n  =  2a.  Secondly,  we  shall  establisbm 
a  series  of  transformations  by  which  a  corresponding  series  omJ 
other  cases  may  be  reduced  to  the  above. 

3.  First.    The  equation  x-^  —  ay-\-  hy^  =  ex*  is  solvable 
when  n  =  2a. 

For,  assuming  y  =  x'^v,  we  find  on  substitution 

ax 
whence,  dividing  by  a?^,  we  have 

ax 
Now  if  n  =  2a  the  above  becomes 

X      ^-  -t  ov  =^  c, 
ax 

whence 

dv         dx 


8        ^l-a  > 


c  —  iv"     X 

an  equation  in  which  the  variables  are  separated.      K  we 
restore  to  v  its  value  ^  and  transpose,  this  becomes 
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an  exact  differential  equation,  of  which  the  solution  will  be 

2(ftc)V 

/c\i  ^Ce    a     +1 


,=(-0Vu.{c-<^ 


or  .-.» _-,^ 


according  as  h  and  c  have  like  or  have  unlike  signs. 

4.  Secondly.     The  solution  of  the  equation 

is  always  reducible  by  transformation  to  the  preceding  case 
whenever  — ^ —  =  i,  a  positive  integer. 

For  let  y=:A-\ — ,  y^  being  a  new  variable  which  is  to 

replace  y,  and  A  a  constant  whose  value  is  yet  to  be  deter- 
mined. On  substitution  and  arrangement  of  the  terms  we 
have 

Vi        Vi       Vi    dx  ^ 

Now  let  '-aA  +  hA^  =  0,  then  A  =  r  or  0.    These  values 

0 

of  A  we  shall  employ  in  succession. 

5.  First    If  we  assume  -^  =  t  the  above  equation  becomes 

I/i       Vi       Vi    dx 


Multiplying  this  equation  by  ^*„-  and  transposing,  we  have 


s 

x' 


«i*-(«+»»)y.  +  cyi' =  *«"•• (6). 
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Now  this  equation  is  of  the  same  form  as  the  given  equation 
between  y  and  x.  The  coefficients  however  diflfer,  in  that  6 
and  c  have  changed  their  places,  and  a  has  become  a  +  w. 
And  this  transformation  has  been  effected  by  the  assumption 

Hence,  if  in  the  transformed  equation  (6)  we  make  a  second 
assumption 

we  shall  have  as  the  result 

^J'-(a  +  2«)y,  +  iy,'  =  ca>- (7), 

J  and  c  again  changing  places,  and  a-^-n  becoming  a  +  2n. 
And  the  result  of  i  successive  transformations  of  the  same 
series  will  be  to  reduce  the  given  equation  either  to  the 
form 


^^*-'(a  +  in)yi  +  cyi«  =  Jx" (8), 


or  to  the  form 

^^'-(«  +  '*w)yi  +  %i'  =  ca:** (9), 

according  as  the  integer  i  is  odd  or  even. 

Now  by  what  has  been  established  in  Art.  3  the  above 
equations  will  be  integrable  if  we  have 

w  =  2  (a  +  w)^ 

an  equation  which  gives 

-^^=* ■•••••(lo)- 

6.    Secondly.    If  we  assign  to  A  its  second  value  0,  (6) 
becomes 

Jfi       Vx       Vi    <^ 
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Or,  multiplyiDg  by  ^  and  transposing, 

OS 

^^'-(w-«)yi+cyi'  =  6^" (^^^• 

Now  this  equation  for  y^  differs  from  the  equation  (6)  ob- 
tained for  y^  in  the  previous  series  of  transformations  only  in 
that  a  in  the  coefficient  of  the  second  term  has  become  —  a. 
With  this  change  only  then  that  series  of  transformations 
may  be  adopted  in  the  present  instance.  The  change  of  a 
into  —  a  in  the  final  condition  (10)  gives 

as  a  new  condition  under  which  the  equation  in  y  is  solvable. 
If  i  =  1  this  gives  n  =  2a,  the  condition  first  arrived  at,  and 
upon  which  the  subsequent  researches  were  based. 

Collecting  these  results  together  we  see  that  the  equation 

x-^-  —ay-\-  hy^  =  cx^  is  integrahle  whenever  — = —  is  a  positive 

integer. 

7.     Let  us  now  examine  the  form  in  which  the  solution  is 
presented. 

If  — - —  =  i,  which  is  the  condition  arrived  at  in  Art.  5, 
2n 

we  have  the  series  of  transformations 


and  finally 


y 

ax" 

Vi 

c 

a" 

y> 

a +  2/1 

~  b 

«" 

'¥.• 

yu. 

a  +  (i- 

-l)n 

k 
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where  k  =  h  oi  c,  according  as  i  is  odd  or  even ;  and  the  effect 
of  these  transformations  is  to  reduce  the  given  equation  to 
one  or  the  other  of  the  forms  (8)  and  (9). 

If  in  the  above  expression  for  y  we  substitute  for  y^  its 
value  in  terms  of  y,,  in  that  result  again,  for  y,  its  value  in 
terms  of  j/^,  and  so  on,  we  find 


y  =  I  + 


a  .     a:" 


a  +  n         a;* 


a  +  2n  ... 

—b- •••••(^)' 

the  last  denominator  being ^ — - — I — .     The  value  of 

*  ?^* 

j/i  must  then  be  determined  by  the  solution  of  (8)  or  of  (9), 

these  equations  being  now  susceptible  of  expression  as  exact 

differential  equations  in  the  fonns 

a^^dy,  -{a+^n)y,x'^-Hx  ^  ^.^^  ^  ^ ^^^ 

hyi—cx 
When  therefore  —^ —  =  i  a  positive  integer,  the  solution  of  the 

equation  a;  -^  —  ay  +  ty*  =  ca?"  will  he  expressed  in  the  f(yrm  of 

a  continued  fraction  by  (A),  the  value  of  y^  in  the  last  denomir 
nator  being  given  by  the  solution  of  the  exact  differential  eqwh 
Hon  (B)  or  (C)  according  as  i  is  odd  or  even. 

Secondly,  if  — ^ —  =  t,  which  is  the  condition  arrived  at  in 
Art.  6,  we  have  the  series  of  transformations 


a:" 


'^V. 


n  —  a  .  aj* 


'^'—^^,'  I 
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.» 


2n  —  ax' 


yM=^^'-^i"-%g (12). 

where  fc  =  J  or  c,  according  as  /  is  odd  or  even.  From  these, 
eliminating,  as  before,  the  intermediate  variables  y^,  y,,  ...yu, 
we  find 

c         2n  —  g         a?* 

b          Sn  —  a  .jy^ 

~i      ^^^' 

the  last  denominator  being  -^^ ^ f-  —  .    In  this  case, 

however,  the  equation  for  y^  formed  by  changing  a  into  —  a 
;    in  JB  and  0  will  be 


I 


*»'  —  4r/-cy — +«-^*^=o (F), 

according  as  i  is  odd  or  even. 

1f%€7i  therefore  —^ —  =  i  a  positive  integer,  the  solution  of 

x^^ay  +  ht^=Bcx*  is  ea^essed  hy  (D),  the  value  ofy^  in  the 

hut  denominator  being  given  by  the  exact  differential  equation 
(E)  or  (F)  according  asiis  odd  or  even. 


Ex.    Given  aj-^-y+2^  =  a*. 


dx 
B.D.  E. 


> 
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Here  n  =  i,   a=l,   and  as — ^ —  =  2  while —^ —  =  — 1, 
»'  2n  2n 

the  formulae   (D)  and  (F)   must  be  employeil.    Assuming 

therein  a  =  1,  J  =  1,  c  =  1,  w  =  §,  i  =  2,  we  have 

^^.^ (13). 

^j  being  given  by  the  exact  differential  equation 

^^^y^-y^f^  +  aridx^O (14), 


from  which  we  find 

The  elimination  of  y,  between  (13)  and  (15)  gives 


»'°«(?7f')-^*''-° (">• 


which  is  the  complete  primitive. 

Ex.  2.    Given  J^+u*=x'K 

ax 

This  is  an  example  of  Eiccati's  equation.    Assuming  there- 
fore t4=-,  we  find  ic-p— y  +  ^  =  a5',  which  is  identical  with 

the  equation  last  considered.    Substituting  therefore  in  (16) 
ux  for  y,  we  find  after  reduction 

,     Sua?*  —  3  —  wa5*     ^1      ^ 

log  I    .    I        ■+6a!*=  0 (m 

3ua!*  +  3  +  «»*  ^    * 


ABT.  8.] 


GENERAL  OBSERVATIONS. 


General  Observations. 


8.     The   conoexion   betweea   the  two  conditions  for  the 
dy 
di~ 


solution  of  the  equation  x  -j^  —  ay  +  hy^  =  ex",  implied  by  the 
[,    may  otherwise   be 


double  sign  in  the  equation  — ^- 
established  as  follows. 

If  the  differential  equation  be  written  in  the  form 


,.(18), 


it  becomes  evident  that  it  is  symmetrical  with  respect  to 
y  and  y—  T-    Asaume  then  y  —  i  as  a  new  variable  in  place 

of  y,  and  writing  y  —  i=y'i  y  —  y'-^T^  ^^  equation  bocomea 


X  -p  +ay' -i-  by'  =  caf.. 


■  (20), 


an  equation  wliich  differs  from  the  given  equation  only  ia  that 
y  ha«  become  y',  and  a  has  changed  its  sign.     Hence  the 

conditions  n  =  „■_  ,  and  n  =    .  ■      arc  mutually  dependent, 

and  the  value  of  y  having  been  obtained  for  the  former  case, 
its  value  in  the  latter  will  be  found  by  changing  therein  a 

into  —  a,  and  finally  adding  t  . 

It  is  here  also  to  be  noted  that  instead  of  beginning  with 
I  an  assumption  of  the  form  y  =  A-i-  —  asia  Art.  I,  we  might 

bare  commenced  our  reductions  by  the  assumption  y~-frr — * 
the  formei  of  the  above  being  proper  for  increasing  by  n,  the 

1—1 
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latter  for  diminishing  by  n  the  quantity  a.  And  as  the  first 
led  directly  to  the  solution  (A),  so  would  the  second  have  led 
directly  to  the  solution  (D). 

Lastly,  it  may  be  remarked  that  each  of  the  above  assump- 
tions is  only  the  inverse  of  the  other.  To  increase  the  value 
of  a  by  ti  we  had  to  employ  the  assumption 


a;" 


^"=^  +  y 


which  gives 


X 


-^+yi-i* 


and  this  indicates  the  form  of  the  assumption  for  the  case  in 
which  a  is  to  be  diminished.  Hence  also  by  admitting  n^[a- 
tive  as  well  as  positive  values  of  i,  the  two  forms  of  solution 
might  be  replaced  by  a  single  one. 

9.     We  have  seen  in  Art.  1  that  Riccati's  equation 

^  +  W^cx^ 
ax 

is  reduced  by  the  assumption  w  =  -  to  the  form 

Hence  the  condition  for  the  solution  of  Riccati's  equation^ 
found  by  substituting  in  the  final  theorem  of  Art  6,  1  for  • 
and  m  +  2  for  n,  will  be 

m  +  2±2_  . 
2m +  4    ■"*' 
whence 

'»=-2±27!ri (21). 

%  being  a  positive  integer. 
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We  may  give  to  the  expression  for  m  another  form,  viz, 

m  =  ^ — Y ,  i  admitting  of  the  value  0  together  with  positive 

integral  values.     In  order  to  prove  this,  let  it  be  observed 
that  two  values  of  wi  included  in  (21)  are 

-J) 


■Mlb  "—  -=-i  i"   J      UUU      III.  -,   .  ,     - 

2i— 1  2i  — 1 

If  in  the  second  of  these  values  we  change  i—\  into  i,  and 
therefore  r"  into  t  + 1,  a  change  which  merely  involves  that 
■we  interpret  i  as  admitting  of  the  value  0  aa  well  as  of  posi- 
tive integral  values,  we  find 

"•  =  2^ t^^J- 

When  i=  0  this  gives  m  =  0,  and  as  this  value  also  results 
jrona  the  first  of  the  expressions  for  m  on  making  t  =  0,  we  are 
permitted  in  that  formula  also  to  regard  {  as  admitting  of  the 
same  range  of  values.  Hence,  combining  the  two  formulae  in 
a  single  expression,  we  have 


-  (23), 


2t±l  

t  being  0,  or  a  positive  integer. 

10,     Eiccati's  equation  may  also  be  reduced,  and  it  usually 
h»8  been  reduced,  by  a  series  of  double  transformations,  of 
the  following  will  serve  as  an  example. 


1 

"Tbe  equation  being  ^  +  fiw*  =  ex",  let  u 

We  We 

b; 

iJi.          1         2           1    du, 

03r     xu^     X  ii' 
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Substituting  these  values  in  the  given  equation,  we  have 

b  1    du^ 

x*u*     a?u*  dx 
Whence, 

ax 


^  =  ca?"*. 


In  this  equation  assume  x  =  «"*"*^*,  then 

du,     du.  dz      ,        ^v    ^^^^dw. 
dx      dz  dx     ^  '  rfj5  ' 

whence,  after  substitution  and  reduction, 

du.  ^       c         .         J      _r»±i  ,^.. 

dz      m->ro    ^      m-^-d  ^    ' 

an  equation  differing  from  the  given  equation,  as  to  its  coeffi 
cients  and  indices,  in  that  h  has  been  converted  into 


m  +  3' 

into jr ,  and  m  into ^  ;  but  which  is  still  of  HiccatTi 

7/1  +  3  w  +  3 

form.  The  transformation,  it  will  be  observed,  is  a  doubl 
one,  as  it  affects  the  independent  as  well  as  the  dependeDi 
variable. 

Now  if  w  be  of  the  form  --: — r- ,  we  find  on  substitution 

22i  —  1 

and  reduction 

m  +  4^  -4(i-l) 
m  +  3"2(z-l)-l* 

Hence,  a  second  double  transformation  of  the  same  nature  as  the 
last  will  reduce  the  differential  equation  to  a  form  in  which  the 

index  in  the  second  member  will  become  — q  / .     ox   \  .  And 

thus  after  a  series  of  i  transformations  the  index  is  reduced 
to  0,  and  the  equation  becomes  solvable  by  separation  of  the 
variables. 
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To  establish  another  condition  of  solution,  assume  in  the 

1  -^- 

given  equation  w  =  -,  a;  =  2:"*"^*,  then,  after  substitution  and 

reduction,  we  have 

dz     m  +  1^      m+1         ' 
which,  by  what  has  preceded,  will  be  solvable  if  we  have 

m     _        4i 

4:1 


whence,  m  = 


2i+l' 


Combining  these  results  it  appears  that  Riccati's  equation  is 

~~  4t  

integrable  if  m  =  ^. — r- ,  i  being  0  or  a  positive  integer.    This 

agrees  with  (23). 

It  is  manifest  from  the  complexity  both  of  the  transforma- 
tions above  described  and  of  the  results  to  which  they  lead, 
that  Riccati's  equation  is,  in  its  actual  form,  far  less  adapted 
for  such  transformations  than  the  equation 

dy  7  Q        « 

to  which  it  is  so  easily  reduced. 

11.     Riccati's  equation  becomes  linear  on  assuming 

__  1  dw 
bw  dx ' 

The  transformed  equation  is 


daf 


-r-bcx'^w^-O (25). 


We  shall  consider  it  under  this  form  in  a  subsequent  Chapter. 
[See  Exercise  3  of  Chapter  XYii.] 
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To  Riccati's  equation  some  others  of  greater  generality  may 
be  reduced  by  a  change  of  variables,  e.g.  the  equation 

^+Ja;V  =  caj" (26), 

by  assuming  x^*^  =  t 

m 

JEuler's  Equation. 

It  has  aheady  appeared  that  the  solution  of  a  differen- 
tial equation  may  sometimes  be  freed  from  transcendeiiti 
introduced  by  integration.  An  example  of  this  has  beeft 
afforded  in  the  instance  of  the  equation 


dx 


^+_t,=o. 


v(i-x')  ■  'J {I- in 

(Chap.  II.),  the  solution  of  which  is  capable  of  being  exhibited 
in  an  algebraic  form,  although  immediate  integration  intro- 
duces the  transcendental  functions  sin"^a?,  sin^^y.  The  inquiiy 
is  here  suggested  whether  in  any  other  cases  the  direct  inte- 
gration may  be  evaded,  an  inquiry  the  more  important  as  our 
means  of  integration  are  so  limited.  Euler  succeeded  in  ob- 
taining without  direct  integration  the  solution  of  the  equation 

^  . dy_ 

fs/{a  +  bx  +  ex*  +  ex^  +fx^)     V  (»  +  ^^  +  c/  +  ei/''+fy^)    ^ 

and  of  some  related  forms.  The  result  belongs  to  the  theory 
of  the  elliptic  functions,  and  may  be  established  independently 
by  the  methods  which  more  peculiarly  pertain  to  that  them. 
But  the  method  by  which  Euler  arrived  at  that  result  demands 
notice  here. 

12.     To  integrate  the  equation 

"^ +  ...^..JL..^...-o (1). 


Kepresenting  the  polynomials  a  +  bx  +  ca? +  ex*+fai^^  aad 
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a+  6y  +  c^  +  ey"  +^*  by  X  and  Y  respectively,  we  have  to 
integrate 

vw'^vw^^ ^^^- 

The  ordinary  «oWu>n  of  this  equation  in  the  sense  of  Art.  5, 
Chap.  L  -would  be 

r  <fo     .[   dy    _^ 

J  v(X)  ^j  v(r)  - ''' 

but  i-fc  is  our  present  object  to  obtain  an  algebraical  relation 
betivoen  x  and  y  without  performing  the  integrations  above 
implied. 


^^  /:;;&='•  *^^" 


V(Z) 

§=VW'|=-V(^ (3). 

Alfio  leta;+y=.p,  a;— y  =  y.  We  shall  endeavour  to  form  a 
differential  equation  in  which  o  and  q  are  dependent  variables, 
Mid  t  the  independent  variable. 

From  (3)  we  have 

|  =  VW-v(r) (4). 

§  =  VW  +  V(i') (5), 

therefore  $  $  =  X-  F 
at  at 

=  hq  +  cpq  +  leq  (Sp*  +  f)  +  ifpq  (p*+  g')  ...  (6), 

since  the  transformations  x  +  y—p,  x  —  y  =  q  give 
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«*-y«=  (a:»-y*)  (a?+y)  =j,2  (2-±^  . 

Again,  from  (3)  we  have 

cPx _ d^jX)  ^dxd ^/(X)     IdX 
dt*         dt  dt     dx         2  dx' 

dt  2  dy  "' 

whence  by  addition 


J>     1 /rfX    dT\ 
d1f     2\dx^  dy) 


on  efifecting  the  difife^entiations  and  transforming  as  Ix 
from  X  and  y  io  p  and  q. 

Multiplying  (7)  by  y,  and  from  the  result  subtracting 
we  have 


^  de     dt  dt      2  ^-^2 


_9 


Therefore 


l^_ldjpdg_ 


Now  multiplying  both  sides  by  -^ 

dt  df        '  ■  * 


■-(D'x^""^?*)! 


from  which,  each  member  being  an  exact  differentia 
have  on  integration 

C  being  an  arbitrary  constant. 


(iy=«p +//+<?. 
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Hence  J  =  2V(C?4  ep-fj^'")- 

Therefore  by  (4) 

the  integral  required. 

The  student  may  apply  the  same  process  of  traus formation 
and  reduction  to  the  equation 

dx  iy 


=  0 (10). 

Rleaulting  integral  will  be 


HV(i^)  =  (<«-;/)  VlC  +  e(^  +  y)+/(^+y)'!... (11). 


^^^^K  It  will  probably  appear  that  there  is  something  arbi- 
Hv^iQ  the  mode  in  which,  in  the  above  investigation,  the 
""M  differential  equation  (8)  between  p,  q,  and  (,  upon  which 
""^^  solution  of  the  problem  depends,  is  formed.  The  analysis 
*lnch  is  subjoined  may  throw  some  light  upon  its  real  nature, 
"■d  shew  of  what  general  theorem  that  equation  constitutes 
*"  expression. 

'TIOP.     Whatever  may  be  the  fonn  of  the  function  ^  (a;), 
"•e  following  theorem  of  development  holds  good,  viz. 

+A»"'(!')+f"WI(j-')' 

ftherein  A^,  A^,  A^,  &c.  are  the  coefficients  of  the  successive 
I^^feis  of  X,  in  the  development  of  the  function  -^ — ^  in  a 
"riea  of  the  form 

A,a!  +  A,x'+  Aji^+&c. 
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For  let  ys^x  +  h,  then,  employing  a  well-known  symboli 
form  of  Taylor's  theorem, 


k$ 


-, (€-+1)^(0?) 


'^L{x+h)  +  <l>{x)\ 


1'  a'  ... 

Hence,  performing  the  differentiations  and  replacing  «+ 
id  h' 


(13), 

where  -^1^,  A^,  &c.  have  the  series  of  values  above  describe 
Hence,  performing  the  differs 
by  y,  and  A  by  ^  —  a;,  we  have 

+  A,  {f "  iy)  +  f "  {x)}  (y  -  a:)'  +  &c. .  ..(M^ 

which  is  the  proposition  in  question. 

The  values  of  J,,  A^,  -4^,  &c.  may  be  expressed  by  inw» 
of  Bernoulli's  numbers,  but  they  may  also  be  calculated  ver 

and  then  expanding  the  fraction  itself  by  division.    V' 
readily  find 

^1=2'    ^»"""24'    ^^^240'    ^' "" 40320 '  *^* 

When  if)  (a?)  is  a  polynomial  of  the  fourth  degree,  we  ha'* 

<l>'(x)=0,    ^^(x)  =  0,  &c., 
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nd  "fclie  theorem  is  reduced  to  the  following,  viz.: 

*  (y)  -  ^  (a.)  =  I  {f  (y)  +  f  (a^)}  (y  -  a;) 

-^{r(y)+r(«')l(3r-«)' (15). 

Ko^  the  differential  equation  (8)  into  whose  origin  we  are 
^tiqu-iring  is  merely  a  transformation  of  the  last  theorem. 
Vfe  ivill  on  this  occasion,  and  for  the  sake  of  variety,  ex- 
emplify the  above  remark  in  the  solution  of  the  differential 

equation 

dx  dy 

in  which 

^(a;)«a  +  Ja?  +  ca5'-f  ea^+/c* (17), 

<f>(y)  =  a  +  hy  +  cf+  e/  +fy' (18). 

Bepresenting  either  member  of  (16)  by  dt  and  assuming  t  as 
Ml  independent  variable,  substitute  the  values  hence  deter- 
mined for  if>  {x),  <f>  (a),  ^"'  {x),  &c.  in  the  theorem  (15).  There 
^result 


^=V{^H}.  t'V{^(y)}. 


dt     ^  IT-  \  yj>  ^^ 


'^^'"''d^w)  ~didt\di) 


fw-4' 


^*«t'y  from  (17)  and  (18) 

^'"(aj)  =  24/a!+6e, 
f"(y)  =  24/y  +  6e, 
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by  which  substitution,  (15)  becomes 

(l)'-(l)'-@-S)(--)-(>-A-l)(^- 

Or,  transposing 

Now  the  very  form  of  this  equation  suggests  the  trans 
tion  aj +y  =p,  a? — y  =  g',  by  which  it  becomes 

2 
whence  multiplying  by  ^  t?p  and  integrating 


(|)^2'=/i''  +  ep+^; 


therefore 


L" 

X 

-y              ^-J\'^^3J-r 

the  integral 

sought. 

EXERCISES. 

1. 

«;jJ-«y+^=»"^- 

2. 

"L  «y+3/*=«'- 

3. 

J-  +  tt'  =  caj  '. 
ax 

4. 

3-  +  6w  =  ex  . 
ax 
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EXEBCISES. 


Ill 


f-i] 


ax 


6.    Assuming  the  conditions  for  the  solution  of  Eiccati's 

^nation,  Art.  9,  investigate  those  under  which  the  equation 

du 

^■f  Jaj**^' =  ex*  is  integrable. 


7.      Assuming  the  conditions,  Art.  6,  under  which 

dy  To         - 

M  m  t^grable  in  finite  terms,  investigate  those  under  which  the 
equ£^-fcion 

is  i^t^grable  in  finite  terms. 


8. 


dy 


Transforming  the   equation  x  -j-—ay-{'hy^  =  ca?^,  by 

ass^Xiding  a?"  =  t,  an  integrating  factor  may  be  found  by  Art.  6, 
Charp.  V. 


du 


h 


y*  The  equation  -^  +  Ju*  =  ccc**  +  -j ,  more  general  than 
Eicca.ti's,  is  reducible  to  the  form  x^  —  dy-V  Vy^  =  cV,  con- 
sidered in  Art.  3,  by  an  assumption  of  the  form  u  ^— . 

^0.    fience  investigate  the  conditions  under  which  the 
lOTOier  equation  may  be  solved. 

^1.  The  same  equation  may  be  reduced  to  Eiccati's  form 
^ an  assumption  of  the  form  y  =  Ax^  +  z^ (x),  followed  by 
s  transformation  affecting  only  x» 
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12.  Integrate. the  equation 
dflc dy^ 

by  the  application  of  the  theorem  of  Art.  13. 

13.  Deduce  from  that  theorem  the  following  expression  &>i 
*the  value  of  a  definite  integral,  viz. : 

/  V  (.)  &  .*M+tf )  (5  _ .)  -»"(°H»"m  (J . ,,. 


CHAPTER  Vn. 


Ox     DIFFEBENTIAL   EQUATIONS  OF  THE  FIKST  ORDER,  BOT 
NOT  OF  THE  FIRST  DEGREE. 


Referring  to  the  general  type  of  differential  equationa 
i  first  order,  viz. : 

oVod  that  the  given  equation  cannot  be  reduced  to  the  form 

ax 
llf8a<Jy  considered. 

''eed  from  radicals  the  supposed  equation  will,  however, 
pteeent  itself  in  the  form 

(i)"+^.©""+^.(sr+--^-» «■ 

'iier©  J*^|  p^i  ...  p^  are  functions  of  x  and  y. 

.  An  obvious  preparation  for  the  aolution  of  such  an  equation, 
"  to  resolve  its  first  member,  considered  as  algebraic  with 

**'P*ct  to  the  differential  coefficient  -r-,  into  its  component 

^^w  of  the  first  degree.     If  ^,,  p^  ...p^  be  the  roots  of  (1) 
ttsB  ™-^^gj^^  ^j,  gfjjj^  have 


(l-i^)(l--)-(2 


.J.-N 
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Pv  Pi>  -**P»  ^i^g  supposed  to  be  determined  as  known  func- 
tions of  X  and  y.  And  it  is  now  manifest  that  any  relatia 
between  x  and  y  which  makes  either  one  or  more  than  one  of 
the  factors  of  the  first  member  to  vanish,  will  be  a  solution  flf 
the  equation,  and  that  no  relation  between  x  and  y  not  poi- 
sessing  this  character  will  be  such.  Hence  if  we  solve  tb 
separate  equations 

any  one  of  the  solutions  obtained  will  be  a  solution  of  (^ 
since  it  will  make  one  of  its  factors  to  vanish.  And  if  w 
express  the  different  solutions  thus  obtained,  each  with.iti 
arbitrary  constant  annexed,  in  the  forms 

v,-c,=o,  F.-C;=0,...F,-(7.=0, 

any  product  of  two  or  more  of  these  equations  will  also  be  i 
solution  of  (2),  since  it  will  cause  two  or  more  of  its  feMStonii 
vanish. 

Ex.     Given  the  differential  equation 

(l)-«v=« -w- 

Here  the  component  equations  are 

dy 


dx 


-ay^O, 


and  their  respective  solutions  are 

logy-aa;-Cj  =  0  (JS), 

logy  +  aa;-c,=^0  (6). 

Either  of  these  equations  is  a  solution  of  the  given  equate 
and  so  is  their  product 

(logy-aaj-cj(logy  +  aaj-cj=0 (7). 


2,  And  here  two  important  questions  are  suggested.  First, 
tiDW  is  it  that  two  arbitrary  constants  present  themselves  in 
ihe  solution  of  an  equation  of  the  first  order  ?  Secondly,  is  it 
poasibie  to  express  with  equal  generality  the  solution  of  the 
equation  by  a  primitive  contaiaing  a  single  arbitrary  constant 
la  accordance  with  wtiat  has  been  said  of  the  genesis  of 
differential  equations  of  the  first  order,  Chap.  i.  Art.  6  ? 
'Hiese  are  connected  questions,  and  they  will  be  answered 
togetlicr. 

The  equation  (7)  implies  that  jf  admits  of  two  values  each 
involviag  an  arbitrary  constant,  but  it  does  not  imply  that  p 
admits  of  a  value  involving  two  arbitrary  constants.  The 
component  factors  of  the  solution  separately  equated  to  0,  as 
IB  [5)  and  (6),  give  respectively 


y=o,.' 


..(8). 


*lcli  of  which  involves  one  arbitrary  constant  only,  and  each 
rfwhioh  corresponds  to  a  single  factor  of  the  given  differential 
aination.  The  true  canon  is,  not  that  a  general  solution  of 
*o  equation  of  the  first  order  can  involve  only  one  arbitrary 
coMtant  in  its  expression,  but  that  each  value  of  y  which 
*Jieh  a  solution  establishes  involves  in  its  expression  only  a 
*">gle  arbitrary  constant. 

M  the  same  time  there  is  a  real  sense  in  which  it  remains 
'fe  tbat  every  differential  equation  of  the  first  -order,  what- 
"'M  its  degree  may  be,  implies  the  existence  of  a  complete 
primitive  involving  a  single  arbitrary  constant,  and -there  is  a 
"*!  sense  in  which  such  primitive  constitutes  the  general 
•tlntion  of  the  differential  equation.  To  reconcile  these  seera- 
'"S  nmtradictions  I  shall  shew  that  if  we  suppose  the  arhi- 
Ifiiy  constants  c,  and  c,  in  (7)  identical,  and  accoi-dingly 
l^iace  each  of  them  by  c,  we  shall  have  an  equation  which 
'ill  be,  first  the  tme  primitive  of  (4),  in  that  it  will  generate 
"**  equation  by  differentiation  and  the  eUmination  of  c, 
^wnidly  its  general  solution,  in  that  no  particular  relation  is 
Wiicible  from  the  solution  (7)  involving  two  arbitrary  con- 
fWls  which  may  not  also,  by  the  use  of  a  lawful  freedom  of 
■"twpetation,  be  derived  from  it. 
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Thus  replacing  c,  and  c,  by  c,  we  have 


{hgy-ax-i 
whence     (logy)'- 


)  (logy  +  «i 
■clV-2cl( 


-c)=0 
!»  +  «■  = 


*, 


Differentiating,  and  representing  -/  by  p, 


—f+^'ss- 

Substituting  this  value  in  (9),  we  bave 


{^—)i~7 --)''■ 


which  reduces  to 


aVlay-p-).l). 


Or,  rejecting  the  factor  aV  which  does  not  contain  p,  uui 
replacing  ji  by  -^ , 


(sy-«v=o. 


the  differential  equation  given.  Thus  (9)  is  its  compleK 
primitive. 

Again,  that  solution  is  general.    The  two  relations  betw«* 
y  and  a:  which  it  famishes  are 

y^Ce-^y^Cr-^ (10), 

and  these  differ  in  expression  from  (8)  only  in  that  the  hHb- 
trary  constant  is  here  supposed  to  be  the  same  in  one  M* 
the  other,  but  as  it  is  arbitrary  and  admits  of  any  value,  thW 
is  no  single  relation  implied  in  {8)  which  is  not  also  impW 
in  (10).  And  it  is  in  this  sense  that  the  generality  of  tli« 
solution  is  affirmed. 

[See  the  Supplementary  Volume,  Chapter  XX.  Art.  1.] 
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3.     Those  illuEtrationa  will  prepare  the  way  for  the  def 
TaoDstratiou  of  the  general  theorem  which  they  exemplify. 

Theorem.    If  the  differential  equation  of  the  first  order  and 
1*  degree  be  reaoived  tnto  its  component  eywoh'oiw 


-".■^-P.-o.-.Z-P.-o. 


the  complete  primitives  of  these  equations  are  V^=c^, 
,.  l^  =  c,,  aien  the  complete  primitive  of  tJie  given 
will  be 

{]'\-c){r,-c)...CV,-c)=0. 

Let  us  first  examine  the  case  ia  which  the  proposed  diffe- 
raitiat  equation  h  of  the  second  degree,  and  therefore  express- 
ible in  the  form  [->"  -p,)  N-  ~Pi)  =  0.     Suppose  that  the 

integral  f',=  c,  is  derived  from  the  equation  >   —  p,  =  0  by 


dx 


means  of  an  integrating  fiictor /i(.   Then  dV^  =  fi^  ( j   ~A) 

In  like  manner  we  shall  have  dV,  =  u,(- pj 

'     '^'\dx     ^V 
"log  the  equation 

(K.-«)(F,-«).0 


dx. 

dx.    Now 


ai) 

"a primitive,  we  Iiave,  on  differentiating  witli  respect  to  at 


Aerefor 
whence 


(r,-c)iC,+{r,-c)d7,-o.. 

__V,dV,+  VjiV, 
°        dV^  +  dr,     ■ 

r-c."^--?-''*''. 

'^'     "       dV,  +  dV,    • 

v-.-iL-iZldy, 


..(12). 
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Substituting  these  values  in  (11),  we  liave 

{V^-r,ydv^dv,=o 

-which  givca    (F.-  FJVa  (^  -px)  (^  -i",)  =» 

And  this,  on  rejecting  the  factor  (F.  —  Vyfi,fi.  ^ 
not  contain  any  differential  coefficients,  becomes  ide 
■the  given  differential  equation.  Hence  (V^—  c)  { 
is  the  complete  primitive  of  that  equation. 

To  generalize  this  particular  demonstration  it 
necessary  to  eliminate  c  between  the  equation 


(^.-c}(^,-c)...{F,-e)  =  0:. 


and  the  equation  thence  derived  by  differentiatio: 
spect  to  X  and  y.  The  ordinary  process  of  elimi 
exemphfied  above  in  the  particular  case  in  which  n 
"be  complex,  but  the  result  may  be  determined  w: 
ficulty  by  logical  considerations.  It  will  suffice  fo. 
pose  to  consider  the  case  in  which  n  =  3. 

We  have  then  as  the  supposed  primitive 

(.K-')(.r,-c)(F,-c)-i> 

and  as  the  derived  equation 


I 


Now  (16)  implies  that  some  one  at  least  of  the  e 
Fj-c  =  0.   F,-c=0,   F,-c  =  0. 


J 


^■8.']      OHD&B,  BUT  NOT  OF  THE  FIB3T  DEQBKE.  119 

If  the  first  of  these  equations  is  satisfied  we  have  c=  T', 
and  substitnting  this  value  in  (17)  there  results 

i^,-K)(.K-  K)^K=^ (18). 

Tf  the  second  equation  of  the  system  is  satisfied  we  hare 
in  like  manner 

(K-  K)  (1^1-  v,)dv,=o (19). 

If  the  third  equation  of  the  system  is  satisfied  we  have 

iK-  K)  C^,-  K)  'iK=^ (20). 

Hrace  the  existence  of  (16)  as  primitive  supposes  the  exist- 
enoeof  some  one  at  least  of  the  equations  (18),  (19),  (20),  and 
therefore  of  the  equation 

{v,~v;)'iv^-v;)'iv,-v,fdV,dv,dv,=o (21), 

which  ia  formed  by  multiplying  those  equations  together. 

Conversely  the  supposition  that  the  equation  (21)  ia  true, 
invalves  the  supposition  that  one  at  least  of  the  equations 
(18],  (19),  (20)  ia  true. 

The  equation  (21)  ia  therefore  eguivalent  to  the  result  which 
"rdinary  eliminatiou  applied  to  (16)  and  (17)  would  give. 
Tlje  same  process  of  reasoning  applied  to  the  more  general 
ojualion  (15)  as  supposed  primitive,  would  lead  to  a  result 
w  the  form 


KdV,dV,...dV,  =  0.. 


*  being  the   product  of  the  squares  of  the  differences  of 

On  comparison  with  (13)  we  see  that  in  the  particular  case 
"^n  =  2,  tnis  is  not  only  equivalent  to  but  identical  with  the 
^ult  of  ordinary  elimination  in  that  case.  And  this  identity 
"f  fonn,  though  it  is  not  necessary  to  our  present  purpose  to 
"••lilish  it,  might  be  demonstrated  generally. 


A 
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Hence  (22)  gives 

^''.''.■■■'••(l-^.)(2-''-)-(l-^-)=». 


or,  rejecting  tlie  factor  Kfiji^ 
differential  coefficients. 


■  .ft,,,  which  does  not  contaii 


a-^:){i-4-ii-4 


(!)■ 


Of  this  equation  it  has  therefore  been  shewn,  as  was  requin 
that  (P',  —  c)  (F^  — c)...(Fi,  — c)  =  0  constitutes  the  comj' 
primitive. 

[See  the  Supphtnentary  Volume,  Chapter  xs.  Art.  2.] 

^-  «'""     (1)'-^° 

Here  the  component  eq  uations  are 

and  their  respective  integrals  are 

y-c,-2v'(aa;)=0 

y-c,  +  2v'M=0 

Replacing  both  constants  by  c  and  multiplying  the  eqnatiu 
together,  we  have 

(y  —  c)'  ~iax  =  0 ... 
I  as  the  complete  primitive. 

Now  this  primitive  represents  a  series  of  parabolas,  tl* 
parameters  of  which  are  constant  and  equal  to   4a,  and  A( 
axes  of  which  are  parallel  to  the  axis  of  x ;   but  the  veft 
tices  of  which  are  situated  at  different  points  of  the  oxit 
y,  corresponding  to  the  different  values  which  may  be  gii 
to  the  arbitrary  constant  c.    Of  these  parabolas  the  equati( 
(2)  and  (3),  which  may  be  written  in  the  more  us 

y-c,  =  2V(ax),    y-c,  =  -2V(oa;), 


..(8X 


(*]. 
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lent  respectively  the  positive  and  the  negative  branches, 
S  the  oquation 

[y-c,-2VMHy-c.  +  2V(«a:)}=0 (5), 

representa  the  terms  which  would  be  found  by  taking  one 
pwitive  and  one  negative  branch,  but  not  necessai-ily  from, 
the  tame  parabola.  Thua  there  is  no  portion  of  the  loci  re- 
presented by  the  apparently  more  general  solution  (5),  which 
IS  not  also  represented  by  the  complete  primitive  (4),  The 
defect  of  generality,  if  as  euch  it  is  to  be  regarded,  consists 
in  UuB  that  while  each  branch  of  every  curve  in  the  series 
i»  repreBented,  those  branches  wliich  belong  to  the  same  curve 
are  paired  together. 

[On  the  subject  diaciiased  in  the  first  three  Articles  of  the 
Pf^nt  Chapter  the  student  may  consult  a  paper  by  Pro- 
feasor  De  Morgan  entitled  On  the  question.  What  is  tfie  solu- 
wn  o/"  a  Differential  Equation  ?  'iTie  paper  is  published  in 
"ifl  Cambridge  PkiloBophical  Transactions,  Vol  X.] 

*.  There  are  certain  cases  in  which  differential  equations 
"f  the  first  order  can  be  solved  without  the  resolution  of  the 
prat  member  into  its  component  factors.  Of  these  the  most 
""portant  are  the  following. 

1  at.     When  the  given  equation  contains  only  one  of  the 

'"'afcleB  X  and  y  in  addition  to  -5^ ,  being  either  of  the  form 


rfx,  ^)  =  0,     orofthoform  fU   J)  = 


.  'idly.    When,  involving  x  and  y  only  in  the  first  degree, 
^  1*  expressible  in  the  form 

^{p)-i-y<fr{p)=X(p)-  wherop^^. 

"•^y.    When  the  equation  ia  homogeneous  with  respect  to 

*  li«ge  caees  we  shall  consider  separately. 
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Equatiana   involving    only    one   'of  the   variables  x  and  j 


v/ith 


5,    In  this  case  if,  representing  -~  by  p,  and  regarding 

^  as  a  new  variable,  we  form  a  differential  equation  between 
p  and  the  variable  which  does  not  enter  into  tbe  ori^nal 
equation,  and  integrate  the  equation  thus  formed,  the  eliminar 
tion  of  p  between  the  resulting  integral  and  the  original 
equation  will  give  the  complete  primitive  required.  For  it 
■will  express  a  relation  between  x,  y,  and  the  arbitrary  con- 
stant introduced  by  integration. 

Thus  if  from  the  equation  F{x,p)  =0  we  deduce  x'=_f(p), 
then,  since  dy  =pdx,  we  have 

therefore  y=  jpf'ip)  dp  +  c (1). 

After  the  integration  here  implied  y  will  be  expressed  as  a 
function  of  p  and  c,  and  between  that  result  and  the  original 

equation  p  must  be  eliminated. 

In  like  manner,  if  from  F{y,p)  =0  we  deduce  y  =f{p), 
the  equation  dy  =pix  gives  /  {p)  dp  =  pdx,  whence 

dxMAdf. 

Thence 

-f^^+» m. 

between  which  (after  the  integration  has  been  performed)  and 
the  original  equation,  p  must  be  eliminated. 

But  these  methods,  though  always  permissible,  are  only 
advantageous  when  it  is  more  easy  to  solve  tbe  given  equa- 
tion, with  respect  to  the  variable  x  qt  y  which  it  involve^ 

than  with  respect  to  p. 
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Ex.  1.     Given  x  =  l  +  p'. 

Here  dy  =  pdx  =p  x  3p*dp  —  iip^dp ; 


therefore  y=  —  -\-c (3). 

Now  as  the  original  equation  g^ves  p  =  (a;  — 1)  ,  the  com- 
plete primitive  found  by  substitution  of  this  value  in  (3) 
■will  be 


J  =  "(»,-l)>  +  C.. 


■■(4), 


and  it  would  be  directly  obtained  in  this  form  by  integrating 
the  original  equation  reduced  by  algebraic  solution  to  the  form 

This  example  illustrates  the  process  but  not  its  advantages. 
Ex.2.     Given  x=l+p-i-p*. 


Here  dy  =  pdx  =  pdp  +  fip'dp  ; 
therefore  y  =  ^+  -?-+c 


..(5), 


between  which  and  the  original  equation  p  must  be  eliminated. 
We  may  do  this  so  as  to  obtain  the  final  equation  between  x 
and  tfio  a.  rational  form ;  but,  if  this  object  is  not  deemed  im- 
portant, we  may,  by  the  solution  of  a  quadratic,  determine  p 
from  (5)  and  substitute  its  value  in  tho  given  equation. 

Ex.  3,     Given  y  =p'  +  2p'. 

Here  since  pdx-=dy  we  have 


dx'=-dy  =  2 


p  +  3p'  +  c. 
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From  this  equation  we  find 


-1  +V(3a;+C) 


(7 being  an  arbitrary  constant  introduced  in  the  place  of  1  —3c; 
and  y  will  be  found  by  substituting  this  value  of  p  in  the 
original  equation. 

Equations  in  which  x  and  y  are  involved  only  in  thejirst  degtH, 

tlie  typical  form  bei-ng  xi^{p)  +y>^(p)  =x(p)- 

6.  Any  equation  of  the  above  class  may  be  reduced  to  & 
linear  differential  equation  between  x  and  p,  after  the  solataoo 
of  which,  p  must  be  eliminated. 

The  reduced  equation  is  found  by  differentiating  the  giveo 
equation  and  then  eliminating,  if  necessary,  the  variable  g.  It 
may  happen  that  such  elimination  is  unnecessary,  y  disappear- 
ing through  differentiation. 

Ex.     Let  us  apply  this  method  to  the  equation 

y^xp+J{p) (I), 

naually  termed  Clairaut's  equation. 

differentiating,  we  haye 


whence 


«+/•(?)) 


dx 


Now  this  is  resolvable  into  the  two  equations, 
x+flj,).0 


■  m. 

..(3), 


The  second  of  these,  which  alone  contains  differentials  of  the 
new  variables  a:  and  p,  is  the  true  tii^erenfia^  equation  between 
X  and  p. 
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Integrating  it  we  have  p  =  c, 

and  substituting  this  value  of  p  in  (1), 

2f  =  cx.+/ic) (4), 

which  is  the  complete  primitive  required. 

But  what  relation  does  the  rejected  equation  (2)  bear  to 
the  given  differential  equation  (1),  and  what  relation  to  its 
complete  pnmitivc  just  obtained? 

If  we  eliminate  p  between  (1)  and  (2)  we  obtain  a  new  rela- 
tion between  x  and  y  not  inchided  in  the  complete  primitive 
already  found,  i.e.  not  deducible  from  that  primitive  by 
assignmg  a  particular  value  to  its  arbitrary  constant,  and  yet 
satisfying  the  same  differential  equation,  and,  as  we  shall 
bereaFtcr  see,  connected  in  a  remarkable  manner  with  the  com- 
plete primitive.  Such  a  relation  between  x  and  y  is  called  a 
nngular  solution.  We  shall  enter  more  fully  into  the  theory 
of  aingular  solutions  in  a  distinct  Chapter,  but  the  following 
example  will  throw  some  light  upon  their  nature,  aa  well  as 
illustrate  the  process  above  described. 

Ex.    Given  y  =  xp  H — . 


Here  differentiating  we  have 


\        p'Jdx' 
From  the  equation  -j-  =  0,  we  have  p  =  c,  whence 


ve 
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and  this  value  subBtituted  in  the  original  equation  gives,  after 
freeing  the  result  from  radical  signs, 

y"—  imx (6), 

the  singular  solution. 

Here  the  singular  solution  (6)  is  the  equation  of  a  paraboU 
■whose  parameter  is  4m,  and  the  complete  primitive  (5)  isfla 
well-known  equation  of  that  tangent  to  the  same  paraboltf 
which  makes  with  the  axis  of  x  an  angle  whose  trigonometri-' 
cal  tangent  is  c. 

Now,  for  the  infinitesimal  element  in  which  the  curve  ai 

its  tangent  coincide,  the  values  of  x,  y,  and  -r-  are  the  s 

in  both.  And  thus  it  is  that  the  algebraic  equations  of  tli( 
curve  and  of  its  tangent  satisfy  the  same  differential  equatJM 
of  the  lirat  order. 

On  the  other  hand,  if  (5)  be  regarded  as  the  general  equ» 
tion  of  a  system  of  straight  lines,  each  straight  line  in  th* 
system  being  determined  by  giving  a  special  value  to  e  in  tli 
equation,  the  envelop  or  boundary  curve  of  the  system  i  "* 
be  determined  by  (6).  Here  the  singular  solution  is  presente 
as  the  equation  of  the  envelop  of  the  system  of  lines  define 
by  the  complete  primitive. 

7.  In  the  second  place  let  us  consider  the  more  gener 
equation 

Differentiating,  we  have 

■wheBoe  jp-ZW}  ^-/' (?):«=*». 


BUT  NOT  OF  THE  ] 

ilinear  equation  of  the  first  order  by  which  x  may  he  deter- 1 
lined  as  a  function  of  p.     The  elimination  of  p  between  the  | 
(suiting  equation  and  the  given  one  will  give  the  complete 
rimitive. 
The  typical  equation 


xip) 


(ay  be  reduced  to  the'  above  form  by  dividing  by  ^(p),  but  ■ 
tmayalso  be  treated  independently  by  direct  difieventiation. 
Instead  however  of  forming  a  differential  equation  between 
I  and  p,  we  may  form  a  difi'erential  equation  between  y  and 
t  Or,  with  greater  generality,  representing  any  proposed 
KnctioQ  of  p  by  t,  we  may  form  a  differential  equation  be- 
■reen  either  of  the  primitive  variables  and  t.  Such  a  diffe- 
Wtial  equation  will  necessarily  be  linear  with  respect  to  the 
kimitive  variable  retained,  and  its  solution  must  of  course  be 
bllowed  by  the  elimination  of  t.  And  this  general  procedure, 
bore  fully  to  be  exemplified  when  we  come  to  treat  of  some 
W  the  inverse  problems  of  Geometry  and  of  Optics,  is  often  i 
Itetided  with  signal  advantage. 
[  Ex.  Given  x  +  yp  =  ap\ 
I  Wo  shall  reduce  this  to  a  differential  equation  between  a>  I 

Mp- 

Differentiating,  we  have 


^+p''+y%=^p 


dp 


iting  y  by  means  of  the  given  equation,  w 


fSAto&y  be  reduced  to  the  linear  form 
dx  X        _    ap 

dp     p{l+p'}^  1+p' 

b  integral  being 


v(i+/) 


[C  +  alog(p  +  V{l+i>')l]- 
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If  in  this  equation  we  substitute  for  p  its  value  in  terms  of . 
and  J  furnished  by  the  given  equation,  i.e.  if  we  make 

^  2o 

we  shall  be  in  possession  of  the  complete  primitive. 

Had  we  chosen  to  form  a  differential  equatiou  between; 
and  p,  we  should  have,  oa  differentiating  the  given  equatio 
while  regarding  y  as  the  independent  variable, 


dp      1+p'*      1+p" 

.ntegration 

[0  +  ap^(l  +  p')-a  log  [p  +  V(l  +  p^U. 


from  which,  as  before,  p  must  be  eliminated.    The  final  resul 
are  of  course  identical 


Homogeneous  Equations  of  the  first  order. 

8.     Equations  which  are  homogeneous  with  respect  to 
and  y  may  be  prepared  for  solution  by  assuming  ^  =  vx. 


The  typical  form  of  such  equations  is 


a). 


Assuming  then  -  =  v,  and  dividing  by  a:'',  we  have 

*(»'.P)  =  0 (2). 
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If  we  can  solve  this  equation  with  respect  to^,  we  have 

But,  since  y  =  a;r, 

dv 

Thus  the  transformed  equation  become^ 

whence  2^— r  +  —  =  0, 

v-f{v)      X 


equation  in  which  the  variables  are  separated,  and  in  the 
1    integral  of  which  it  will  only  remain  to  substitute  for  v  its 

I    value  ^ .  ' 

X 

But  if  it  be  more  easy  to  solve  (2)  with  respect  to  v  than. 
with  respect  to  p,  and  if  the  result  be 

'  then  restoring  to  v  its  value  - ,  we  have 

X 

y  =  xf{p), 

whicli  is  a  particular  case  of  the  equation  of  the  previous 
section.    Hence  differentiating,  we  have 


P=f{p)  +  o'fip)% 


from  vhidi  results 


B.D.X. 
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an  equation  in  which  the  variables  x  and  p  are  separated 
Between  the  integral  of  this  equation  and  the  given  eqnatioi 
p  must  be  eliminated,  and  the  relation  between  x  and  y  whid 
results  will  be  the  complete  primitive. 

Ex.    Given  yp  +  nx  =  V(2/*  +  wa;*)  V(l  +  P*)- 
Assuming  y  =  vx,  we  have 

the  solution  of  which  with  respect  to  p  gives 

But  p  =  Xy   +v. 

Therefore         «g=  + y(^)7(,;'  +  n). 

« 

(?g       _  //n  — 1\  (for 

V(f*+M)~~V  V    n    J   x' 

Integrating,  we  haye  - 

log  {»  +  V(»' + m)>  =  ±  V  (^^)  log  a;  +  C ; 

therefore  t;  +  »J[v^  +  w)  =  ca?  ^  ^  *  , 

or,  replacing  «  by  ?^ , 

the  complete  primitive. 
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Equatiojis  solvable  by  differentiation. 

9.  A  remarkable  class  of  equations,  the  theory  of  which 
has  been  fully  discussed  by  Lagrange,  deserves  attention. 

It  has  been  shewn.  Chap.  I.  Art.  9,  that  if  two  differential 
equations  of  the  first  order,  each  involving  a  distinct  arbi- 
tnuy  constant,  give  rise  to  the  same  differential  equation  of 
the  second  order,  they  are  derived  from  a  common  primitive 
involving  both  the  arbitrary  constants  in  question. 

Let  us  suppose  these  differential  equations  of  the  first  order 
to  be  reduced  to  the  forms 

*("■»■  S'° «■ 

i'i^.n.t)''' (*)• 

and  let  the  primitive  obtained  by  the  elimination  of  -,-  be 

<J>  (x,  y,  a,  h)  =  0,  Lagrange  has  then  observed  that  if  we 
Uaye  any  differential  equation  of  the  first  order  of  the  form 

^|*(..,g).     t(.y.|)}  =  0 (3), 

its  complete  primitive  will  still  be  ^  {x,  y,  a,  b)  =  0,  but  vrith 
the  condition  that  a  and  b  are  no  longer  independent  con- 
stants, but  are  connected  by  the  relation 

Thia  ia  an  obvious  truth.  For  as,  by  hypothesis,  tho  sup- 
posed primitive  ^  {x,  y,  a,b)=0  gives 

it  will  convert  (3)  into  F(a,  h)  =  0,  and  will  therefore  satisfi/ 
that  equation  if  a  and  b  are  connected  by  the  relation 

F(a,h)=0. 


0 
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Moreover  it  contains  virtually  only  one  arbitrary  constaod 
for  the  relation  F(a,  6)  =  0  permits  us  to  determine  &  as  I 
function  of  a.  Hence  it  mil  constitute  the  complete  primitirt 
of  (3).     See  also  Cliap.  i.  Art.  10. 

This  result  may  be  expressed  in  the  following  theorem. 
If  any  diffet-ential  equation  of  the  first  order  be  expressibU 
■in  the  form 

•F»,+)  =  0 C*). 

■where  tft  and  -^  are  functions  of  x,  y,  -4 ,  sitch  that  iJie  dif- 
ferential equations 


are  derivable  from  a  single  primitive  involving  a  and  b  as 
iirbitrary  constants,  the  solution  of  th^  given  differential  equa- 
tion wilt  be  found  by  limiting  that  primitive  by  the  condition 

F{a.h)=0, 
so  as  actually  or  virtually  to  eliminate  one  of  the  arbitrary 
constants. 

Ex.     Suppose  that  the  given  equation  is 

/v/{^+(l)]-/(»+^£) w 

Now  the  di£Fereiitial  equations  of  the  first  order 
dtj 

.■K4-  «  -2  =  o 


'dx- 


(2). 

(3). 

are  derivable  from  a  common  primitive;   for,  on  diflferei 
tiating  them,  we  have  respectively 


'y{'-(D]= 


dtf 


^{il 


+H2 
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and  these  agree  as  differential  equations  of  the  second  order. 
Chap.  I.  Art.  9.     That  commou  primitive,  found  hy  eUmi- 

natiDg  j^  between  (2)  and  (3),  is 

y  +  (a:-a}'  =  6'. 

Hence  the  primitive  of  the  given  equation  is 

!/-+{^-ar~lf{aff (4). 


We  might  also  proceed  aa  in  the  solution  of  Clairaut'3 
equation.     Differentiating  the  given  equation,  we  have 


-/(-^S) 


^(1)'^ 


.?? 


The  second  factor,  which  alone  involves  ",^ ,  equated  to  0, 

gives  on  integration  the  primitive 

S- +(«-«)= -4", 

nfi  will  be  seen  in  Chap.  x.  Art.  1,  in  which  the  relation  be- 
tween b  and  a  remains  to  be  determined  as  before.  The  first 
factor  equated  to  0  constitutes  the  differential  equation  of  the 

nnguiar  solution,  which  will  bo  obtained  hy  eliminating    " 

between  that  equation  and  the  equation  given. 

ClAiraut's  equation  belongs  to  the  above  class.     We  may 
express  it  in  the  form 


't=/®- 


Now  the  differential  equations 
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generate  the  same  differential  equation  of  the  second  o] 

and  are  derivable  from  the  same  primitive 

y  =  Ja?  +  a. 


Examples  of  Transformation. 

10.     Well-chosen  transformations  facilitate  much  the  sol 
tioh  of  differential  equations  of  the  first  order. 

Ex.  1.    Given  -^^^^  =/(x'  +  y*)* .     Lacroix,  Tom, 
p.  292. 

Assuming  a?  =  r  cos  ^,  y  =  r  sin  0,  we  have 


A'<%1\ 


■fir). 


whence 


Consequently 


ff_f       /M^^  ,/7 


As  -^ — ^  is  the  expression  for  the  length  of  the 

pendicular  let  fall  from  the  origin  upon  the  tangent 
curve,  the  above  is  the  solution  of  the  problem  which 
poses  to  determine  the  equation  of  a  curve  in  which 
perpendicular  is  a  given  function  of  the  distance  of  the  ] 
of  contact  from  the  origin. 
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By  the  eame  transformation  we  may  solve  the  equation 

Ex.  2.    Given  {^^=^ 


=  Aaf-<rBf. 


To    render  the  above  equation  homogeneous  if 
let  y  =^'';  we  find 


I         dx) 


■A^+Eb'P, 


This  will  be  homogeneous  with  respect  to  jE  and  x,  if  wo 
bave 

J,-(»-l)-«  =  7.A 

equations  from  which  we  deduce 

^-    »  =  ?■ 

the  former  of  which  expreaaea  a  condition  between  the  indices 
of  the  given  equation,  the  latter  the  value  which  must  be 
j^ven  to  n  when  that  condition  ia  satisfied. 

It  appears  then  that  the  equation 


k  =  - 


M^V 


=  ^a:«  +  i 


can  be  rendered  homogeneous  by  the  assumption  y  =  ^. 

If  tbe  more  general  transformation  y  =  2",  a;  =  i°',  which 
itoems  lit  first  sight  to  put  ua  in  possession  of  two  disposable- 
coDfltaat'S.  be  employed,  the  necessity  for  the  fulfilment  of  the 
same  condition  between  a,  ft  and  k,  will  not  be  evaded,  the 
ratio  of  the  constants  ■•m  and  n,  not  their  absolute  values, 
proviitg  to  be  alone  available. 

Ex.  3.  The  equation  of  the  projection  on  the  plane  ay  of 
the  lines  of  curvature  of  the  ellipsoid  is 
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Afisuming  a?  =  5,  y*  =  f,  the  equation  is  reduced  to  one  rf 
Clairautfs  fonn,  Art  6.    Its  solution  is 

The  equation  may  also,  without  preliminary  transformatioii, 
be  integrated  by  Lagrange's  method.  Art.  9.  We  may  ex- 
press it  in  the  form 

A4y^-¥B4>-\"^^0 (2), 

^  -where  <]>=^ ,  -^  =  ^ — yi>^. 


Now  -p=^a,    'f  —  ypx^h, 

are  derived  from  a  common  primitive  y*  —  aof  =  6.     The  sol* 
tion  of  (2)  will  therefore  be, 

y*  — 00^  =  6 

with  the  connecting  relation  between  the  constants. 

And  this  will  be  found  to  agree  with  the  previous  result 

EXEKCISES. 
The  following  examples  are  chiefly  in  illustration  of  ^ 

Xf     2ty     O,      5. 


1. 


(I)'- ©-«=»• 


\(ixj  ,   ,  X 


CH.  vilJ 
4. 

5. 

6. 

7. 


EXEBCISES. 


137 


8. 


9. 


lO. 


11 


dx       \dx) 

'h(l)T-«-- 

\dx)      a?  +  2aa; ' 


dy     1 


Tbe  following  examples  are  intended  to  illustrate  Art.  6. 
rhe  singular  solutions  as  well  -as  the  complete  primitives  are 
o  be  determined. 


13. 


^        dx     dx     \dxj 

»"IV{"-»-(l)]- 


The  following  examples  are  in  illustration  of  Arts.  7  and  8. 


14. 


"''iWHM- 
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15. 


.      16. 


17. 


y-4+»v'{>+©]- 


The  following  examples  are  in  illustration  of  Art  9. 


18.    3,*-.+/ 


h^©}- 


19.    y- 


7MS] 


57=/ 


aj  + 


dx 


^\ 


1+ 


(dy 
\dx. 


Y, 


20.    y-^%.f\,fm 


21. 


dy 

^+1 
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CHAPTER  Vin. 

OS  THE  SISGHLAR  SOLUTIONS  OF  DIFFERENTIAL  EQUATIONS 
OF  THE  rniST  ORDER. 

In  the  largest  sense  which  has  been  givGn  to  tte  term, 
a  siDgukr  solution  of  a  differential  equation  is  a  relation 
between  the  variables  which  reduces  the  two  members  of  the 
equation  to  an  identity,  but  which  is  not  included  in  the 
complete  primitive. 

In  this  senae,  the  relation  obtained  by  equating  to  0  some 
common  algebraic  factor  of  the  terms  of  the  equation  might 
claim  to  be  called  a  singular  solution. 

Bat,  inajusterand  more  restricted  sense,  a  singular  solution 
of  a  differential  equation  is  a  relation  between  x  and  !/,  wliich 
tiaUsfies  the  differential  equation  by  means  of  the  values  which 

it  givea  to  the  differential  coe^cients  -f- ,   Vj  i  &c.,  but  is  not 

:luded  in  the  complete  primitive.  In  this  sense  the  equa- 
tion a!*  +  y'  =  n*,  is  a  singular  solution  of  the  differential 
equation  of  the  first  order 

dy  _ 


■^dx 


V{-©]- 


It  reduces  the  members  of  that  equation  to  an  identity,  but 
iwt  by  causing  any  algebraic  factor  of  them  both  to  vanish. 
At  the  same  time  it  is  not  included  in  the  complete  primitive 

And  this  ia  the  juster  definition,  because  that  which  is 
atial  in  the  singular  solution  is  thus  in  a  direct  manner 
lectcd  with  that  which  is  essential  in  the  differential 
[uatiou.     Def.  Chap.  I. 
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When  it  ia  said  that  a  singular  solution  of  a  differenlil 
equation  ia  not  included  in  the  complete  primitive,  it  ia  moil 
that  it  ia  not  deducible  from  that  primitive  by  giving  to  t 
arbitrary  constant  c  a  particular  constant  value.  But  ^thon 
a  singular  solution  is  not  inchided  in  the  complete  primiti' 
it  is  still  implied  by  it.  Upon  the  possibility  of  satiafJTOg 
differential  equation  by  an  infinite  number  of  particular  equ 
tions,  each  formed  by  the  particular  determination  of  I 
arbitrary  conatant,  reats  the  possibility  of  satisfying  it 
another  equation,  to  the  formation  of  which  esx;h  pj^icn 
solution  has  contributed  an  element.  We  have  seen 
Chap.  VII,  how  a  aingulai-  solution,  as  representing  1 
envelope  of  the  loci  defined  by  the  series  of  particular  80 
tions,  possesses  a  differential  element  common  with  each 
them.  We  shall  now  see  that  this  property  is  not  accideni 
— that  it  is  intimately  connected  with  the  definition  of 
singular  solution. 

It  is  important  that  the  two  marks,  positive  and  negatii 
by  the  union  of  which  a  singular  solution  of  a  different! 
equation  of  the  first  order  is  characterized,  and  by  the  expt* 
sion  of  wiiich  its  definition  is  formed,  should  be  clearly  appit 

liended.    1st.  It  must  give  the  same  value  of  ->  ■  in  terms  rf 

and  y,  as  the  differential  equation  itself  does.  This  is. 
positive  mark,  a  mark  which  it  possesses  in  common  with  A 
complete  primitive,  and  with  each  included  particular  prte 
tive.  2ndly.  It  must  not  be  included  in  the  comjA 
primitive.  This  is  its  negative  mark.  Upon  the  analytia 
expression  of  these  characters  the  entire  theory  of  this  cli 
of  solutions  depends. 

Among  the  different  objects  to  which  that  theory  li 
reference,  the  two  following  are  the  most  important.  Ist.  Tl 
derivation  of  the  singular  solution  from  the  complete  primi^ 
2ndly.  The  deduction  of  the  singular  solution  Irom  the  diT 
ential  equation  without  the  previous  knowledge  of  the  o 
plete  primitive.  The  theory  of  the  latter  process  is  bo  dl^ 
pendent  upon  that  ofthe  former  that  it  is  necessary  toconaito 
them  in  the  order  above  stated. 

[Important  additions  to  the  present  Chapter  are  gives 
the  Supplementary  Volume,  Chapter  xxi.] 
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trimtioji  of  the  singular  solution  from  the  complete  primitive. 

2.  The  complete  primitive  of  a  differential  equation  of  the 
8t  order,  whatever  may  be  the  degree  of  the  equation,  ia  of 
efonn 

•)>  (^.  y.  c)  =  0. 

If  we  give  to  c  a  particular  constant  value  in  this  equation 
Je  ohtaiti  a  particular  primitive.  If  we  give  to  c  a  variable  ' 
'ilue  by  making  it  a  function  of  ar,  or  of  y.  or  of  both,  we,  aa 
PfiU  immediately  be  shewn,  converE  the  equation  into  any 
Iwired  relation  between  x  and  y.  We  propose  then  to  deter- 
lune  e  as  variable,  but  as  so  varying  that  the  resulting 
tetation  between  x  and  i/  shall  continue  to  satisfy  the  differ- 
atial  equation. 

The  general  effect  of  the  conversion  of  c  into  a  function  of 
orof  y  must  first  be  considered, 

TitOP.  I.     A  primitive  equation 

tf>  {x,  y,  c)  =  0 

My,  6y  the  conversion  of  c  into  a  function  of  ic,  he  transformed 
^to  any  desired  equation  containing  x  and  y  together,  or  y 
W,  but  not  into  an  equation  involving  x  wi&out  y. 

Let  the  dcsirod  result  of  transformation  bo 

f  (a;,  y)  =  0,    ot  x  (v)  =  0. 

nrolving  y  at  least.  Combining  either  of  these  equations 
rith  the  primitive  wo  can  eliminate  y,  and  so  obtain  a  rela- 
lon  between  x  and.c  which  will  determine  c  as  the  function 
f  «  required. 

It  IB  evident  however  that  the  conversion  of  c  into  a  func- 
in  of  X  could  not  convert  the  primitive  into  an  equation  not 
volving  y.  For  a  variable  cannot  be  eliminated  from  an 
Illation,  except  by  the  aid  of  another  e(juation  which  contains 
B,t  variable. 
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Similarly  the  conversion  of  c  into  a  function  of  y  wodi 
enable  us  to  convert  the  given  primitive  into  any  deanJ] 
equation  involving,  of  the  two  variables,  at  least  x. 

Eic  Let  it  be  required  to  convert  the  equation  y  =ca;iirfij 
a?'-f  y*=  1,  by  the  conversion  of  c  into  a  function  of  a^ 

Eliminating  y  from  the  given  and  the  proposed  equatidkj 
we  have 

ai'  +  cV  =  l, 

whence  c  =  — — • — - . 

X 

This  value  of  c  substituted  in  y  =  ex,  converts  it  Into 

which  is  equivalent  to  cb'  +  ^  =  1. 

3.  Let  us  now  enquire  what  determination  of  c  as  a  fon^ 
tion  of  X  will  convert  the  primitive  ^(a?,  y,  c)  =?  0  into«| 
relation  between  x  and  y  still  satisfying  the  diflferential  equi- 
tion. 

Now  the  complete  primitive  of  a  difiFerential  equation  (i' 
the  first  order  is  always  by  solution  with  respect  to  y  redoi  I 
ble  either  to  a  single  equation  or  to  a  series  of  equations  J 
the  form 

y=/(^>c) (1). 

If  we  differentiate,  regarding  c  as  constant,  we  have  astl* 
derived  equation 

dy  _df{x,  c)  ^ 

dx'^     dx      • ^^ 

and  the  elimination  of  c  from  this  by  means  of  the  preview 

equation  gives  us  a  value  of  ^  which  satisfies  the  differentiJ 

equation.  That  differential  equation  would  then  still  be  8at» 
fied  if  c  were  regarded  as  variable,  provided  that  the  variatioD 
were  such  as  to  leave  unchanged  the  form  of  the  relation  l^ 
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'een  j'jyand  c  in  the  primitive  and  in  the  derived  eciiiation. 
» the  nature  of  c  does  uot  affect  the  mode  of  the  elimina^  ■ 


Differentiating  (1)  then  on  the  hypothesis  that  c  is  a  fuoe- 1 
>n  of  X,  and represeDting  the  differential  coefficient  of  c  thus  1 


"^© 


'     lie 


■+n 


Vie  have 


W  ■' 


du. 


Dd  tiia  ■will  agree  in  form  with  the  expression  for  -~  in  (2) 

j  fc5?  (g)  -  0.     But  to  appose  g)  -  0  would  be   to 

appose  c  a  constant  and  to  return  to  the  ordinary  primitive.  J 
t  remains  therefore  that  for  a  singular  solution  we  have 


<i«=^. 


0,     or 


=  0., 


..(*). 


[^18  is  Uie  first  analytical  condition.  What  it  means  is  that 
i  a  fixed  value  be  given  to  x  in  the  primitive,  y  must  not 
y  for  an  infinitesimal  variation  of  c.  And  by  this  condi- 
s  to  be  determined  as  a  function  of  x. 


low  in  accordance  with  the  reasoning  of  Prop.  i.  the  sub- 
ilution  of  a  function  of  w  for  c  in  a  primitive  which  contains 
t,  cannot  lead  to  a  resulting  equation  not  containing  i/,  though 
|l  may  lead  to  a  resulting  equation  not  containing  x.    Hence 

m  condition  -,"  =  0  can  only  lead  to  those  singular  solutions 

ID  the  expression  of  which  y  at  least  is  involved.  Had  we 
luced  the  primitive  to  the  form  x=/{t/,  c)  we  shouJd,  as  is 
ident  from  the  principle  of  symmetry,  have  arrived  at  the 
'  condition 


=  0.. 


a  by  which  c  would  be  determined  as 


(5). 

1  function  of 


J 
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y.  And  the  substitution  of  such  value  or  values  of  c  la  the  I 
primitive  would  lead  to  all  Biogular  Bolutions  iii  the  expression  I 
of  which  X  at  least  is  involved.  I 

It  will  be  remembered  that  what  is  essential  to  a  Gingukr  I 
solution  is  that  c  should  not  admit  of  determination  as  a  I 
constant  wholly  independent  of  the  variables.     But  whether  I 
it  be  determined  as  a  function  of  ir  or  a^  a  function  of  y  is  I 
indifferent.     The  one  form  is  usually,  but  not  always,  con-  I 
vertible  into  the  other  by  means  of  the  primitive.     Thus,  if  | 
the  primitive  be  in  the  form  ^  (x,  y,  c)  =  0,  and  c  be  deter-  I 
mined  in  the  form  c  =f{y),  the  elimination  of  y  between  these 
equations  will  generally  enable  ua  to  determine  c  aB  a  functioB 
of  X  \  but  it  will  not  do  so  if,  in  the  elimination  of  y,  c  should 
disappear. 

Thus  if  the  primitive  were 

the  value  of  c  determined  as  a  function  of  y  by  the  condiUon 

-  =0  would  be  c=y,  and  this  value  of  c  ia  not  expresmbll 

by  means  of  x,  for  on  attempting  to  eliminate  y  between  the 
above  equations  c  also  disappears.     Nor  is  it  indeed  possible 

in  the  above  case  to  satisfy  the  condition  -^  =  0,    Hence  it  is 

necessary  in  establishing  a  general  method  to  take  a,ccount  of 
loth  the  conditiona  (4)  and  (5). 

And  these  conditions  are  sufficient     No  other  is  impUed. 

The  comparison  of  (2)  and  (3),  from  which  the  condition  -v-  =  0 

dx 
was  derived,  leads  also  to  the  condition  -—=0,  but  not  to  any 
dc  ■' 

other  condition.    The  expresBiona  which  they  furnish  for  ^- 

become  equivalent  in  two  cases  only,  viz.  1st,  if        •'    ■  "O, 
the    case   first    considered ;    2ndly,    if    without    supposing 


Lrison  witli    — ■ 


Jf{x,e)  ,df{x,c)_ 


r' 


c  being  regarded  aa  a  fitnetion  of  x,  and  therefore  variable, 
e    factor  (-J-)  cannot  be  continuously  infinite.     Now  dif- 
ierentiating  tlie  equation  y=f{x,.c)  we  have 

SeQce..  if  we  make  dy  =  0,  we  have 

dx^  ^df{m,c)  ,af{x,6) . 

dc  dc      ~^     dx     ^  '' 

that  (61  assumes  the  form  — ,-  =  0.   But,  as  a  demoiistration 
^  '  dc 

jrf  this  condition,  the  above  method  is  less  general  than  the 
f«vious  one,  for  it  assumes  the  possibility  of  expressing  as  a 
anctioii  of  X  the  value  of  c  determined  by  the  condition 

«  0.     Now  that  value  is,  primarily  a  function  of  y,  and  may 


it  be  expressible  at  all  by  means  of  x. 


i,j 


dx_ 

'  do~ 


in  effect  analytical  expressions  of  what  logicians  term  ci 
Stional  propositions.  The  former  expresses  that  if  x  he 
asumeil  constant,  y  will  not  vary  for  an  infiuitesimal  varia- 
ioii  of  c;  the  latter  that  i/y  be  assumed  constant,  x  wUl  not 
fm'y  '*>'  ^^  intinitesimal  variation  of  c, 

£ach  of  these  conditions  then 


4. 


0. 


I  its  upecial  case  of  failure.     The  former  cannot  lead  us  to 
B.  D.  E.  \Q 
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singular  solutions  in  which  y  is  not  involved;  the  latter  can- 1 
not  lead  to  those  in  which  x  is  not  involved.  It  is  proper  V 
to  shew  that  except  in  such  cases  of  failure  they  arel 
equivalent. 

As  expressed  by  means  of  the  primitive  y  =f{x,  c),  these  J 
conditions  assume  the  forma 

m".")     0       ¥(<'.  c)  .  dfi^.  c)      „ 
da  '  dc        '       dx  ' 

dc  do      ax 

and  these  are  equivalent  unless  -J-  be  0  or  infinite. 

But  -7-  =  0   implies  that  the  singular  solution  is  of  tbafl 

form 

y=&  definite  constant, 

and  this  is  precisely  that  form  of  singular  solution  which  thea 


bllDllarly  -r-  =  ou  ,  ueiug  ttjuivajeui  lu    ,-  = 
the  singular  solution  is  of  the  form 

85  =  a  definite  constant, 
and  this  is  that  form  of  singular  solution  which  the  condiUaB- 
-—  =  0  fails  to  give. 


I 


Thus  the  conditions  ,   =0,   j-=Oj  although  not 


'  dc 
equivalent,  do  not  lead  to  conjlictivg  results. 

"When  we  cannot  solve  the  primitive  equation  with  respect 
to  y  and  a;  so  as  to  enable  us  to  form  diret;tly  the  expressions 


mitive  by  <^  =0,  we  have  on  differentiation 
dx  dy    "      dc 
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Representing  the  pri- 


dx  _ 
dc~ 


rf0"' 
dx 


..(9), 


md  tlie  second  memters  of  those  equations  must  be  equated 
to  O. 

"We  8Ge  that  these  second  members  will  usually  vanish  if 
^^  ^  0.     And  this  equation  ^-  =  0  is  adopted  by  some  writers 

■B  &  sufGcient  expression  of  the  rule  for  the  derivation  of  the 
riTigiilar  solution  from  the  complete  primitive,  unrestricted 
by  any  accompanying  condition.  (Lagrange,  Calcul  des  Fonc- 
[tcm«,  p.  207.)  We  must  notice  however  that  the  vanishing 
dif        dx  . 


dc 


1  (9)  may  be  due  not  to  the  vanishing  of  the 


laroerator    , -,  but  to  the  assumption  of  an  infinite  value  by 

denominator  -i^  or  -;- .     The  latter  is  indeed  quite  as 
di/        ax  ^ 

_ik>AhW  a  cause  as  the  former  when  i^  is  not  expressed  as  a 
.tiotial  and  integral  function  of  a;  and  y.    And  even  when  0 

thus  expressed  the  condition  -  -  =  0  may  fail  through  its 
involviog  a  iactor  contained  in  j-  or  -j-  .    "We  conclude  that 


dy         da;  ' 


rtiilo    the  true  testa  of  a  singular  solution  are-h  =  0  and 


dy_ 


s  O,  &ny  subsidiary  conditions  such  s 


dc 


do 


=  0, 
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-^  =co ,  are  only  to  "be  used  for  purposes  of 

never  without  reference  to  the  more  fundamental  relations 
which  they  take  the  place. 

The  following  is  a  legitimate  example  of  the  application 

the  Buhsidiary  condition    j-  =  0. 

The  complete  primitive  of  the  differential  equation  ^  =  ^i 

isy=  {x  —  cY.    Hero  4>  =  y  —  {x  —  c)',  and,  this  heing  ration 

and  integral,  the  condition  -^  =  0  jrives  2  fa;  —  cl  =  0,  wheni 

o     '  dc         "  ^         ' 

c  =  x,a  palue  of  which,  suhstituted  in  tlie  primitive,  giveay^^ 
a  singular  solution. 

The  condition  3^  =  0  also  gives  c  =  x,  and  leads  to  the  m 

result.    But,  since  the  primitive  solved  with  respect  to  x  gil 

3!  =  c  +  J  I  the  condition  -j-  —  ^  cannot  be  satisfied.    Tfaiia  t 

singular  solution  Is  here  obtained  by  means  of  the  cooditi 

^  =  0,  and  not  by  the  condition  -r  =  0. 
do  •'  dc 

5.  The  chief  results  of  the  above  investigation  are  co 
bined  in  the  following  Proposition. 

Prop.  ii.  Etei-y  singular  solution  of  a  differential  ea 
Hon  of  the  first  order  may  be  deduced  from  its  complete  prwi 
tive  by  giving  therein  to  c  a  variable  value  determined  frC 
that  primitive  by  either  or  both  of&.e  eqvatiojis 

^?-O,f-0 (1). 

dc        '    dc  ^  '^ 

And  any  sohdion  "which  is  thus  obtained,  and  which  conm 
also  obtained  by  giving  to  c  in  the  primitive  a  constant  valui) 
a  singular  solution. 

The  conditions  (1)  are  equivalent,  except  when  one  only 
the  vaiHables  x  and  y  is  involved  in  the  singular  solution 


u 
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tons  involving  only  the  variable  y  resulting  only  from  the 
Ondition  -r  =^<  "•"d  those  involving  only  the  variable  x  re- 

lulling  only  from  the  condition  ^  =  0. 

When  the  primitive,  represented  by  0  =  0,  is  rational  and 
ntegral  we  may  for  convenience  employ  the  single  condition 

j;=  0 ;  but  never  without  reference  to  the  fundamental  con- 

KfWM(I). 

In  the  statement  of  the  above  theorem  the  two  following 
|nrticulars  should  be  noticed. 

1st.     It  supposes  c  to  be  determined  aa  a  variable  quantity. 
Hoir  if  c  be  obtained  as  a  function  of  both  a;  and  y,  a»  it 


jMerally  will  be  if  the  condition  - 


=  0  be  made  use  of,  it 


taiy  be  necessary  by  a  subsequent  elimination  to  reduce  it  to 
ininction  of  one  of  the  variables,  in  order  to  assure  ourselves 
bU  it  is  not  constant  in  virtue  of  the  relation  between  x  and 
established  in  the  primitive. 

2iidly.  The  theorem  takes  account  equally  of  the  positive 
id  of  the  negative  characters  of  a  singular  solution.  The 
Itsteoce  of  a  variable  value  of  c  determined  by  either  of  the 
uditious  (1)  does  not  assure  us  that  the  resulting  solution  is 
Igular,  unless  constant  values  of  c  are  at  the  same  time 
unded. 

Ex.  1.     The  equation   y^-3.xy-£^+{\  +  x^(^=\,\iaa 

ita  complete  primitive  y~cx-^-J{\  —  c').  Its  singular 
utioD  is  required. 

i  ^=x — TT, ^-     Hence-,-  =  0  gives  for  c  the 

dc  V(l  -  c)  dc  *• 


e  value  c  = 


y  =  VC-^+l). 


,  the  substitution  of  which  in  the 
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This  value  of  y  satisfies  the  given  differential  equation,  aH  1 
it  is  evident  on  inspection  that  it  is  not  included  in  the  com-J 
plete  primitive.  Formally  to  establish  this,  we  find  on  ehnu-fl 
Dating  y  between  that  equation  and  (1) 

<^  +  V(l-c-)-V(»'  +  l); 

solving  which  with  respect  to  c,  we  have  the  unique  valmB 

c=-rr^ — TT.  which,   aEtreeine  with  the  value  of  c  hefowl 
•J{x-  +1)  '   "6         &  I 

employed,  shews  that  c  admits  of  no  other   value,  and  ill 

particular  that  it  admits  of  no  constant  value.     The  solutiiXi| 

18  therefore  singular. 

.    .         dx  .      m 

The  condition  j-  =  0  would,  in  the  above  example,  giilfl 
c  =  — -,  and  lead  to  the  same  final  result. 

y 

We  must  be  careful  not  to  rely  upon  the  condition -t-'= 

except   under  the   circumstances   specified   in   the  genefi 
theorem.     This  remark  will  be  illustrated  in  the  foUowing  I 
example. 


Ex.  2.  The  complete  primitive  of  the  differential  eqn 
tion  y=px-\ — ,  where  p  stands  ior-^ ,  k  y  —  cx  — 
and,  if  we  represent  its  first  member  by  ^,  the  eliniini 
C  between  the  equations  0  =  0,  ;^  =  0,  gives  the  singular  boIu* 
tion  j'  =  4nur. 

But,  though  this  is  not  a  procedure  likely  to  be  adopted,  if 

we  reduce  the  primitive  by  solution  to  the  form 

y  ±  V(.v'  -  ^mg)     „^_„ 
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ad  then,  represent  Its  first  member  by  ip,  we  shall  have 


1 


dc  '  dif 


\x~  x-J{i/'-A,vix))' 


(re  the  singular  solution  y*  —  i>mx  ~  0,  before  obtained, 

t,  but 
do 


n  to  he  dependent,  not  upon  the  vanishing  of 
^ttn  the  assumption  of  an  infinite  value  by  ->— . 


The  true  ground  of  preference  for  the  conditic 


dc 


y  =  0,  conaists,  however,  not  in  the  directness  of  their  appli- 

tttion  to  irrational  forms  of  the  primitive,  hut  in  the  plainness 
of  their  geometrical  interpretation,  and  still  more  in  their  fun- 
damental relation  to  the  problem  of  the  derivation  of  the 
ingular  solution  from  the  differential  equation — questions 
hereafter  to  be  discussed. 

The  following  example  is  intended  to  illustrate  that  portion 
the  theorem  which  relates  to  the  negative  character  of  a 
igular  solution. 

The  complete  primitive  of  the  differential  equation 

-  c)*.     The  singular  solution  is  required. 
e  conditioo  ~j-  =  ^  gives 

Ca!-c)(ar-3c)=0, 


whence  c=x,  or  ^.  These  values  of  c,  hotli  of  which  are 
variable,  reduce  the  primitive  to  the  forms 

y  =  0,     3'=27' 

and  both  these  are  solutions  of  the  differential  equation.  But 
while  the  latter  of  the  two  is  not  included  in  the  complete 
primitive,  the  former  is  included  in  it.  If  between  the  equa- 
tions 

we  eliminate  ]/,  the  resulting  values  of  c  will  be 

c  =  0,     c  =  x. 

"We  see  therefore  that  the  solution  to  which  we  were  led 
by  the  assumption  c  =  ar  is  a  particular  integral.  But  it  pos- 
sesses the  geometrical  properties  of  a  singular  solution  ei- 
plained  in  the  following  Article. 


Qeotnetrical  Interpretation. 

6.  Let  y  =f{x,  c)  represent  a  family  of  curves  the  indi- 
vidual members  of  which  are  determined  by  giving  different 
values  to  c.  Then,  adopting  for  a  moment  the  language  of 
infinitesimals,  the  differentiation  of  _y  with  respect  toe  implies 
the  transition  from  an  ordinate  y  of  one  curve  to  an  ordinate 


de 


dc,  corresponding  to  the  sanie  value  of  a:,  but  belonging 


to  another  curve  of  the  f 
changing  c  into  c  -1-  dc. 


,  viz.  the  t 


„*= 


;  obtained  bv 


When  we  impose  the  condition  -:-  =  0,  we  demand  that  this 
transition  shall  not  affect  the  value  of  the  ordinate  y  corre- 
sponding  to  a  value  of  x  determined  by  the  equation  ,    =0. 


Seace  the  singular  equation  obtaioed  by  the  elimination  of 

between  the  equations  y  =f(.^,  c),  -f  —  0,  represents  the 

ircus  of  such  points  of  successive  intersection. 

In  stricter  langoage,  the  singular  solution  represents  the 
>cus  of  those  points  which  constitute  the  limits  of  position  of 
le  points  of  actual  intersection  of  the  different  members  of 
»e  family  of  curves  represented  by  the  equation  y=f{x,  c), 
iways  excepting  the  case  in  which  that  locus  coincides  with 
particular  curve  of  the  system. 

And  as  at  these  limiting  points  the  value  of  -/-  is  the  same 

T  the  locus  of  the  singular  solution  and  the  loci  of  primitives, 
follows  that  the  former  has  contact  with  every  curve  of  the 
^ter  system  which  it  meets.  The  locus  of  the  singular  solu- 
on  is  seen  to  be  the  envelope  of  "the  loci  of  primitives.  The 
ivelope  of  the  loci  of  primitives  is  the  locus  of  a  singular 
ilution,  except  when  it  coincides  with  one  of  the  particular 
ci,  of  which  it  forms  th*e  connecting  bond. 

Similar  observations  may  be  made  with  reference  to  the 

fcndjtaon-j--0. 


J)erivaH<m  of  the  singular  solution  from  the  differential 

equation, 

*J.  "We  have  found  that  the  singular  solution  of  a  differen- 
tH  equation  considered  as  derived  &Dm  its  complete  primitive 
k^esses  the  following  characters. 

1st.     It  satisfies  one  of  the  conditions  -r-  =  0>  t-  =  0. 
do  dc 

Snd.  It  is  not  possible  to  deduce  it  trom  the  complete 
iniitive  by  giving  to  c  a  constatit  value. 

It  has  also  been  shewn  that  the  positive  conditions  are 
quivnlent  except  when  the  singtilar  solution  involves  only 
of  the  variables  id' its  ejtpression.    ^> 
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Now  we  shall  endeavour  to  translate  the  above  cliaracters  I 
from  a  language  whose  elements  are  x,  y,  and  c  to  a  language  1 

whose  elements  are  x,  y,  and  -r- , — from  the  language  of  tlie 

complete  primitive  to  the  language  of  the  differential  equati<HL  J 

If  we  differentiate  with  respect  to  a;  the  complete  primitive  I 
expressed  in  the  foim 

y-f  {':.<') (1), 

we  obtain  the  derived  equation 

p-'^ (^). 

and  substituting  in  this  for  c  its  expression  in  terms  of  ac  a 
y  given  by  the  primitive  (1),  we  have  finally  the  different^ 
equation  in  the  form 

p^<i>{^.y) (3). 

Thus  the  differential  equation  (3)  is  the  same  as  the  derived  I 
equation  (2),  provided  that  c  be  considered  therein  as  a  Aino  | 
tion  of  X  and  y  determined  by  (1). 

Accordingly  we  have 

gi.(3,=|i.(2,><gi.O), 

ay  dasda  aa 

■    f-.^       dc      ^     dy     .      df{x,c) 
Bince  in  (1)        ^-  =  1  -=--^  =  1  -r-^-^i — -. 
^  '       ay  dc  «c 

Hence  |  i.P) -^  log^^'. 


dy     dx 


'*■■ 
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provided  that  the  vaJue  of  the  first  member  be  derived  from 
the  differential  equation,  that  of  the  second  member  from  the 
complete  primitive. 

In  like  manner  if  we  suppose  the  complete  primitive  ex- 
pressed in  the  form 

we  shall  have  tbrougli  symmetry  tlie  relation 


dx  \p}     dt/ 


dx 


•.(3). 


the  first  member  referring  to  the  differential  equation,  the 
second  to  the  complete  primitive. 

The  equations  (4)  and  (5),  wbich  are  rigorous  and  funda- 
mental, establish  a  connexion  between  the  differential  equa- 
tion and  the  complete  primitive,  and  it  now  only  remains  to 


introduce  the 
former. 


We  begin  with  the 


=  0  leads  to  a  singular  solu- 
tion it  does  so  by  enabling  us  to  determine  c  as  a  function 
of  X,  Buppose  c  =  A'.  Before  proceeding  to  more  genera!  con- 
ttiderations  it  will  be  instructive  to  make  a  particular  hypo- 
thesis as  to  tbe/orm  of  the  equation  -^-  =  0, 

Suppose  then  this  equation  to  be  of  the  form 

Q(c-X)-~0 (6), 


wi  being  a  positive  constant  and  Q  a  function  of  3;  and  c,  which 
neither  vanishes  nor  becomes  infinite  when  c=A'.  Thisbypo- 
theBta  is  at  least  sufficiently  general  to  include  all  the  cases  in 

vrhi^h  ^  =  0  is  algebraic. 
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By  (6)  we  have  then 


dQ 

dy- 

d 
"dx 

'»4^ 

dx 

...(T, 


and  the  second  term  of  the  right-hand  memher  having  c-3 
for  its  denominator  and  not  containing  c  at  all  in  its 
rator,  is  infinite.     At  the  same  time,  we  see  that  no  ffli 
infinite  term  would  present  itself  were  c  determined  » 
constant. 


dx    ^  do' 
hand  member  of  (7)  being  now  reduced  to  its  first  term. 

The  conclusion  to  which  this  points  is  that  -j-  is  infiutc" 

a  singular  solution,  but  finite  for  a  particular  integral. 

Again,  suppose  the  value  of  c  in  terms  of  x  and  y  w 
niahed  by  algebraic  solution  of  the  complete  primitive  wi 
c  =  tb(x,  y),  then  substituting  this  value  in  the  equntM 
c  ~  A  =  0,  we  obtain  the  singular  solution  in  the  form 

<i>{x,y)-X  =  {i. 

Now  the  same  substitution  gives  to  the  infinite  term  in  f 

value  of  J-  the  form 
ay 

dX 

dx 


<p{x,y)-X 

We  see  then,  in  the  case  of  a  singular  solution  correspM 

ing  to  a  determination  c  =  X,  that  -r  as  derived  from  I 

differential  equation  becomes  infinite  owing  to  <t(a!,  yj- 
Occurring  in  a  denominator.     And,  whatever  modification 
form  may  be  made  by  clearing  of  fractions  or  radicals,  we  dl 
fetill  infer  that,  if  a  =  0  be  a  singular  sdlution  derived  from  I 
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algebraic  primitive,  the  function  -.-  will  become  infinite,  owing 

to  w  presenting  itself  under  a  negative  index. 

The  analysis  does  not  however  warrant  the  conclusion  that 
any  relation  between  x  and  y  which  makes  -v  infinite  will 
be  a  solution.  If  m  be  a  negative  constant,  the  second  term 
in  tbe  expression  of  -j-  is  still  infinite,  but  the  prior  condition 


do' 
dp  _ 
di' 


All  we  can  affirm  is  that  if 
3  at  ail  it  will  be  a  singular  solution. 


nating  in  a  determination  of  c  in  the  form  g=Y  will  make 


A  contrast  between  the  conditions 


0,  ^~  =  0,  and  the 
dc 


00 ,  is  also  developed.  The  former 


conditions  -j-  =  ^ 

Iciul  to  solutions,  but  not  necessarily  to  singular  solutions ; 
the  latter  do  not  necessarily  lead  to  solutions,  but  when  they 
do,  tbose  solutions  are  singular. 


Ex.  1. 
Here 


-  2xp  +  2y  =  0. 

Of? 


=  +  C^' 


which  becomes  infinite  if  y=  „-,  and  this  satisfies  the  differ- 
ential equation.     It  is  therefore  a  singular  solution. 

It  may  be  objected  against  the  above  reasoning,  not  only 
tbat  it  involves  an  assumption  as  to  the  form  of  the  etj^ua- 


siliilities  arising, irom  the  first  tenn  i 

-r-     But  it  Berves  well  to  illustrate  what,  in  the  vast  i 

jority  of  instances,  is  the  actual  mode  of  transition  from  tb 
one  set  of  conditions  to  the  other.  We  proceed  to  consids 
the  qaestion  in  a  more  strict  and  general  manner. 

8.  When  -,-  =  0  determines  c  as  a  function  of  x,  it  recipro- 
cally determines  a;  as  a  function  of  c,  so  that  if  a  definite  value 
be  given  to  c,  a  corresponding  definite  value  or  values  will  bt 

give: 

dj)  _  d  .      dif 
dy     dx    °  do 


Let  -i-  be  represented  by  -^  {x,  c),  then 


=  limit  of 


log  ■^{x-\-h,  c)  —  log  i/r  [x,  c) 


..(9), 


h  approaching  to  0. 

Now  for  a  singular  solution  -^  {x,  c)  =  0,  and  this  beiDj, 
from  what  precedes,  satisfied  only  by  definite  values  of  a;,  cor- 
responding to  our  assumed  definite  value  of  c,  it  follows  thi ' 
^  (a;  +  li-,  c)  will  not  be  equal  to  0  for  any  continuous  series  i 
values  of  A  however  small  j  neither  then  will  log'^(iB  +  A, 
retain  continuously  the  value  of  \og-<p-(x,  c),  viz.  —  eo,  "* 
the  numerator  of  the  fraction  in  the  second  member 
equal  to  the  difference  between  a  finite  and  an  infinite  quaatit 
is  infinite,  and  the  limit  of  the  fraction  therefore  infinil 
Hence  we  conclude  that  a  singular  solution  considered  ■ 
derived  from  the  primitive  by  the  conversion  of  c  into  a  fiiiK 
tion  of  X,  satisfies  I'elatively  to  the  differential  equatioo 
condition 

And  in  the  Bame  way  it  may  be  shewn  that  a  singular  Bot 
tion  derivable  from  the  primitive  by  the  conversioii  of  c  into 
!  /1\ 


Changing  tlie  order  of  the  enquiry,  let  us  now  examine 
iether  there  exist  any  other  forms  of  soUition  satisfying  the 

odition  ^"  =  00 ,  j;(-)  =  '»-  If  there  be,  it  will  be  made 
ident  that  more  is  involved  in  the  definition  of  a  singular 
Intion  than  we  have  yet  recognized  in  our  processes  of 
jduction,  or  else  that  the  definition  must  be  enlarged. 

Expressing  the  condition  ^"  =  x  ,  in  the  form 

£>°4  =  » d"). 

le  ohserre  that  if  can  be  satisfied  only  in  one  of  two  ways, 
nt.  either  independently  of  c,  or  by  some  determination  of  c, 
loilif  the  latter  again  only  in  one  of  two  ways,  viz.  either  by 
Uie  determination  of  c  as  a  function  of  x,  or  by  the  determina- 
liua  of  c  as  a  constant. 

We  may  pass  over  the  case  in  which  the  above  equation  is 
Wisfied  independently  of  c,  because  tho   relation  obtained 
>fiiild  involve   x   only,   whereas   it   haa   been   shewn   that 
ip 
y-=oo  leads  only  to  solutions  involving  y  at  least.     We 

■ay  also  pass  over  the  case  in  which  it  is  satisfied  by  the 
Uumption  c  =  X,  because  such  a  value  of  c,  if  it  lead  to 
tolutiun  at  all,  can  only  do  so  by  satisfying  the  condition 

-  =  0,  and  thus  !ead  to  the  form  of  singular  solution  already 

ivestigated.  There  remains  only  the  case  in  which  the 
taation  (10)  is  satisfied  by  a  constant  value  of  c. 

Let  then  the  equation  (10)  be  satisfied  by  c  =  a.    The  most 
meral  assumption  we  can  make  respecting  the  form  of  its 
joember  is  the  following,  viz. 


i(c)  +  (x,c). 


|e)  is  a  function  of  c  which 
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assumes  the  constant  value  in  question,  and  '^(x,e) 
not  become  infinite  for  such  value.    Hence  the  most 

form  of  log  -^  is  • 

log^  =  j<^  (c)  ylr{x,c)dx  =  <l>  (c)  jir  {x,  c)  dx. 

To  give  to  this  expression  the  utmost  generality,  we  n 
on  effecting  the  integration  with  respect  to  x,  add  aaarbit 
function  of  c.     Thus  we  shall  have 


Therefore 


^  =  g<^(<^)l/V(^,  c)  dx+x{c)} 

dc  * 


X  w} . 


or,  representiDg  the  function  lyfr  [x,  c)dx+x  (p)  ^7  ^^^^ 


dc 


n 


This  is  the  most  general  form  of  -~^,  as  determined &•; 
the  primitive,  which  is  consistent  with  the  hypothesis  tW 
-J-  log  -4-  becomes  infinite  for  a  constant  value  of  c  ^ 
cordingly  if,  supposing  the  primitive  to  be  given,  we  sov* 
to  determine  the  singular  solution  by  the  condition  r*^ 
we  should  be  led  to  an  equation  of  the  form 

or  ^(c)  <&(a?,  c)=  — 00  (12)* 

Now  this  equation  is  not  satisfied  by  any  value  of  c  wW 
makes  ^  (c)  infinite,  unless  it  give  to  4>  (a?,  c)  ah  opposite  flp 
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&  that  otif>{c).    But  this  indicates  in  general  tbe  existenca  I 
I  a  relation  between  x  and  c     Thus  suppose 


Pic)^c,     ^ix,c)  = 


tliea  (12)  beeomea 


rtiich  demands  that  c  should  receive  the  value  -co  or  +  a 
pcording  a^  a;  is  positive  or  negative.  In  either  case  c  i 
DOBtant,  but  it  ia  a  dependetit  constant — dependent  for  it«fl 

1  upon  the  sign  of  x.    Thus  the  condition  ^^  =  °o   m^l 

Euiicate  the  existence  of  a  species  of  singular  solution  derived 
»m  the  complete  primitive  by  regarding  c,  not  as  a  conti- 
lUOus  function  of  a:,  but  as  a  discontinuous  constant,  the  law 
f  it«  discontinuity  being  however  such  as  to  connect  it  with  ■ 
hv  variations  of  x. 

Ex  2.     Glvcuji-'J^-!!. 

Here  we  find 


;  =  i(H-l0gj).. 


..(13), 


lUch  is  infinite  if  y  =  0.  And  this  proves  on  trial  to  be  « 
rfntion  of  the  differential  equation,  the  true  value  of  the! 
[determinate  function  in  the  second  member  when  y 
an^O  (Todhunter's  Biff.  Cai.  Art.  158).  Now  the  complete  I 
imitive  is  w  =  e".  Hence  we  see  that  y  =  0  ia  not  a  particu-i  r 
integral  m  the  strict  sense  of  that  term.  The  value  to  be  j 
■igneu  to  c  ia  not  wholly  independent  of  x.  We  may  there- 1 
re  regard  y  =  0  as  a  singular  solution  satisfying  the  condition  1 


9.  We  have  said  that,  in  general,  the  equation  (12)  in-  i 
Bates  the  existence  of  a  relation  between  x  and  c.  A  case 
exoeptioQ  however  exists.  Representing  if>  (c)  by  C,  sup- 
«e  ^  («,  e),  expressed  in  terms  of  x  and  C,  to  be  capable  of 
vclopment  in  descending  powers  of  Gi  suppose,  too,  that 
B.  D.  K.  II 
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the  first  term  of  the  development  la  of  the  form  AC,  who 
A  is  constant  and  r  >  —  1,  Then  as  C  approaches  infiurt 
(12)  tends  to  assume  the  form 

^C"'  =  -co, 

indicating  that  C,  and  therefore  c,  possesses  more  than  i 

value,  real  or  imaginary.     Here,  then,  the  condition  ^=*1 

would  accompany  a  solution  possessing  this  singularity,  ri 
that  it  corresponds  to  a  •multiple  value  of  c,  the  arbitnr 
constant  in  the  complete  primitive.  It  is  in  fact  a  apcci«!< 
tnultiple  particular  integral. 

Ex.  3.     Given  ]^ — pxy  -\- if  \o^  y  =  0. 

Here  ^_  ».y  iy  V(J- ^log.y) . 

therefore 

d£     x±iJ(3?~4,]ogy)  1  ... 

dl/  2  ■*"V(a=*-*log^) ^    '' 

and  this  is  made  infinite  by  y  =  0  and  by  a;'  —  4  log  y  =  0,  tin 

is  by  ^  =  0.    5^  =  e'  ■ 

Both  these  satisfy  the  differential  equation,  and  tbc  second 
obviously  a  singular  solution.     To  determine  the  natuifi 
the  first  let  it  be  observed  that  the  complete  primitive  is 
y  =  ««-*•, 

and  that  this  reduces  to  y  =  0,  irrespectively  of  the  value  of  ^ 
by  the  assumptions  c=  +  oo  and  c=-oo.     Now  this  ia  '' "' 
only  case  in  which  two  particular  integrals  i^ree.    W,e  ini_^ 
in  any  case,  by  changing  in  the  complete  primitive  of 
equation  c  into  c*,  get  two  values-of  c  for  a  particular  int« 
but  then  it  would  be  for  etiery  particular  integral.     It  is 

when  the  property  is  singular,  that  the  condition  ~f 

satisfied. 


THE  DIFFERENTLSlj'B^ifflftilJr 

It  is  obvious  that  one  negative  feature  marks  all  the  cases 

,  which  a  solution  involving  y  satisfies  the  condition  -^  =  co , 

It  is,  that  the  eolation,  while  expressed  by  a  single  equation, 
not  connected  with  the  complete  primitive  by  a  single  ' 
id  absolutely  constant  value  of  c.  In  the  first,  or  aa  it 
light  be  termed  envelope  species  of  singular  solutions,  c  re- 
aves an  infinite  number  of  different  values  connected  with 
ihe  values  of  z  by  a  law.  In  the  second  it  receives  a  finite 
dumber  of  values  also  connected  with  the  values  of  ic  by  a 
iw.  In  the  third  species  it  receives  a  finite  number  of  values, 
letemiinate,  but  not  connected  with  the  values  of  x. 

If  we  observe  that  all  the  above  cases,  while  agreeing  in 
4o  piiint  which  has  been  noted,  possess  true  singularity,  we 
iliall  be  led  to  the  following  definition. 

Definition.    A  singular  solution  of  a  differential  equation 

the  first  order  is  a  solution,  the  connexion  of  which  with 

e  complete  primitive  does  not  consist  in  the  giving  to  c  of 

k  tingle  constant  value  absolutely  independent  of  toe  value 


Criterion  of  species. 

10,  It  is  a  question  of  some  interest  to  determine  whether 
jgjven  singular  solution,  w  =  0,  of  a  differential  equation,  is 
the  envelope  species  or  not. 

On  the  particular  hypotheses  assumed  in  Art.  7,  it  is  shewn 
bat  singular  solutions  of  the  envelope  species  possess  the  fol- 

owing  character,  viz.  if  u  =  6  be  such  a  solution,  then  J-- 

imes   infinite   though   containing  a  term  in  which  u  is 
^sented  under  a  negative  index. 

Now  inquiries  which  are  scarcely  of  a  sufficiently  elemen- 
My  character  to  find  a  place  in  this  work,  indicate  (with  very 
^h  probability)  that  this  character  is  universal  and  indepen- 
i^l  of  any  particular  hypothesis,  and  that  it  constitutes  a 

iterion  for  distinguishing  solutions  of  the  envelope  species 

Id  others. 

11—3 


Aa  an  example  of  an  lijpothesis  different  from  that 
Art.  7,  let  us  suppose 


dc      log  (c  -  X) ' 


Trhich  vanisli 

esi 

,hmc- 

-X, 

We  find 

dQ 
dx 

dX 


The  second  term  in  the  right-hand  member  becomes  luis 
terminate  wheuc=X,  but  its  tnie  value  is  «  ,  and  itassaiM 
this  value  in  consequence  of  c  — A'  presenting  itself  withi 

negative  index.     We  remark  that  the  fraction  y     ^-ta  i 

one  which  vanishes  with  c  —  X  in  whatever  manner  c  —  Xit 
proachea  to  I), — a  consideration  which  is  quite  of  esBSAU 
importance. 

Applying  the  above  criterion  to  some  of  the  previous  Sf 

amplea,  we  see  from  the  form  of  -j-  in  Ex.  1,  Art.  7,  that  tb 

singular  solution  belongs  to  the  envelope  species;  in  (II 
Art.  a,  it  is  implied  that  the  solution  is  not  of  that  spedfi 
in  (14)  Art  9  two  species  are  indicated,  the  solution  y 
resulting  from  log  y  =  —  xi  being  not  of  the  envelope  spedf 
while  the  other  solution  is  of  that  species, 

11.  The  collected  results  of  the  above  analysis  are  coa 
■tained  in  the  following  theorem. 

Theorem.    The  singular  solutions  of  a  differential 
of  the  first  order  (Dcf.  Art,  9)  consist  of  all  relations 
belong  to  one  or  both  of  the  following  classes,  iiiz. 

1st.     Itelations  involving  y,  with  or  viiikout  x,  which 

■^  infinite  and  on  ly  infinite,  and  aatiafg  the  differential  i 
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2nd.     Relations  involving  x,  viith  or  wttJiout  y,  which  make 
~  ( "J  i"fi^ite  Hid  only  infinite,  and  satisfy  the  differential 


When  a  solution  as  above  defined  t»  actually  obtained  by 
)juating  to  0  a  factor  which  appears  under  a  negative  index  in 


!  expression  of 


dp 


-  f  - 1  it  may  6s  considered  to  I 


dy  '  dx  \pj 
b  the  envelope  species  of  singular  solutions.  In  other  cases  it  in 
iiducible  from  the  complete  primitive  by  regarding  c  as  a  con- 
'wt  of  multiple  value, — its  particidar  values  being  either  1st 
fendent  in  some  way  on  the  value  of  x,  or  2ndly  independent 
X,  hut  still  such  OS  to  render  the  property  a  singular  one. 

We  may  add  that  there  exist  cases  in  which  the  characters 
lif  different  species  of  solations  seem  to  be  blended  together. 

may  admit  of  both  a  finite  and  an  infinite  value, 

a  duplex  genesis  of  the  solution  from  the  complete 
It  maj  ako  happen  that  the  assumption  of  an 


HRI>ft] 


.UKiitive  index  or  to  a  logarithm.  And  then  it  should  be 
IqDired  whether  or  not  the  solution  is  of  the  envelope  species, 
nt  marked  with  some  peculiarity  arising  from  a  breach  of 
utinuity  in  the  mode  of  its  derivation  from  the  complete 
limitive. 

The  following  examples  are  intended  to  elucidate  particular 
nnta  either  of  theory  or  of  method. 


Ex.1.    Given  (l+^)(J)-2x2,g+y 


-1  =  0. 


ThiB  equation,  firat  discussed  in  Brooke  Taylor's  Meihodus 
\ermtentorwni,  is  remarkable  as  having  afforded  the  earliest 
nance  of  the  actual  deduction  of  a  singular  solution  from  a 
fierential  equation  (Lagrange,  Calovl  des  Fwictions.  p,  276). 
'e  diall  first  explain  Taylor's  procedure,  and  afterwards 
plj  the  above  general  Theorem, 
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5-0. 


(i+'^i-'y-o. 


Taylor  differentjatea  the  equatioo,  and  finding 

resolves  this  into  the  two  equations 

p.=o 

The  second  of  these  gives  j  =  aa;  +  6,  which  i 
differential  equation  provided  that  i  =  V(l  — <**), 
complete  primitive  is 

The  first  equation  of  (1)  gives,  on  eliminating  —  bj 
of  the  differential  equation, 

and  tliis  he  terms  the  singular  solution  (sinffnlaris  qn 
solutio  problsmatis). 

To  apply  to  this  example  the  general  method,  we  fio 
_tcy  j:  Vfji'-y'  +  l) 


(1) 

isfies 
Thu 


[.■"  +  1 


Hence,     -^  = 
dy 

eing  t 
have  the  equations 


^v(-«"-y+i)i 


11^-3,*+ 1 =0, 
»' + 1 = 0, 

but  of  the  second  of  these,  as  it  doea  not  involve  y  1^ 
expression,   no  account  is  to  be  taken.     The  first  u 

-J-  infinite  whether  the  upper  or  the  lower  sign  be  takeB,1 

satisfying  the  differential  equation,  ia  a  singular  adM 
Agaiu,  as  also  it  is  derived  from  the  vanishing  of  a  fuor 
under  a  negative  index,  it  belongs  to  the  envelope  s 
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'e  may  add  that  it  loigbt  be  found  but  less  readily  from  the 

The  following  ex&mple  is  intended  to  illustrate  the  use  of   , 
e  latter  condition. 

Ex.  2.     Given  ^  =  x^. 


Hence,   since  p  = 
itisfied. 


'iQ- 


nd  this  is  satisfied  by  x=0  if  n  be  less  than  1,  but  ia  not  ] 
itisfied  by  a;=  0  if  n  be  equal  to  or  greater  than  1. 

Now  the  differential  equation  is  satisfied  by  a;  =  0,  whatever  ' 
Dsitive  value  we  give  to  n,  as  may  be  seen  by  expreaaing  it 

I  the  form  -y  =  x".    We  conclude  therefore  that  z  =  0  is  a 

i^lar  solution  of  the  proposed  equation  if  n  be  positive  and 
Bthan  1,  but  a  particular  integral  if  n  be  equal  to  or  greater 
BD  1.  We  infer  too  that  the  solution,  when  singular,  be- 
Igs  to  the  envelope  species. 

Xn  Terification,  it  may  be  observed  that,  if  n  be  not  equal 
1,  the  complete  primitive  is 


^ 


-i(i-»)(y-=)r- 


Kow  if  n  is  less  than  I,  the  index  in  the  second  member  is 
Btive,  and  we  cannot  have  x  =  0  unless  the  quantity  under 
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the  index  be  made  equal  to  0.     But  this  would  give  e^ 
Hence,  a;  =  0  is  a  singular  solution. 

If  «  be  greater  than  1,  the  index  in  the  second  membei 
being  negative  we  cannot  have  x  =  0  unless  the  quantitfi 
under  the  index  becomes  infinite.  But  this  it  doeaifcn 
infiaite.     Here  then  a:  =  0  is  a  particular  integraJ. 

If  n  be  equal  to  1^  the  complete  primitive  is 


=  c^, 


and  this 
then  alat 


■educed  to  ai  =  0  by  the  assumption  c  =  0.    Hen 
=  0  is  a  particular  integral. 

The  following  example  is  intended  to  illustrate  a  ckss  of 

value. 
Ex.  3,     Given  ^  -  2aa/^j)  +  iy^  =  0. 
Here  we  find 


Therefore 


and  this  apparently  becomes  infinite  when  j 
**  —  %'  =  0,  L  e.  for 


Let  us  inquire  what  are  the  true  values  of 


« 

=  0,  aud  wha 


1st.     Ify  = 


16 


we  find,  on  substitution  and  reduction, 


dp      2(      ^     2     I 


'hich  becomes  infinite  whichsoever  sign  be  taken.     Hence, 
r^  is  a  singular  solution; 
of  the  envelope  species. 


=  ;r^  is  a  singular  solution;  and,  from  the  mode  of  its  origin, 


if'i'in,., „.. 

tile  upper  sign  be  taken,  but  assumes  the  ambiguous  form  -  if 

ihe  bwer  sign  be  taken.     To  determine  its  true  value,  we 

^  —  6a* 

Day  expand  the  fraction  — ,  ■  in  ascending  powers  of  wi. 

V(ar'-V) 
Vo  thuB  find 

|=^.{-(»-¥-^)}. 

'liich,  as  before,  gives  -^  =  <c  when,  -taking  the  upper  sign, 
t  make  y  =  0,  but  on  taking  the.]ower  sign  gives 

2 
=  -  +  terms  containing  positive  powers  of  y. 


These  results  lead  ua  to  infer  that  the  solution  y  =  0, 
alginates  in  two  distinct  ways  from  the  primitive,  which  is  in 
Ilia  case  y  =  c*  (x  —  c)'.  It  is  evident  that  this  is  reduced  to 
(=0,  by  either  of  the  assumptions  c  =  0  and  c  =  x.  Hence 
lie  solution  y  =  0  is  a  particular  integral. 

At  the  same  time  it  is  to  be  noted  that  this  solution  pos- 
Kees  all  the  geometrical  properties  of  a  singular  solution. 
Tho  complete  primitive  represents  an  infinite  system  of  para- 
uoIm  whose  axes  are  parallel  to  tbe  axis  of  y, — whose  vertices 
•11  touch  the  asis  of  x,  which  thus  constitutes  a  branch  of 
^hcir  complete  envelope, — and  of  whose  parameters  each  is 
UTeiselj  m  tbe  square  of  the  distance  of  the  corresponding 


k 
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I  from  the  origin  of  co-ordinatea.  The  nearer  any  ptr* 
'  ticular  vertex  ia  to  the  origin,  the  more  does  the  curve  to 
which  it  belongs  approach,  to  a  straight  line;  and  the  carve, 
if  we  may  contintie  thus  to  speak,  whose  vertex  la  at  the 
origin  coincides  with  the  axis  of  x  which  is  the  envelope  of 
the  series.  It  might  in  a  certain  real  sense  be  said  thai  tba 
particular  and  the  general  are  here  united. 

The  following  example  shews,  though  by  no  means  in  tk 
Lmost  extreme  case,  how  alight  may  be  the  difference  between 
I  a  singular  solution  and  a  particular  integral. 

iax-j-  =  y  (log  X  +  log  y  —  Vj. 
',  -f-  ^J  p,  ^e  have 


_y(log3;+Togy-l), 


I  therefore 


i3~ 


ga;  +  logy 


land  this  becomes  infinite,  1st,  if  y  =  Q,  2ndly,  if  y 

JSnlly,  ifa;  =  0. 

The  first  only  of  these  satisfies  the  differential  equatiM. 
I  the  afisumption  j  =  0  reducing  the  indeterminate  functiott 
I  y  log  y  in  the  second  member  to  0  (Todhunter's  Differenm 
\  Calculus,  Alt.  158).  We  conclude,  that  y  =  0  is  a  sii^ultt 
tflolution,  but  from  the  nature  of  its  origin  not  of  the  enveb^ 
■species. 

Now  the  complete  primitive  is  y  =  — ,  and,  judging  frc*' 

I  this,  it  might  at  first  sight  seem  as  if  y  =  0  were  a  particultf 
'  integral  correspondingtoc  =  — oo.  We  remark  howeverthst 
*  the  primitive  la  not  reduced  to  y  =  0,  by  the  assuraptio 
c  =  —  oo ,  unless  x  be  positive.  If  a;  is 'negative  we  muat  mal 
c  =  +x  to  effect  that  reduction.  In  fact,  the  value  of  c  whii 
reduces  the  complete  primitive  to  the  form  y  =  0,  though  i 
dependent  of  x  in  all  other  respects,  is  dependent  upon  x  fo 
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[D.  which  must  always  be  opposite  to  the  sign  of  ;r. 
his  connexion,  slight  as  it  is,  deteimiDes  the  character 
BolntioD. 

!   following  example  illustrates  a  mode  of  procedtn 
may  be  adopted  when  -j-  \ 

IS  fonn  t;  )  while  the  differential  equation  cannot  readilj 
red  with  respect  to  p. 

Given  p'  —  tzyp  +  8^  =  0. 
erentiating  with  respect  to  y  and  p,  we  find 
dp  _  irp  —  16,y 
rfy  ~  3p'  -  *^ 
lating  to  0  the  denominator,  we  have  p  —  -      -, 

tnting  this  value  in  the  differential  equation,  we  obtain 
It  resolvable  into  the  following  equations,  viz. 

»=^»".  »-o 

of  which  satisfies  the  differential  equation, 
in  (1),  the  former  of  these  values  of  y  makes  -f~  infinite, 
I  evidently  a  singular  solution.     The  latter  value  of  y 


.* 


to  the  form  - 


rfy  0 

determine  the  real  value  or  values  of  ~  when  a  =  0,  we 

ibtuD  from  the  differential  equation,  regarded  as  a  cubic 
espect  to  p,  the  three  expressions  for  that  quantity  in 
ling  powers  of  y,  substitute  them  in  the  second  member 
and  then  after  reduction  make  y  =  0. 
ill  somewhat  simplify  the  process  if  we  transform  the 
siwis  by  assuming  p  =  2(y*.     We  shall  have 

dp_  2xf-4j,i 

dy     zeyi-^ ■ ^'*'' 


L 
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vhile  the  diffijiential  equation  will  become 

f  ~ic(-f^*  =  0 (4), 

wli'tcli,  expressed  in  the  form 


(  = 


„i 


givus,  by  Lagrange's  theorem, 


Substituting  in  (3),  and  retaining  th( 
contain  the  lowest  power  of  ^,  we  have 


:  terms  odIj  whit 


Such  is  the  value  of  -j^  corresponding  to  the  value  of  t  whi< 
is  given  by  Lagrange's  theorem. 

That  value  of  t  vanishes  with  y.  Its  other  values  do  U 
vanish  with  y,  but  approach  the  limits  +x^  as  y  approach 
to  0;  for  if  in  (4)  we  make  ^^  =  0,  we  find  0  and  ±jr*  fc 


corresponding  values  of  t.     Now  if  in  (3)  we  make  y  = 
=  +  -^x,  we  have 


dy 

From  these  results  combined  we  infer  that  y  —  Ois&  par- 
.  ticular  integral,  possessing  the  geometrical  chai-acters  of  a 

L  singular  solution.     It   originates  in  fact  from  the  comjdete 

■  primitive  5  =  c  (a:  — c)',  either  by  making  c  =  0  or  c  =  a:.     And 

I  that  primitive,  like  the  primitive  of  Ex.  3,  represents  a  system 

I  of  parabolas  enveloped  by  one  of  their  own  number. 

L 


Setting  out  from  the  priraitiv 
dx     °  dc~  x  —  i 


-3c" 


tXAUPLGS  Of  imoaSlAAS.  SOLUTIONS. 


This  expression  becomes  infin' 


c=  s  correspond! 
It  becomes  infinite  when 


ingtc 


the  singular  solution  y=^-^x 

and  assumes  the  value  -  when  c=  0, — these  cases  belonging 

to  the  particular  integral  y  =  0.  All  these  determinations  agree 

-with  those  of  -/-  obtained  from  the  differential  equation. 
dy 

The  following  is  an  example  of  a  special  geometrical  pro- 
l}lent  generalized. 

Ex.  6.    Determine  a  curve  such,  that  the  area  intercepted 
lj«tween  its  tangent  and  the  rectangular  co-ordinate  axes  shall 

l>e  constant  and  equal  to  -^ . 

The  supposed  area  is  a  right-angled  triangle  whose  base  and 
perpendiculai',  being  the  intercepts  cut  off  by  the  tangents  from 

the  co-ordinate  axes,   are   expressed   by  a;  —  -,    and  y  —  xp 

respectively.     We  have  therefore 


{i/-3y)  (a:-|) 


pi 


Proceeding  in  the  usual  way  the  singular  solution  will  he 
found  to  be 


representing  an  hyperbola,  while  the  complete  primitive  repre- 
MDtfl  the  series  of  tangents  by  whose  successive  intersection 
the  curve  is  generated. 

To  generalize  the  above  problem  we  might  suppose  &func- 
tiotial  relation  given  between  the  intercepts.  The  differential 
equation  would  assume  the  form 


j/-arp=/(i 


I- 


Its  complete  primitive  would  always  be  determinable  by  ^i 

\   method  of  Art.  9,  Chap.  vii.     Or,  since  x-^  =  -  ^-^^^ ,  it  i 

.      .  .        P       .     P 

I   easily  seen  that  the  equation  ia  reducible  to  Clairaut's  form 

y-xp  =  4>ip). 

I  The  singular  solution  may  then  be  found  either  as  if 
I  Chap.  TIL,  or  by  the  direct  application  of  the  coniiitidft 
I  dp  _ 

Geometrical  problems  which   are  of  a  truly  syraraetridl 
i   character  frequently  admit  of  this  kind  of  generalization. 

Bemarks  on  the  foregoing  theory. 

12.  As  the  theory  of  the  testa  of  singular  solutions  whid 
has  been  developed  in  this  Chapter  differs  in  many  matwii 
respects  from  any  that  have  been  given  before,  it  is  proper  I 
shew  in  what  its  peculiarity  consists.  To  this  end  it  will  1 
I  necessary  briefly  to  sketch  the  liistory  of  this  portion 
analysis. 

Leibnitz  in  1G94,  Taylor  in  1715  (see  Ex.  1,  Art.  11). » 
Clairaut  in  ITS*,  had  in  special  problems,  and  Euler  in  178 
had  in  a  distinct  memoir  entitled  Exposition  de  quelquea  Ponl 
doxes  du  Calcvl  Integral,  examined,  more  or  less  deepl 
various  questions  connected  with  the  singular  soiutioDS  ( 
differential  equations.  Taylor  in  particular  had  first  reooj 
nised  the  distinctive  character  of  such  solutions  as  set  forth  i 
their  definition.  The  problem  of  the  deduction  of  the  sincnll 
solution  from  the  differential  equation  seems  however  to  ha? 
been  first  considered  in  its  general  form  by  Laplace.  Th 
same  problem  was  subsequently  investigated  in  a  dlfferei 
manner  by  Lagrange,  and  again  in  a  still  different  way  b 
Cauchy.  The  state  of  the  theory  up  to  the  present  time  wi 
be  adequately  represented  by  a  summary  of  the  results 
'which  these  several  investigations  have  led. 

1st.     Laplace  {M^maires  de  VAcad^mie  des  Sciences,  177 

employing  the  method  of  expansions,  arrived  at  results  wUl 
agree,  so  far  as  they  go,  with  those  of-  this  Chapter.    Tm 
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feply  only  to  the  envelope  species  of  solutions,  and  the  demon-  ■ 
fcrations  of  them  rest  essentially  on  the  hypothesis  expressed* 
b  (6),  Art.  7.  'I 

Lagrange,  with  whom  oi'iginated  a  more  fundamental  ideafl 
tf  the  method  of  the  inquiry,  was  led  to  the  less  exact  criteria- j 

ay  ax  ■ 

[Caiad  dea  FoTKtions,  Le9onB  xiv — xvii.)  I 

)   Csuchy,  whose  method  was  founded  on  the  study  of  the  1 
jtasea  of  failure  of  certain  processes  for  obtaining  the  complete 
ptimitive  in  the  form  of  a  series,  was  led  to  the  conclusion 
ithat  a  singular  solution  must  satisfy  one  of  the  two  following 

^  _  0        dp  _  JH 

dy  ~  0  '      ^  ~  ^ '  9 

ler  with  a  certain  further  condition,  the  application  <^l 
vnich  depends  upon  a  process  of  integration  (Moigno,  (7aZcu£,9 
Vul.  n.  p.  435).  ■■ 

Upon  these  results  the  following  ohservations  may  be  made, 
1st,   Although  Laplace  recognised  the  necessity  of  employ- 
ing in  certain  cases  the  condition  -r-  [-]  =  «),  for  -j-  =  <x>, 

*lbaequent  writers  who  have  employed  his  method  seem  to 
We  invariably  omitted  this  qualification. 

Sndly.    The  supposed  criterion  -^  =  oo ,  introduced  by 

paoge,  and  since  very  generally  adopted,  aa  the  proper  accom; 

pmiment  of  -j^-  =  x ,  is  erroneous.     If  we  should  apply  it  to 

Et  2,  Art.  1 1,  viz.  p  =  a;"",  we  should  be  led  to  the  conclusion 
Hat  z  °  0  is  a  singular  solution  whenever  n  is  positive.  We 
uve  seen  however,  both  from  the  application  of  the  true  test, 
nd  by  verification  from  the  complete  primitive,  that  «  =  0  ia 
I  angular  solution  only  when  n  is  less  than  1, 


g 
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The  priuciple  of  Lagraage's  method  was  tte  same  as  tkl 
adopted  in  the  present  Chapter,  and  consisted  in  expressing 


I  differential  coefficients  derived  from  the  complete  primitn 

"before  the  elimination  of  c.     The  fallacy  which  vitiated  hi 

I  results  consisted  in  assuming  that  these  expressions  becoBH 

infinite  in  consequence  of  the  appearance  of  a  vanishing  fattit 

in  their  denominators  (Calcul  des  Fonctions,  pp.  229,  23S), 

I  Moiguo,  the   expositor  of   Cauchy's   views,   also  quotes  L»- 

I  grange's  method   and  results  a,s  presented  by  CarafFa,  M 

\  without  involving  any  essential  variation  {Galcui,  Tom  H 

p.  719).     Professor  De  Morgan,  in  perhaps  the  latest  puUk 

\  cation  on  the  subject,  adopts  Lagrange's  results,  expresetng 

I  however,   only  a  qualified  confidence  in  his  method  (Co* 

f  bridge  Pkilosopkical  Transactions,  Vol.  ix.  Pt  II.     "  On  K 

I  points  of  the  Integral  Calculus").     And  be  illustrates  tbea 

'  results  by  geometrical  considerations  which  are  sufficient  tt 

I  shew  that  they  contain   at  least  a  considerable  element « 

I  truth.    Nor  should  this  be  thought  surprising.    For  it  is  jdaat 


,  and  the  true  conditio 


that  Lagrange's  condition   -J-  = 

,  -3-  (  -  J  =  00 ,  are  equivalent,  except  when  the  singular  M^ 

tion  makes  p  assume  one  of  the  forms  0  and  00 ,  And  m 
cases  do  exist,  Perhaps  the  peculiar  difficulty  of  this  aubJM 
haa  consisted  in  the  faint  and  shadowy  character  of  tbelio 
by  which  (ruth  and  error  are  separated. 

13.     Of  Cauchy's  tests  the  first,  viz.  -f  =  7i,  ™ay  certain!] 


I  ambiguous  form  it* 


et  aside.     Whenever  -^  assumes  0 

°y  .... 

true  value  or  values  must  bo  determined.  This  is  illustratM 
in  some  of  the  foregoing  examples.  Professor  De  Morpnl 
observations  on  this  subject  in  the  memoir  above  referred  tfl 
are  deserving  of  attention.  The  final  criterion,  which  is  peculiC 
•to  Cauchy's  theory,  seems  to  be  founded  upon  what  we  cannO 
but  regard  as  an  unanthorized  position  as  to  the  meaning  n 


solotiaa.    Thus  j*  =  0,  the  sotutiou  deduced  by  the 

^  =  oc  from  the  difiereudsLl  equation  »  =  v  l^C  Vt  •« 
*^  .     '     ~'        1 

^rded  by  CWochTr  as  a  paniciJaT  int.^raL  Now  alUiougb.  1 
leo  z  is  reaJ  lie  complete  primitive  Ic^j'  =  ce*  reduces  tol 
=0  hy  ihe  a^^mptioQ  c  =  —  x ,  it  docs  not  nocesf»nly  do  I 
when  X  la  imaginary,  Thns,  if  x  =  Tr\/{—l),  we  miis^l 
ike  c  =  ao  ,  in  order  to  give  y  =  0.  Cauchy's  rule  seems  in-  I 
«d  to  h&ve  been  desiimed,  oootrary  to  tlie  general  spirit  of  I 
■  own  wiitiogs,  to  exclude  the  coosideration  of  imagiiMiyT 
nfaiea. 

Properties  of  Singular  Solutions. 
14,  Tarious  properties  of  singular  solutions  of  the  eo^l 
iofe  species  have  been  demonstrated.  Of  these  we  ehall  I 
Kioe  the  most  important. 

exact  differential  equation  does  not  admii  of  a  \ 
tgular  «oIutu>n. 
t£A  the  supposed  equation  be 


dx  dy         dx        " 


•■(I). 


C^  let  l/=/(x)  be  a  relation   actually  satisfying   it   and] 
mmed  to  be  dnguiar.     On  this  assumption  the  primitive  ■ 
te  s)  =  e  must,  on  substituting  for  y  its  value  /{x),  dcter- 
inc  c  as  a  function  of  x  and  not  a  constant.     l)et  F{x)  be 
e  value  of  c  thus  determined,  then  ^  (x,  y)  =  F'{x)  whence 
d4>(x,j,)     d<f>ir,r,)  d>,_dFix) 

dx       "^       dy        dx         dx    '■"^■ 

liich  cootnuiictfi  (1),  since       ,        cannot  be  permanently  I 
}ual  to  0,  unless  F{x)  is  constant. 

Sndly.    It  follows  direcUif  from  the  above  thai  a  stngida 
hitx^m  of  a  differential  equation  of  the  first  order  and  d 
"'    Ha  integrating  fwUirs  ivfinite, 
let  the  proposed  equatioi 


Mix-^Ndg  =  Q.. 


....(3)> 
12 


and  let  p  be  an  integratitig  factor.     Then 

fi{Mdx  +  Nd^)  =  0 (4), 

will  be  an  exact  difierential  equation.  Hence,  a  singular 
solution  of  (3),  while  it  makes  the  first  member  of  tbal 
equation  to  vanish,  will  not  make  the  first  member  of  (4)  to 
vanish.  Now  comparing  these  members,  thia  can  only  be 
through  ita  making  /i  infinite. 

Ex.  The  equation  x  +  j/  J^  =  J'-'/(3?+jf*-a')  hasforits 
mngular  solution  sz^+y*  =  a'.    An  integrating  factor  is 

(a^  +  j'-a-)'!, 
and  this  the  singular  solution  evidently  makes  infinite.   Mul- 
tiplying the  equation  by  its  integrating  factor  and  transposing 
we  have  the  exact  differential  equation 

Vta:"  +  j"  -a')      da;        ' 

and  this  is  not  satisfied  by  a:*+y  =  a',  the  singular  solution 
of  the  unrestricted  differential  equation. 

Srdly,  I^veii  when  we  are  unable  to  discwer  Us  inteffrating 
/actor,  a  differential  equation  viay  be  so  prepared  as  to  cease  to 
admit  of  a  given  singular  solution  of  tlie  envelope  species. 

This  proposition  is  due  to  Poisson,  and  tbo  following 
demonstration,  which  is  purposely  given  in  order  to  illustmte 
the  nature  of  the  assumption  usually  employed  in  the  theory 
of  singular  solutions,  does  not  essentially  differ  from  his. 

Let  us  represent  the  singular  Bolution  by  u  =  0,  and  traua- 
form  the  ditferential  equation  by  assuming  u  and  x  as  varia- 
bles in  place  of  y  and  x.  Suppose  the  new  equation  reduced 
to  the  form 

du 


=/(^.") (5). 


where  p  stands  for  - 
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This  equation  is  either  satisfied  or  not  satisfied  by  n  =  0. 

If  it  is  not  satisfied,  the  preparation  in  question  has  already 
been  effected. 

If  it  is  satisfied,  the  second  member  /(x,  w)  contains  some 
positive  power  of  u  as  a  factor.  Assuming  that  it  can  be 
deTeloped  in  ascending  positive  powera  of  u  it  becomes 

p  =  Au'+BuP+  ...-i-&c. 
where  A,  B,  C,  &c.  are  functions  of  x. 

Now,  for  a  singular  solution  -J^  =  x>.     Hence  w  =  0  must 

render 

A  ai<*~*  +  B^iiP~^  +  &o.  =  00 . 
But  this  demands   that  there  should  exist  at  least  one 
negative  power  of  u  in  the  above  development;   therefore 
a—  1,  which  is  the  lowest  index,  must  be  negative;  therefore 
a  being  already  positive  must  fall  between  0  and  1. 

Hence  we  are  permitted  to  express  the  differential  equa- 
tioa  in  the  form 

P=Qu% 

where  a  is  a  positive  fraction,  and  Q  docs  not  involve  u  either 
HP  a  factor  or  as  a  divisor. 
Dividing  by  «',  we  have 


du 


"'  1-a.dx" 

Now  u  =  0  makes  «'-"=  0,  since  1  -  et  is  positive.  Hence 
the  first  member  of  the  above  equation  vanishes,  while  the 
■econd,  not  containing  u  as  a  factor,  does  not  vanish.  In  its 
pcesent  form  then  tbe  equation  is  no  longer  satisfied  by 
«  =  0. 

We  see  also  that  the  property  of  being  satisfied  by  w  =  0 
biw  been  lost  in  consequence  of  a  transfonnation  which, 
exhibiting  the  singular  solution  in  the  form  of  a  distinct  alge- 
Iffaic  factor  of  the  c(]uation,  permitted  its  rejection.  See  Art,  1. 
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t  has  been  shewn  in  the  remarks  on  Clairant's  equation  hoif, 
in  the  process  of  ascending  by  differentiation  to  an  equatim 
of  a  higher  order,  a  somewhat  analogous  effect  is  produced, 
the  singular  solution  seeming  to  drop  aside  under 


4thly.     Lagrange  has  noticed  that  a  sirtgidar  solution  wiff 
i  generally  make  the  value  of  -j-^,  as  deduced  from  the  difertn- 

I  tial  equation,  asswine  the  ambiguous  form  ^ .     His  demonatw 

tioD,  in  the  statement  of  which  we  shall  endeavour  to  exlilHt 
distinctly  the  assumptions  which  it  really  involves,  is  fflU 
stantially  as  follows.  Let  the  differential  equation  ezproBH 
in  a  rational  and  integral  form  be 


i^(ar,y,j>)  =  0.. 


then  differentiating 
dF, 


dy 

dp        dF    dF 

Hence  -r  =  —  -, — :--;-  =00  

dij         ay      dp 

Now  i^  being  rational  and  integral,  -7-  and  -,—  are  so  alai 
'  dy      _     dp 
and  therefore  the  above  can  only  become  infinite  for  fin^ 

Talues  of  X,  y,  and  p,  by  supposing  j—  =  0.     This  reduces  3 

to  the  form 


dFj       dF, 
-^^+dy'^-- 


=  0.. 


dx"-^'^dy"^-'' W- 

Now,  as  obtained  from  the  differential  equation, 
d'y  _dp     dp  dy 
dii?     dx     dy  dx 

dF     dFdy 

dx     dy  dx 


-sP 


r 
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an  expression  which  the  previous  results  reduce  to  tlie  form  " 


■'ft  consequence  dp  =  x  in  (2),  so  as  to  aETect  the  legitimacy 
Hf  the  deduction  of  (i).     For  ;/-  =  *  expresses  a  conditional 

Ciositioii,  whose  antecedent  ia :  If  a;  be  constant.     Now  in 
deduction  of  (4)  x  is  not  supposed  to  be  constant. 

Lagrange's  demonstration  is  certainly  only  applicable  to 

the  envelope  species  of  singular  solutions.     Of  sucb  solutions 

lit  wpresses  however  an  interesting  property.     For  the  dif- 

'ratd  equation  being  geometrically  common  both  to  the 

I  of  the  singular  solution  and  to  the  locus  of  each  paiti- 

r  primitive,  the  ambiguity  of  value  of  ,^  at  the  point  of 

CMttaet  shews  that  that  contact  is  not  generally  of  the  second 
i  Arder. 

In  like  manner,  F{x,  y,  p)  still  being  supposed  rational  and 
'  integral,  the  equation 


dF{x,  y,^  _ 


\.-wr,  by  the  theory  of  equations  that  the  existence  of  a 
11-i.ilar  solution  implies  in  general  the  existence  of  a  series 


to  agree,  viz.  the  values  of  -.-  in  any  particular  primitive, 

and  in  the  singular  solution. 

15.     Mr  De  Morgan  has  made  the  very  interesting  remark, 

that  when  the  condition -^=x,  or -^f  in  strictness  -,--]  =  5e. 

ay  dx\  dxpj 

i\n---i  not  lead  to  a  solution  of  the  differentiitl  equation,  what  it 
■  ill.'-  Icjid  to  is  the  equation  of  a  curve  which  constitutes  the 
;  ■cvi>  of  {Kiints  of  infinite  curvature  (most  commonly  cusps) 
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in  the  system  of  curves  represented  by  the  complete  prinjitil 
(TranBactiona  of  the  Cambridge  Pkiloaopkical  Sodetff,  VoLe 
Part  It.).  Geometrical  illustrations  will  be  fouM  in  I 
'r  referred  to. 


EXERCISES. 

1.  The  complete  primitive  of  a  differential  equation 
y+c=V(iC*+p'— «').  where  c  is  the  arbitrary  constant  Shi 
that  the  sinffiilar  solution  is  x*  +  t/'  =  a\  and  that  it  may  i 
connected  with  the  primitive  by  either  of  the  equivalent  ri 
tions  c  =  —  y  and  c  =  \/(a*  —  x*). 

2.  "Why  is  the  above  singular  solution  deducible  by  I 
application  of  either  of  the  conditions  -^-  =  0,   j   =  0  ? 

3.  Expressing  the  primitive  in  Ex.  1  in  a  rational 
integral  fonn  ^  (ar,  y,  c)  =  0,  deduce  the  singular  solutioi 

the  application  of  the  condition  ^  =  0, 

4.  Tho  complete  primitive  of  a  differential  equation  b< 
X—  a  =  (y  —  c)",  shew  that  the  singular  solution  is  deduc 

by  tho  application  of  the  condition  j-  =  0  but  not  by  ths 

the  condition  -^  =  0,  and  explain  the  circumstanca 

R.  The  differential  CMiuation,  whose  complete  primm 
given  in  Ex.  1,  may  be  exhibitcil  in  the  form 

(:^-a^)  p'  -  2xyp  -  a;*  =  0. 

Hence  also  deduce  its  singular  solution'  and  thereby 
the  previoiia  result. 

6.  Form  the  differential  equation  whose  complete  prinii 
is  given  in  Ex.  4,  and  shew  that  the  singular  solution  ia 

ducible  by  the  application  of  the  condition  -j —  = 


vm.}  EXERCISES.  183 

that  of  the  condition  J-  =  <x) ,  and  explain  this  circum- 


'.    Shew  that  the  singular  BolutionB  in  the  last  two  ex- 
ples  are  of  the  CDvelope  species. 

I.    The  differential  equation  ^=jtia;  +  —   (Ex.  2,  Art.  5) 

iy  =  cj;+  -  for  its  complete  primitive,  andy  =  +nia;  for  ita   ' 
pilar  solution.     Verify  in  this  example  the  fundamental 
tiion  1 


*-i'»^l- 


I,  Deduce  both  the  singular  solution  aud  the  complete 
nitive  of  the  differential  equation  y=px  +  V(J'  +  a'/*'),  and 
irpret  each,  as  well  as  the  connexion  of  the  two,  geometri- 


0.  The  following  differential  eqiiations  admit  of  singular 
.^0118  of  the  envelope  species.     Deduce  them. 

j^BI  a:y-2(a-y-2)jj+y  =  0. 

^^B  iy  -  ay)  C™?  -  «)  =  mnp, 

y  =  (x-l)p-p'. 

1.  The  equation  (1  —  a:')  p  +  art/  —  a  =  0  is  satisfied  by  the 
Ltion  y=ax.  Is  this  a  singular  solution  or  a  particular 
grall 

B.     The  equation  y  = -^  ia  satisfied  byy  =  0,  which  also 

Nevertheless  y  =  0  is  a  particular  inte- 

Shew  that  this  conclusion  is  in  accordance  with  the 
nral  theorem  (Art.  11). 

!he  equation    p(j;'- 1)=  Siylog;/   haa   a  singular 


</«  \p/ 


MfAx  is  not  of  the  envelope  species. 


Dotcrmine  it. 


14.  Determine  also  the  complete  primitive  in  the  last  cs- 
ample,  and  shew  how  the  singular  solution  arises. 

15.  The  equation 

{p-vT-  2^V  i.p~y)= *  A'  -  *^y  'og  y 

IB  satiefied  hy  ^  —  0.     Shew  that  this  is  a  singular  solution  I 
but  not  of  the  envelope  species.  i 

16.  Find  singular  solutions  of  each  of  the  following  equa-  j 
tiona,  and  determine  whether  or  not  they  are  of  the  eave!«(«| 
species. 

1.  p'  +  Ip^?  —  ia;'^. 

2.  xp"  -  2^  +  4;c  =  0. 

3.  xp  =  n[ar-v{y~x')\<}Q{y-x'')]. 


Geometrical  Applications. 

In  solving  the  following  problems,  the  differential  eqnatio 
being  formed,  its  complete  primitive  as  well  as  its  singal'^^ 
solution  is  to  be  found  aod  interpreted, 

17.  Determine  a  curve  such  that  the  sum  of  the  interce] 
made  by  the  tangent  on  the  axes  of  co-oi'dinates  shall 
constant  and  equal  to  a. 

18,  Determine  a  curve  auch  that  the  portion  of  its  tangeo 
intercepted  between  the  axes  of  x  and  y  shall  be  conetant  ai 


19.  Find  a  curve  always  touched  by  the  same  diameter 
a.  circle  rolling  along  a  straight  line. 

20.  Find  a  curve  such  that  the  product  of  the  perpendici 
lars  from  two  fixed  points  upon  a  tangent  shall  bo  constai 
(Euler,     See  Lagrange,  Calc.  des  Ftmctions,  p.  282.) 


epresenting  the  product  by  jfc*,  and  the  distance  between 
pven  pointa  by  2m,  making  the  axis  of  x  coincide  with 
itrsight  line  joining  them  and  taking  for  the  origin  of 
dinates  the  middle  point,  the  differential  equation  is 


l+p' 


ingulor  solution  is 


=f.) 


.     Deduce  also  the  complete  primitive  of  the  above  dif- 
itial  equation. 

1.   If  the  primitive  of  a  differential  equation  be  expressed 
10  form  ip  {x,  y,  a)  =  0,  the  condition  ;/  =  0  may  be  ex- 


,  ■     .,      -         d4>  (x,  y,  a)     t 
led  m  the  form     ■    ■ ,  '- — -  -5-  - 
da 


'  (a-,  y. «)  _ 


0.     Art.  4. 


se  it  bas  sometimes  been  laid  down  that  ,    '  -■  =  00 

lead  to  a  fdngular  solution.     Raabe,  in  Crelle's  Journal 
«■  nngidiire  integrale,  Tom.  48),  points  out  that  this  rule 

&il  if  at  the  same  time  -^^ ,'  "'    ^  should  become  in- 

da 
!.     Can  it  fail  in  any  other  caae  1 

.     Exemplify  Baabe's  observation  in  the  equation 

a:  +  C-v'(Gc3f-3c')=0, 

the  complete  primitive  of  S^p*  —  Gyp  +  x+2y  =  0. 
e  same  time  shew  that  the  singular  solutions  are 

J  -  a:  =  0  and  3j  +  x  =  0.     ( Crelle,  lb.) 

The  complete  primitive  of  a  differential  equation  is 

(c-ic  +  i/)'-3(j:  +  y)  (c-a:  4.v)'  +  l  =  0. 
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Representing  its  first  member,  which  is  ratiozuil  and  intepl 
by  ^,  the  condition  ^  =  0  assumes  the  form 

3(c-a?  +  y)  (c-3x-y)  =0. 

Shew  that  c  —  x  +  y  =  0  will  not  lead  to  a  solution 
differential  equation  at  all,  while  c  —  3a?  —  y  =  0  will,» 
explain  this  circumstance  by  a  reference  to  Art  4. 

Note.  The  reader  is  reminded  that  in  aU  references  to  the  genol* 
ditions  y=^  «uid  —  f -j  =  oo,  the  oo  means  simply  •«  infinity"  inl# 
tively  of  sign.    See  General  Theorem,  Art.  11, 
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CHAPTER  JX. 


DIFFERENTIAL   EQUATIONS   OF   AN    ORDER   HIOHER  THAN     > 
THE  FIRST.  0-- 

..     The  typical  form  of  a  differential  equation  of  the  n"" 
tJer  ia  given  in  Chap.  I.  Art.  2.     We  may,  by  solving  it  J 
ilgebraically  with  respect  to  its  highest  differential  coefficient,! 
resent  it  in  the  form 


S=/(- 


'  dx '   dj?  ' ' 


dx'-'J" 


genesis  from  a  complete  primitive  involving  n  arbitra 
has  been  explained,  Chap,  i.  Art.  8 

Conversely,  the  existence  of  a  differential  equation  of  th«J 
bove  type  implies  the  existence  of  a  primitive  involving  7^1 
rbitrary  constants  and  no  more ;  and  a  primitive  possessiny^ 

is  char£M;ter  is  termed  complete. 

The  converse  proposition   above  stated,  is  one  to  which  I 
uious  and  distinct  modes  of  conF(ideration  point,  but  con^l 
Iming  the  rigid  proof  of  which  opinion  has  differed.     The;] 
iew  which  appeajs  the  simplest  is  the  following.     If,  as  in' 
hap.  II.  Art.  2,  we  represent  by  A^  (a:)  the  increment  which 
te  function  i^  (a;)  receives  when  x  receives  the  fixed  incre- 
leot  A.c,  and  if  we  go  on  to  represent  by  A^<f>  (x)  the  incre- 
>ent  which  the  function  Ai^  {x)  receives  when  x  again  receives 
le  same  fixed  increment  Ax,  and  so  on,  then  it  is  evident 
iuittbe  values  of  A0(j;),  A'lpix),  &c.,  are  fully  determinable 
I  the  Bucceasive  values  of  the  function  0  (x)  in  its  successive 
Itate*  of  increase  are  known.     Thus  since       ^ 

•6  We  by  definitioa 
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and  so  on.     Conversely  if 

<f>{x},  A0(3:),  A',},(x),  &c. 

are  given,  the  successive  values  of  the  function  ^(x).  vii-tl 
values  <f>(x  +  Ax),  ip(x  +  2Ax},  &c.,&re  thereby  madu  liw 
minate.  Geometrically  wo  may  represent  tf>  (x)  by  y,  tlie « 
nate  of  a  curve,  or  of  a  aeries  of  points  in  the  plane  x,^,i 
therefore  functionally  connected  with  the  abscissa  x. 

Now  the  view  to  which  reference  has  boon  made  is  tl 
which,  Ist,  presents  the  differential  equation  (1)  as  theKm 
ing  form  of  the  relation  expressed  by  the  equation 


g=/(^ 


Ay     A'y        A"~'y'y 


'  Ax'    Ax^' 


"Aa;""', 


...» 


Aa;  approaching  to  0;  Sadly,  constructs  the  latter  eqfld 
in  geometry  (the  arithmetical  or  purely  quantitative  couW 
tion  being  therein  implied)  by  a  series  of  points  on  a  plut 
which  the  firat  n,  viz.  those  which  answer  to  the  co-ordinlt 
X,  x  +  Ax,...x  +  (n~l)  Ax,  have  the  corresponding  Tahoi 
7/  arbitrary,  while  for  all  the  rest  the  values  of  j  are^ 
mined;  3rdly,  ropresenta  the  solution  of  the  differential ffl 
tion  as  the  curve  which  the  above  series  of  points  in "" 
limiting  state  tend  to  form.  According  to  this  view,!* 
arbitrary  points  in  the  constructed  solution  of  the  equa''?. 
differences  (2)  give  rise  to  one  arbitrary  point  in  theliM" 
curve,  accompanied  by  n  — 1  arbitrary  values  for  ^  _ 
«  —  1  differential  coefficients  of  its  ordinate.  And  thin" 
of  consideration  appears  the  simplest,  because  it  assain* 
more  than  the  definition  itself  demands  of  us  when  we  at"* 
to  realize  the  geometrical  meaning  of  a  differential  coeffi* 
as  a  limit.  We  may  however  add  that  when  by  the  W 
deration  of  the  limit,  the  mere  existence  of  a  primitiW- 
been  established,  other  considerations  would  suffice  lo  ^ 
that  in  its  complete  form  it  will  involve  n  arbitrary  COM* 
and  no  more.  The  fact  that  each  integration  introdw 
single  constant  is  a  direct  indication  of  the  fact.  An  iw^ 
proof  of  a  more  formal  character  will  be  found  in  a 
by  Professor  De  Morgan  ( Transactions  of  the  Cat 
losopkical  Society,  Vol.  ix.  Pt,  ii.). 


Cambriitk 

1 


r.!.] 


AH  OEDBR  HIGHER  THAN"  THE  FIRST. 


The  above  theory  may  be  illustrated  by  ths  form  in  which 
laylor's  Theorem  enables  us  to  present  the  sokition  of  a. 
tfferential  equation  of  the  it'"  order,  as  will  be  seen  in  the 
(llowing  Article. 


Solution  hy  development  in  a  seiies. 
Reducing  the  proposed  equation  to  the  form 


Arf^.t 


'  dx' 


the  first 


■(3). 


Hd  differentiating  with  respect  to  x 

-^ ,  while  the  second  member  will  in  general  involve  all 

W  differential  coefficients  of  y  up  to  -j-^ ,     If  for  the  last  we 
_  itatitute  its  value  given  in  (3),  the  equation  will  assume  the 

h  p-/(-^.i.-p) «■ 

HqIU^-;;^  is  expressible  in  the  same  manner  as  -—;- ,  viz.  in 

Wna'pf  «.  y.  O'lid  the  first  n  —  1  differential  coefficients  of  y. 

Differentiating  (4)  and  again  reducing  the  second  member 
f  means  of  (3)  we  have  a  result  of  the  form 


;^=^(^ 


'  dx' 


^!^ 


..(5), 


in  this  form  and  by  the  same  method  all  succeeding  dif- 
Wntial  coefficients  may  be  expressed. 

Hence  reasoning  as  in  Chap,  ii.  Art,  12,  we  see  that  eup- 
QUBg  y  to  be  developed  in  a  series  of  ascending  powers  of 
!— ar,,  whore  flr,,  is  an  assumed  arbitrary  value  of  a:,  the  co- 
Bcients  of  the  higher  powers  ofx  —  x^  beginning  with  (a;  —  x„)' 
ill  have  a  determinate  connexion,   established   by   means 

tho  differential  equation,  with  the  coefficients  of  the  inferior 
of  x  —  x^.    The    latter   cccfficients,   n   in    number, 


SOLUTION  BT  DETELOPMENT  DT  A  SEHIE3.  [ctt  E 
I  begiuning  with  the  constant  term  which  corresponds  to  tlie 
I  index  0,  and  ending  with  :r"o~o — TZ. — r^  "73-1 1  which  is  tbl 


I  coefficient  of  {x  —  x^' 


1.2.3...(w-l)  de- 
,  will  be  perfectly  arbitraiy  in  ■nkm. 


To  exhibit  the  actual  form  of  the  development  let  y,,  '^^,... 

S~-i  he  the  arbitrary  values  assigned  to  t/,  -j-,  ,,, ^— ^  wIieB 

x  =  a!^.     Also  let  /,/„/,,  &c.  represent  the  values  which  th* 
Becond  members  of  the  series  of  equations  (3),  (4),  (5) 
when  we  make  in  them  x  =  x.;  then 


s' -  ^0 + y.  (■'^  - -^J  + 1"-^  (^  -  ^J°- +  rTYT;,'^  C- 


^r^ 


{':-'S-l 


i;2..:(«+i) 


(jr  —  icj"'". . .&c.  ad  inf..,, 


In  this  expression  the  arbitrary  values  of  ^  and  its  n-1 

first  differential  coefficients  corresponding  to  an  assumed 

definite  value  of  x,  viz.  y^,  y  , ...  i,'„_,  are  the  n  arbitrary  i 

I  Btants  of  the  solution,  the  values  of  f^./^^,  &c.,  being  deter 

I  minate  functions  of  these,  and  therefore  not  involving  <dJ 

I  arbitrary  element. 

Any  function  of  arbitrary  constants  is  itself  an  arbitnuj 
constant,  and  thus  it  may  be  that  an  equation  has  effectivdy* 
smaller  number  of  arbitrary  constants  than  it  appears  to  hart 
from  the  mere  enumeration  of  its  symbols.  As  a  general  pria- 
ciple  we  may  affirm,  that  the  number  of  effective  arbiti«i; 
constants  in  the  solution  of  a  differential  equation  while  oatlx 
one  hand  equal  to  the  index  of  the  order  of  the  equation,  ia* 
the  other  hand  to  be  measured  by  the  number  of  condition 
which  they  enable  us  to  satisfy.  Systems  of  conditions  to  b( 
thus  satisfied  will  indeed  vary  in  form,  but  there  is  OW 
system  which  we  may  consider  as  normal  and  to  which  il 
other  systems  are  in  fact  reducible.  It  is  that  which  is  da 
scribed  above,  and  which  demands  that  to  a  given  value  of  ' 
a  given  set  of  simultaneous  values  of  y  and  of  its  differentia 
ocefficients  up  to  an  order  less  by  1  than  the  order  of  ll 
I  equation  shall  correspond.   Conversely,  the  arbitraiy  constati 
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m 

'  a  solution  may  be  said  to  be  normal,  when  they  actually 
^present  a  simultaneous  system  of  values  of  y  and  its  succes- 
ve  differential  coefficients  up  to  the  number  required. 

Ex.     Given -T^=-^+y'.     Required  an  expression  for  y 

the  form  of  a  series  such  that  when  a?  =  0,  y  and  -/  shall 
isume  the  respective  values  of  c  and  c\ 
Differentiating,  we  have 

^--•^  +  21/ "^2^ 

=  -^  +  y*  +  2y  -^ ,  by  the  given  equation, 

-y'+(i+%)|. 

f  similar  reduction,  and  so  on.  Hence,  corresponding  to  a;=0, 
6  have  the  series  of  values, 

dy       ,    d^y       ,  ,    , 

g  =  cV(l  +  2c)c', 

g  =  c'  +  2c'  +  (l  +  4c)c'  +  2c'*, 
ttd  80  on.    Hence, 

Jf"C  +  c«  +  — 5 — or 

c'-Kl  +  2a)c'        c«+2c'.l.(l  +  4c)c'  +  2c'*   .     ,,. 
^^^.3         "^  2.3.4  -      ^ 
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FINITEI,T  INTEGHA.BLE  YOHMS. 

Finitely  Integrahle  Forms. 

As  the  difficulty  of  the  finite  integration  of  differential 

equations  increases  as  their  order  is  more  elevated,  it  becomM 

'  important  to  classify  the  chief  cases  in  which  that  difficult 

I  has  been  overcome. 

It  will  be  found  that  for  the  most  part  these  cases  art 
■  characterized  by  some  one  or  more  of  the  following  mar^ 
'  viz.  1st,  Linearity,  the  coefficients  being  at  the  eame  timi 
1  either  constant  or  subject  to  some  restriction  as  to  fonni 
2ndly,  Absence  of  one  or  more  of  the  variables  or  their  diffa- 
ential  coefficients;  Srdly,  Homogeneity;  4thly,  Expressibili^ 
in  the  form  of  an  exact  differential  or  in  a  form  easily  re- 
ducible thereto  by  means  of  a  multiplier. 

The  subject  of  linear  equations  being  of  primary  importi 
I  we  shall  devote  the  remainderof  this  Chapter  to  its  discussioB 
I  But  B&  it  wiU  be  resumed  in  another  part  of  this  work,  am 
I  in  connexion  with  a  higher  method,  we  propose  to  notice  Iw 
'  only  the  more  important  general  properties  of  linear  equatifflB 

and  to  illustrate  them  in  the  solution  of  equations  with  cw 

stant  coefficients. 

Linear  Equations. 

j,^      i.    The  type  of  a  linear  differential  equation  of  the  n 
■   order,  (Chap.  i.  Art.  4),  is 

^?-hX'S+X,^...+A'.,.X. (!), 


da^  '     'dx' 


in  which  the  coefficients  X,  X,-,.  X,  and  the  second  memba 
A' are  either  constant  quantities  or  functions  of  the  indepeiuiai 
variable  x, 

Considering,  first,  the  case  in  which  the  second  memberial 
I  the  following  important  proposition  may  be  established. 

Prop.    If.V,,  i/,,...y„  represent  n  distinct  values  of  i/,whii 
individually  satisfy  the  linear  equation, 


dx'         '  t^a;""'        '  dx' 


.+X,y  =  0.. 


.,(8). 
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len  will  the  complete  value  of  y  be 

^  c„ . . .  c,  being  arbitrary  constants.  In  other  words  the  c(y>n- 
wf«  value  of  y  is  the  sum  of  n  dietiBct  particular  values  of  y, 
ich  contaioing  an  arbitrary  constant. 

[For  on  substitution  of  the  assumed  general  value   of  y 
e  have  a  result  which  may  be  arranged  in  the  follow- 


•  d^' 


..+Jr^.) 


=  0....{9). 


jNffw  each  line  in  the  left^-hand  member  of  the  above  cqua- 
,  from  the  hypothesis  as  to  the  values  of  y,,  p.. ■-.?■» 
hual  to  0.     Hence  the  equation  (9)  reduces  to  an  identity^,) 
Ed  the  theorem  is  established. 

iTbe  problem  of  the  complete  solution  of  a  linear  equation 
I  tbe  n""  order  whose  second  member  is  equal  to  0  is,  there- 
B,  reduced  to  that  of  finding  n  distinct  particular  solutions, 
Ich  involving  an  arbitrary  constant. 

\S.    Prop.     To   solve   the    linear  equation  with  constant 
}efficitfQt3  when  the  second  member  is  0. 

Wero  the  proposed  equation  of  the  first  order  and  of  the 
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From  this  result,  and  from  the  known  constant  d 
of  the  differential  coefficients  of  exponentials,  wearelsi 
examine  tlie  effect  of  such  a  substitution  in  the  equaticui 


+  a^  =  0.... 
that 


Assuming  then  y  =  Ce"",  and 

dx" 

we  have,  on  rejection  of  the  common  factor  Ce",  the  fljul 

«i"  +  a,j7i""'  +  o,TO"~'...  +  a,  =  ft (U 

the  different  roots  of  which  determine  the  different  vilM 
m  which  make  y  =  Ce""  a  solution  of  the  equation  giva. 

When  those  roots  are  real  and  unequal,  we  have,  theri 
on  representing  them  by  m,,  7ft,,,..m,,  the  system  of  «J 
ticular  aolutiona, 

y  =  O.e-.-,  y-  C,«".-, ...  J  -  C.e--" ffl 

from  which  by  the  foregoing  theorem  we  may  constractl 
general  solution, 

The  equation  (11)  by  which  the  values  of  n*  are  detfflU' 
is  usually  called  the  auxiUary  equation. 


Ex.     Given 
Here, 


!^_i^^ 


3^  +  2,  =  0. 

=  Ce"",  we  obtain  as  the  aiu 

Wlience  the  values  of  m  are  1  and  2.     The  o 
particular  integrals  are  y  =  C^e",  and  y  =  G^ 
plete  primitive  is 
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6.    If  among  the  roots,  still  supposed  unequal,  imaginaiy  I 
fcrs  present  themselves,  the  above  solution,  though  formally  ' 
Orrect,  needs  transformation.     Let  a±b V—  1  represent  one 
i  these  pairs,  then  will  the  second  member  of  (13)  contain  a 
Orresponding  pair  of  terms  of  the  form 

'hich  we  may  reduce  as  follows, 

I*  Ce*"  (cos  hx  +  '^~-lsmix)+  C'e"  (cos  bx  -  '/'^  sin  hx) 
=  ( (7+ C")  e"  cos  S3!  +  ( £7  -  C)  V(  - 1)  e"  sin  K 

■  arbitrary  1 


i  replacing  C+  C  and   {0-  C)  V(  - 1)  by  i 
pstants  A  and  B, 


Ae"  cos  hx  +  Be"  sin  Sa; . , 


■  (i*)- 


Ex.    GiTen 


ft_4*  , 


Assuming  y  =  Ce™,  the  auxiliary  equation  is 

^"-4^  +  13  =  0, 

keiice  m  =  2  i  3  V(  —  !)■    The  complete  solution  therefore  is 

y  =  A^  cos  3«  +  JBe^  sin  Sx. 

7.  Lastly,  let  the  auxiliary  equation  have  equal  roots  I 
h«ther  real  or  imaginaiy,  e.g.  suppose  m,=  m^.  Then  in  ] 
|B  general  solution  (13)  the  terms  C[6"''  +  U^"'"  reduce  to  a  i 
bgle  term  (0,+  CJ  e"'",  and  the  number  of  arbitrary  con- 
bnta  is  effectively  diminished,  since  C  +  C,  is  only  equiva-  j 
|lt  to  a  single  one.  Hero  then  the  form  (13)  ceases  to  be 
nemL 
To  deduce  the  general  solution  when  m,  =  m,  let  us  begin  I 

suppoeing  m,  to  differ  from  m,  by  a  finite  quantity  A,  an4'  | 
13—3 
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examine  tlie  limit  to  which  the  terms  of  the  solution,  ^en 
realty  general,  approach  as  k  approaches  to  0.     Now 


.".(,H 


=  €"'■'' [A  ^Bx  +  Bh 


-„+&c 


on  replacing  (7,  +  f7,  and  C,A  by  A  and  5,  new  arbitrary  M 
stants.  This  change  it  is  permitted  to  make,  however  smi 
h  may  be,  provided  that  it  is  not  equal  to  0.  The  limit 
which  the  last  member  of  the  above  equation  approocbet 
A  approaches  to  0  is 

^"''{A  +  Bx). 

This  then  is  the  form  which  must  replace  CiC"''  +  (7,e"'' 
the  general  solution. 

Suppose  next  that  there  exist  three  equal  roots  m.^, «,,  i 

Then  the  terms  C,€"''  +  Gjf^  +  Ojt^  being  replacedlr 

e''''{A  +  Bx)^C^e"f, 

make  m,  =  )ii,  +  k.     The  above  expression 

^-''{A  +  Ex-VC^^'') 


..(iSi. 


A+C,=A;    B+CJa  =  B'. 


I  Here  A',  B',   0'  being  functions  of  the  arbitrary 

[  A,  B,  C  provided  that  k  is  not  actually  0,  may  themselves 

[  regarded  as  arbitrary  coustante.     If  we  so  consider  them 


f.8,I 
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))  and  then  make  h  tend  to  0,  we  see  that  the  limitiog 
m  of  the  expression  is 

And  in  precisely  the  same  way,  were  there  r  roots  equal  to- 
I  we  should  have  for  the  corresponding  part  of  the  covv- 
te  value  of  ^,  the  expresaiou 

e-'^'iA^  +  A^x  +  A^K-.+A^'') (16). 

rhus  the  difference  which  the  repetition  of  a  particular  root 
iroduces  is  that  the  coefficient  of  the  exponential  e™''  is 
fonger  an  arbitral^  constant,  but  a  poiynoraial  of  the  form 
■t-A^  +  &.c.,  the  number  of  arbitrary  constants  involved. 
Dg  equal  to  the  number  of  times  that  the  supposed  root 
cents  itsel£ 

!.x.     Given  -r,~-r^  — -#  4-v  =  0. 

~  y=  Ge"",  the  auxiliary  equation  is 


loi 


I  roots  of  which  are  —  1,  1,  1,  Thus,  ■  corresponding  to  the 
it  —  1,  we  have  in  y  the  term  Ge'^,  while  to  flie  two  roots  1, 
have  the  term  {A-\-Bx)  e".  The  complete  primitive  there-' 
eie 

B.  It  follows  from  (16),  that  if  a  pair  of  imaginary  rootff  I 
[hj—l  present  itself  r  times,  the  corresponding  portion  of  ] 
i  complete  value  of  y  will  be 

ich,  substituting  for  e"''"'  and  c"''^"'  their  trigonometncaJ 
D6B  and  finally  making 

C,  +  C;  =  A„  {C,-C.')J^  =  B,.  &c.. 

Uses  the  form 

{At+  A^ ,..  +  A^'~')  ^  cosbx 

+  (S, H- B^ ...  +  B^'~^)  e" siu hx. 
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Hence,  therefore,  the  repetition  of  a  pair  of  imaginary  rools 
a±b  J^  1  changes  also  the  two  arbitrary  constants  of  tie 
■ordinary  real  solution  into  polynomials,  each  of  which  inyolra 
animiber  of  constants  eqiial  to  the  miinber  of  times  tbatfiie 
imaginary  pair  presents  itself. 


Ex.     Given 


f^V  . 


Assuming  y  —  Ce"',  the  auxiliary  equation  ia 
Wi*  +  2nW  +  n*  =  Q, 
whence  m  has  two  pairs  of  roots  of  the  form  ±  n  \/(- 1). 
For  one  such  pair  the  form  of  solution  would  be 

1/  =  A  cos  nx  +  S  sin  nx. 
For  the  actual  case  it  therefore  is 

y=  (^, +  ^ja:)co3  7i!C+  (B^+B^)smnx. 

9.  The  above,  which  is  the  ordinary  method  of  inveeti 
gating  the  form  of  the  complete  solution  when  the  auxiliR^ 
equation  involves  equal  roots,  rests  on  the  assumption  thati 
law  of  continuity  connects  the  form  of  solution  when  roots  u» 
equal  with  the  form  of  solution  when  the  roots  are  unequal 
Now,  though  it  is  perfectly  tioie  that  such  a  law  does  exiBt,il) 
assumption  without  proof  of  that  existence  must  be  leaiifi 
3  opposed  to  the  requirements  of  a  strict  logic.    In  all  1^^ 


mate  applications  of  the  Differential  Calculus  it 
limit  that  we  are  directly  concerned.     Here  it  is  with  son* 
thing  which  exists,  and  which  admits  of  being  detenmned 
dependently  of  the  notion  of  a  limit. 


.  whid 


Thus  if  we  take  as  an  example  vl  —  2  -," 

'^     da?        dx 


S-2$  +  y-0,i 


I  the  auxiliary  equation  m*  —  2»i  + 1  =  0  shews  tliat  the  v»Io 
[  of  m  are  each  equal  to  1,  we  are  entitled  to  assume  as  &pai 
\  ticular  solution 

3?  =  Ce". 


dthi 
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Let  OS  now  substitute  this  value  of  y  in  tlie  given  equation 
^pkrding  C  as  variable,  and  inquire  whether  it  admits  of  any 
lore  general  determination  than  it  has  received  above.  On 
ibstitution  we  find  sinaply 

bence  0  =  A+Bx.  Thus  while  the  correctness  of  the 
ilution  furnished  by  the  assumption  of  continuity  is  esta- 
ished,  it  is  made  manifest  that  this  assumption  is  not  in- 


TPe  shall  endeavour  to  establish  upon  other  grounds  the 
eory  of  these  cases  of  failure  in  a  future  Chapter.  Mean- 
tile  it  may  be  desirable  to  shew  that  the  form  (16J  actually 
tisfies  the  differential  equation  when  r  values  of  m  are 
pal 

In  the  given  equation  assume 

y  =  Ce"'x', 

d"  (uv) 
^eing  an  integer  less  than  r.    From  the  theorem  for     j)jh 

paaily  follows  that  the  restdt  will  be  of  the  form 

[{/(»,)«'+/'M»:="+/'-w!^^f^+...+/"'w}=o, 

which /(m)  represents  the  first  member  of  (11).  But  that 
|UtioQ  having  by  hypothesis  r  equal  roots,  we  know  by  the 
leory  of  equations  that 

/W  =  o,  /W=o,...    /'■'(».). 0, 

B  amnltaneously  true.     Thus  the  differential  equation  is 
tisfied.     And  being  satisfied  for  the  particular  value  of  y  in 
leBtioD  it  is  satiafied  by  (16),  which  is  the  sum  of  all  such   ] 
foes. 

10.  The  results  of  the  previous  investigation  may  be 
omed  up  in  the  following  rule. 
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Role.     The  coefficients  heiTUj  constant  and  the  second  « 
her  0,  form  ajt  aiUEiliary  equation  by  aasujning  y  =  C/', 
determine  the  vahiea  ofm.     Then,  the  covi^lete  value  of'^wS, 
he  ea^essed  by  a  senes  of  terms  characterised  as  foUom,  vit 
For  each  real  distinct  value  of  m  there  mil  exist  a  term  C€' 
/or  each  pair  of  imaginary  values  a,±bi^{—l),  a  term, 

A^  cos  ix  +  ^e"  Bin  hx ; 

each  of  the  coefficients  A,  B,  G  being  an  arbitrary  constani  i 
the  corresponding  root  occur  only  once,  but  a  polynomial  of  m 
(r  —  1)*"  degree  with  arbitrary  constani  coefficients,  if  {As 
occur  r  times. 

oaf     dx         ax         ax 
Here  the  auxiliary  equation  is 

wi'  -  m"  -  2m^  +  2m  =  0, 
■whence  it  mil  be  found  that  the  values  of  m  are 
0,  1,  1,  -i±v(-i)- 
The  complete  primitive  therefore  is 

y=0+iG^+C^)^+C^e''cosx  +  C'^e"smx. 

11.  To  solve  the  linear  equation  with  constant  coefiGcien 
when  its  second  meraher  ia  not  equal  to  0. 

The  usual  mode  of  solution  is  Ist  to  determine  the  coi 
plete  value  of  y  on  the  hypothesis  that  the  second  i 
J8  0 ;  2ndly,  to  substitute  its  expression  in  the  given  equatu 
regarding  the  arbitrary  constants  as  variable  parameUil 
3rdly,  to  determine  those  parameters  so  as  to  satis^  t* 
equation  given. 

Supposing  the  given  equation  to  be  of  the  n.*  degree, 
parameters  will  be  employed.  These  may  evidently  be  so 
jected  to  any  n—1  arbitrary  conditions.  Now  that  system 
conditions  which  renders  the  discovery  of  the  remaining  i 
lation  (involved  in  the  condition  that  the  given  differenti 


f^TtT 
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iluation  shall  be  satisfied)  the  most  easy,  is  that  which 
emanda  that  the  formal  expression  of  the  71  —  1  differential 
Defficienta 

(^ '    da;" ' ' "  dx"'^ 

mil,  like  the  formal  expression  of  y,  be  the  same  in  the  sys- 
im  in  which  c,,  c,,...  c,  represent  variable  parameters,  as  in 
le  system  in  which  they  represent  arbitrary  constants. 

The  above  method  ia  conmionly  called  the  method  of  the 
ariatiou  of  pai'ametets.  It  is,  as  we  shall  hereafter  see,  far 
fom  being  the  easiest  mode  of  solving  the  class  of  equations 
nder  consideration ;  but  it  is  interesting  as  being  probably 
le  first  general  method  discovered,  and  still  more  so  from 
B  containing  an  application  of  a  principle  successfully  em- 
lOyed  in  higher  problems. 


Given 


'^^ 


Were  the  second  member  0,  the  solution  would  be 

y  =  0,  cos «a)  +  c,  sinna; (a). 

Asaume  thb  then  to  be  the  form  of  the  solution  of  the  equa- 
given,  c,,  c,  being  variable  parameters,  but  such  that  S 
lall  also  retain  the  same  form  as  if  they  were  constant,  viz. 


-  cji  smnx-k-  en  cos  nx  . . 


-m- 


Now  the  unconditional  value  of  -, 
a 


-  =  —  c.n  sm  nx  +  en  cos  nx  +  cos  nx  -: 


_  derived  from  (a)  is 
dc,  ,    ,         dc. 


2g  I.,'.  °.u  '<*  -r  <-,«  vua  /..*,  -r  -uo  <«,  ^  -r  Dill  kj,  ^^ 

Knees  to  the  foregoing  form  if  we  assume 
i«, 


^-r^««|-.0 (.). 

is  the  condition  which  must  accompany  (a). 
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Now  differentiating  (J)  and  regarding  c,,  c,  as  variable,' 
have 


s  na;  —  c„n  sm  ma:  —  n  si 


i^i 


Substituting  the  above  values  of  y  and  -j^  in  the  pvsB 
equation,  we  have 


it  -i—  f  tt  lAio  yc^  -5—  = 

dx  ax 

and  this  equation,  in  combination  with  (c),  gives 

dc,         1  .  (7c,     1 

-,    =  —  cos  03;  sm  nx,    ^  =  -  cos  ax  cos  n; 
asD         n  dx     n 


..(il, 


1 


■s  (n  +  a)  a;     cos  {n  —  a)x\ 


_  1   f  sin  {n  +  a)x     sin  {n  —  o^  a;|       -, 
Lastly,  substituting  these  values  in  [a)  and  reduwng, 


y=-i ,+  (7,coa7u;+C,smn3T (d 

This  solution  fails  if  n  =  a.     But  giving  to  (e)  the  fonq 

w  = ;- — i +  CJ,  COS  na;  +  G.  am  71a;, 

^  »'  — a  '  '  ' 

ishing  fraction  when  11 


and  regarding  the  first  term 
we  find 


y  =  — a~^  +  ^i  COS Tiai  +  (7,  sm nx. 
Or  we  might  proceed  thus.  Differentiating  twice  the  equal 


dx' 


u 
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[ence  eliminating  cos  rnc 


dx*  dx' 


1  equation  whose  complete  solution  ia 

y  =  {A  +  Bx)  coBtix  +  (C  +  Dx)  sin 

Substituting  thia  in  the  given   equation  we   find   B  =  Oj 

1=  :;-,  whence 
2n 

y  =  AeQ3jtx+  ( (7+^jsinnaj, 

hich  agrees  with  the  previous  solution. 

The  latter  method,  which  ia  general,  consists  in  forming  a 
(w  equation  of  a  higher  order,  but  with  its  second  member 
se  from  that  term  which  ia  the  cause  of  failure.     As  by  the 
svation  of  the  order  of  the  equation  superfluous  constants   j 
introduced,  the  relations  which   connect  them  must  be| 
ind  by  substitution  of  the  result  in  the  given  equation, 

12.     To  the  class  of  linear  equations  with  constant  coe 
mts  all  equations  of  the  form 

+h^r^+Ala+i;c)-^,+B(a+bx)"'^^....+L!/=Z,] 

,B,...L  being  constant  and  X  a  function  of  x,  may  ba^ 
laoed.     It  suffices  to  change  the  independent  variable  by 
niming  a  +  hx^^. 

Ex.     Given  {a-\-bxy^  +  l{a+hx)^->rn^y  =  0. 

a  +  Sa!  =  e',  we  find 

B  dt' 
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Hence,  by  substitution  in  the  given  equatioi 

the  solution  of  which  is 


in  which  it  only 


to  substitute  for  t  its  value 


)  have     . 
;el^!^ 


13.  Beaide  the  properties  upon  which  the  above  meft 
arfe  founded,  linear  equations  possess  many  others,  of  wl 
we  shall  notice  the  moat  important.  We  suppose,  as  befw 
to  be  the  dependent,  x  the  independent  variable. 

1st.  The  complete  value  of  y  when  the  linear  equation 
a  second  member  X  will  be  found  by  adding  to  any  partdd 
value  oiy  that  complementary  function  which  would  exj 
its  complete  value  were  the  second  member  0. 

Eepresenting  the  linear  equation  in  the  form  (7),  let; 
the  particular  value  of  y  which  satisfies  it,  Y  the  com] 
value  which  would  satisfy  it  were  the  second  memb^  Oj 
=  y,  +  Y.     The  equation  then  becomes  / 


"dx"  "^ 

i'J 

dx" 


■+-^.y. 


and  this  becomes  an  identity,  the  first  line  of  i 
member  being  by  hypothesifi  equal  to  X,  and  the  secodi 
equal  to  0. 

Es.     Thus  a  particular  integral  of  the  equatioid 

A       .  ,  , 


,,  ^  _  ^  1 
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Che  above  property,  which  relates  to  the  generdlizlnn  r . 
ticular  solution,  is  important,  because,  as  wo  shall  xiercau'. 

a  particular  solution  of  a  linear  equatiou  may  otK*:.  i- 
a,ined  by  a  symbolical  process  which  does  hot  iuvoiv-,-  *;•,*. 

labour  of  an  integration. 

ndly.     The  order  of  a  linear  diflFerential  equauti-    mv 
ays  be  depressed  by  unity  if  we  know  a  paru'.-uui-  vtu  ■ 
which  would  satisfy  the  equation  were  ilh.  sec-jjj  ^  luoiii"- 
altoO. 

i  will  suffice  to  demonstrate  this  property  ior  ii»-  ♦r«i''u. 
lie  second  order 

z/^  be  a  particular  value  of  y  wbej-  y\'  -  •     «:.»©-. 
y^r.     Substituting,  we  have 


rrst  line  of  which  is  by  hypoiuer,. 
^:: :n  let  -=-  =  11,  then  we  hav. 

.Zs^i^T  equation  of  the  first  oru*-  *. 
fe  :»^i::g  found,  we  have 


.1  '}_r  particular  case  i::  vj«.-     -', 


LINEAB  EQUATI0H3. 

Srdly.  Linear  equations  are  connected  by  remarkable  an* 
logies  with  onlinarj  algebraic  equations. 

This  subject  has  been  investigated  chiefly  by  Libri  an 
Liouville,  who  have  shewn  that  most  of  the  characteristi 
properties  of  algebraic  equations  have  their  analogues  m  iio« 
differential  equations. 

Thus  an  algebraic  equation  can  be  deprived  of  its  2iii 
Snii-.-r""  term  by  the  solution  of  an  algebraic  equation  oftl 
1st,  2nd,...(r  — l)""  degree,  A  linear  differential  equation  a 
be  deprived  of  its  2nd,  Srd,...?'"'  term  by  the  solution 
another  linear  differential  equation  of  the  Ist,  2nd,,.,(r-l 
order. 

This  may  be  proved  by  assuming  y  =  vy,,  and  properly  d 
termining  ti  so  as  to  make  in  the  resulting  equation  ^,a3aui 
the  required  form. 

Again,  aa  from  two  simultaneous  algebraic  equations,! 
can  by  the  process  for  greatest  common  measure  obtain  a  c 
pressed  equation  satisfied  only  by  their  common  roots,  so  fri 
two  simultaneous  linear  differential  equations  we  can  by 
formally  equivalent  process  deduce  a  new  equation  of  & 
pressed  order  satisfied  only  by  their  common  integrals. 

This  is  best  illustrated  by  example. 

Ex.     Required    the    common    integrals,   if    any,   of 
equations 


di>?^ 


-'%-'y- 


Differentiating  the  second  equation  and  then  elimioal 
j4aiid  ~^,  we  find  the  depressed  equation 

K  we  differentiate   this  we  shall  find  that  the  result 
merely  aa  algebraic  consequence  of  the  two  equatioDs  ' 
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tten,  not  an  algebraically  new  equation.    Thus  the  process 
eduction  cannot  be  repeated.    We  have  therefore 

he  only  common  integral 

e  the  Supplementary  Volwme,  Chapter  xxii.] 

EXERCISES. 

.     ;7ij"3-iJ[ +  4y  =  0,   it  being  given  that  one  of  the 
43  of  the  auxiliary  equation,  ?n^  —  3m'  +  4  =  0,  is  —  1. 

,     What  form  does  the  solution  of  the  above  equation 
ime  when  4  =  1? 

.  1.    Integrate  S  -  2J»  ^  +  6Vy  =  0. 
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12.  A  particular  integral  of  O-'^^z^'^^T^^' 

isy=  Ce'"^'^',  find  the  complete  integral  by  the  method 
Art.  13. 

13.  The  form  of  the  general  integral  might  in  the&boi 
case  be  inferred  from  that  of  the  particular  one  without  a 
ploying  the  method  of  Art.  13.    Prove  this. 

14.  It  being  given  that 

.  /  .        .  cosa?\      ^/             sinaA 
y  =  A  Ism  a? 4 1  +jff^f  cosa: r-r-J 

is  the  complete  integral  of  the  equation -t^+  (1  -plj*' 
find  the  general  integral  of  -r^  +  { 1  —  -^j  y  =  a^.  | 

15.  Explain  on  what  grounds  it  is  asserted  that  thfiC* 
plete  integral  of  a  diflferential  equation  of  the  n^  orderconiiii* 
n  arbitrary  constants  and  no  more. 

16.  Mention  any  circumstances  under  which  it  may'* 
advantageous  to  form,  from  a  proposed  diiSerential  ecpM 
one  of  a  higher  order.  In  deducing  from  the  solution  of  tk 
latter  that  of  the  former,  what  kind  of  limitation  musth 
introduced  ? 


(    209    ) 


CHAPTER  X. 

EQUATIONS  OF  AN  ORDER  HIGHER  THAN  THE  FIRST, 

CONTINUED. 

1.  "We  have  next  to  consider  certain  forms  of  non-linear 
equations. 

Of  the  following  principle  frequent  use  will  be  made,  viz. 
WTien  either  of  the  primitive  variables  is  wanting,  the  order  of 
the  equation  may  be  dressed  by  asswraing  as  a  dependent 
varicwle  the  lowest  differential  coefficient  which  presents  itself 
in  ihe  equaMon. 

Thus  if  the  equation  be  of  the  form 

^('.|.S)-« • m. 

and  we  assume 

I p). 


have,  on  substitution,  the  differential  equation  of  the  first 
cnrder. 


^(«'-'|)  =  0 C3). 


If,  by  the  integration  of  this  equation,  z  can  be  determined 
u  a  function  of  x  involving  an  arbitrary  constant  c,  {suppose 
s^il>(x,  c)},  we  have  from  (2) 

g  =  ^(a;,c), 
whence  integrating 

y»j^(aj,  c)dx  +  c\ 
&  B.  &  14& 
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If  the  lowest  differential  coeflScient  of  y  which  presei 
itself  he  of  the  second  order,  the  order  of  the  equation  can 
depressed  by  2,  and  so  on. 

A  similar  reduction  may  be  effected  when  x  is  wantii 
Thus,  if  in  the  equation  of  the  second  order 

^{y  |.  S)-" « 

we  assume  -^-  =p,  we  have 

cPy  ^dp  _^dpdy  ^    dp 
da?  "  dx"  dy^"^  dy* 

by  means  of  which  (4)  becomes 

i^(y,i',i>|)=o (5) 

Should  we  succeed  by  the  integration  of  this  equation 
the  first  order  in  determining  ^j  as  a  function  of  y  and  c,  si 

P9se  p  =^  (y,  c),  the  equation  ^  =i>  will  give 

"^  <t>{y>oy 

whence 

^=f^+c' (6: 

Ex.     Suppose  l  +  (|)Vyg  =  0. 
Put  -^  -p ;  thus 

therefore  :^  +  t^«  =  0' 

t 

therefore         log  y  +  log  V  (1  +  ;^')  =  constant, 


«T.  2.] 


THAH  THE  FIB8T, 


therefore 

y  VCl  +  P'J  =  constant  = 

therefore 

i.y^. 

therefore 

<;.        ., 

rfy      V(i'-y-) 

therefore 

^  =  -V(i'-S 

irhere  a  is  a 

constant ; 

OtnB  finally. 

y  +  (a;-af=i'. 

In  close  connexion  with  the  above  proposition,  stand 
three  following  important  cases. 

Case  I.  When  but  one  differential  coefficient  aa  well  as 
1m(  one  of  the  primitive  variables  presents  itself  in  the  given 
equation. 

Ist.     Let  the  equation  be  of  the  form  ■j^  =  X,  we  have 

f  successive  integrations 


and  finally 


^^IJXdx*+cx  +  c', 


HI- 


Xdi^  +  c^sf  +  c^''~' 


ye  shall  hereafter  shew  that  the  first  term  in  the  second 
r  may  be  replaced  by  a  series  of  n  single  integrals. 

ily.  If  the  equation  be  of  the  form  -j^  =  y;  it  is  not 

f  generally  integrable,  but  it  is  so  in  the  case  of  n  =  2.    Thus 
1  there  being  given 

^/_    y 
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we  have 

dx  da?  daj' 

and  integrating 


Hence 


|  =  (2/r%+C7)i, 


da;  s 


dy 


(2/rdfy+O)*' 


=/?i7^Wi^^' <«>• 


*    ■(2/r%+(7)* 

As  a  particular  exam^Je,  let  -^  =■  a*if. 

Here  x  =  f ^ ,  +  C 

J  {2Sc^ydy  +  G)i 

J{ay  +  C)i 

= I  log  {«y + V(«y + c)} + c. 

Case  II.    When  the  given  equation  merely  expresses  % 
relation  between  two  consecutive  differential  coej£cients. 

Suppose  the  equation  reduced  to  the  form 

d^^^W^'j ^^^' 

then^  assuming  -^-iM,  =  z,  we  have 
whence  dx  ^ 


/(.')' 


-Im*' w 


If,  after  eEfectiug  the  integration,  we  can  express  s  in  terms 
of  a;  and  c,  suppose  a  =0(a:,  c)  we  have  finally  to  integrate 


=  ^(a7,  c).. 


..(11). 


ichich  belongs  to  Case  l 

But  if,  after  effecting  the  integration  in  (10),  we  cannot 
llgebraically  express  »  in  terms  of  x  and  c,  we  may  proceed 
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^-^,  we  have 

'2i-h 

fzdz 

9^^M^ 

f  di   1  dz 

tzdz 

■iW) 

fioally, 


\  right-hand  member  indicating  the  performance  of  Tt  —  1 
Bive  integrations,  each  of  which  introduces  an.  arbitrary 
■;.  If  between  this  equation  and  (10)  we,  after  integra- 
ninate  z,  we  shall  obtain  a  final  relation  between  y,  x, 
t  arbitrary  constants,  which  will  be  the  integral  sought. 


Ex.     Given 


A^-m]- 


Making  jj=«,  we  have  oz-j-  =  >J(^ +^,  whence 

3!  =  c  +  aV(l+E') (a)' 


find  hence 
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According  to  the  first  of  the  above  methods,  we  should  now 
solve  this  with  respect  to  z,  and  thus  obtaining 

in  which  it  only  remains  to  efifect  the  integrations.    According 
to   the   second   method,  we  should  proceed   thus.     Since 

^  azdz  , 

dx=   ,,^  .    2N^  we  have 

dy  ^  f  n   _  f   az^dz 

az^/(l+z*)     a.      f    ,    //I  .    8M  ,    f 
= ^ 2^og{z+y(l  +  z'')}  +  c, 

whence  multiplying  the  second  member  by  -j^ j-  for  dx, 

and  again  integrating, 

+  acV(l  +  «')+c"*.....(c). 

The  complete  primitive  now  results  from  the  elimination 
of  z  between  (a)  and  (c). 

Case  III.    When  the  given  equation  merely  connects  two 
differential  coefficients  whose  orders  differ  by  2. 

Reducing  the  equation  to  the  form 


S-/(P) w 


Let  -^^  =  2,  then 

This  form  has  been  considered  under  Case  I. 


RT.  3.] 
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If  from  this  equation  z  can  be  determined  as  a  function  of 
!,  C  and  C, — suppose  3  =  ^  (di,  C,  C), — then 

,e  integration  of  which  by  Case  r.  will  lead  to  the  required 
int^raL  If  z  cannot  be  thus  determined,  we  must  proceed  aa 
under  the  same  circumstances  in  Case  IL 


Er.    Given  <.'f^  =  g. 

ax*     Eb^ 


9  above,  the  final  integral  will  be  found  to  be 
y  =  Cjc"  +  c^e"  +  c^  +  c,. 


ITomogenemis  Equations. 


J 


3.  There  exist  certain  cla-sses  of  homogeneous  equations 
vliich  admit  of  having  their  order  depressed  by  unity. 

Class  I.    Equations  which,  on  supposing  x  and  i/  to  he  each 

ofthedegreel,  ,"  of  the  degree  0,  -j^  of  the  degree  —1,  &c., 

become  homogeneous  in  the  ordinary  sense, 

A/Iopting  the  notion  and  the  language  of  infinitesimals,  the 
earlier  analysts  described  the  above  class  of  equations  aome- 
wlimt  more  simply  as  homogeneous  with  respect  to  the 
primitive  variables  and  their  differentials,  i.e.  with  respect 
to  z,  y,  de,  dy,  d*y,  &c. 

An  eciuations  of  the  above  clasa  admit  of  having  tbeir 
ordvr  depressed  by  unity. 


EOHOQENBOTJS  EQUATIOKa 

For  if  we  assume  x  =  e^,y  =  ^e,  we  shall  find  by  the  usni 
method  for  the  change  of  variables, 

1=1+' ("). 

S-IS+S) w 

and  so  on.  Here  y  is  presented  as  of  the  first  degree  witli 
respect  to  e"  which  takes  the  place  of  x,  while  ^  is  of  tl 

degree  0,  and  -y^  of  the  degree  —  1,  with  respect  to  e*.    Ai 

the  law  of  continuation  is  obvious.  Hence,  from  the  suppoee 
constitution  of  the  given  equation,  it  follows  that  on  substiti 
tion  of  these  values  the  resulting  equation  will  be  homogeneoi 
with  respect  to  e*,  which  will  therefore  divide  out  and  leai 

an  equation  involving  only  z,  t^  ,    -=~ ,  &c.     That  equati( 

will  therefore  have  its  order  depressed  by  unity  on 

|-i>...(Art.l). 

Let  US  examine  the  general  form  of  the  result  for  equations 
of  the  second  order. 


Representing  the  given  equations  under  the  form 
pe  have,  on  substitution, 


(16). 


and  from  this  equation,  from  what  has  been  above  said,  e*  will 
disappear  on  division  by  some  power  of  that  quantity,  e.  g.  t^. 
But  the  efifect  of  simply  removing  a  faetor  is  the  same  as  that  of 
simply  replacing  such  factor  by  unity.    Now  to  replace  «*  1^ 


U 
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vnity  IB  the  sune  as  io  lejdace  ^  by  unity,  and  if  we  do  this 
ijij,  Le.  without  changing  ^  and  ^,  (17)  will  become 

AsBummg then  3^^=11;  whence  '^m^'Jh^^'JZ*  ^^  have 

F(l,r,»+^i.J  +  «)=0 (19), 

equation  of  die  fint  order,  idudi  by  int^;ratioa  gives 

»  =  *(*.«) (20). 

^len  flmoe  »=-Taf  ^^  bave 

*(«.e)' 


tf 


-/♦f^*' ('■'• 


m  wliidi,  after  rfJBrting  d»  integnlicni,  it  is  only  neoesBaiy 
to  wzite 

tf^li^z,    r=|. (22). 

nie  sohttion  of  the  propned  equaticm  is  therefore  invi^Ted 
in  (20).  (21).  (22). 


^    G««?S=(5-xg)' 


Substitxitiiig  at  aboT6  x^^^  jf^^^^  we  find,  as  thetnas- 
fixmed  equation. 


f^,dz\_fdzy 
\4B^^ dBJ  "  \d£J  ' 


lAeoee,  makiiig  ^as «,  we  bare 


42k 
■  ^'S  ^  *^  "^  "" ^*^' 
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which  resolves  itself  into  the  two  equations^ 
The  former  gives  on  integration 


Now  ^='-jh>  whence 


d0 — ^ 


therefore  ^  =  —  log  (ne*  +  C)  +  C\ 

and  now  replacing  0  by  log  x,  and  zhj-,  we  have  on  re- 
duction, 

y='^^'^jTm <*)• 

A  and  B  being  arbitrary  constants.     This  is  the  complete 
primitive. 

dz  . 

The  remaining  equation  w  =  0,  or  ;7^  =  0,  gives  z^c^  (X 

y=:cx,  and  this  is  the  singular  solution. 

The  equation  (a)  might  have  been  directly  deduced  from 
the  given  equation  by  the  general  theorem  (19),  which  indi- 
cates that  for  such  deduction  it  is  only  necessary  to  change 

dy  1  d^v         du 

a?  to  1,  y  to  i5,  ;/-  to  u-^z,  and  -^  to  w-^-H-w. 

Class  II.    Equations  which  on  regarding  n;  as  of  the  first 
degree,  j/  as  of  the  71^  degree,  ~  of  the  (n  —  1)**^  degree, 
of  the  {n  —  2)*^  degree,  &c.,  are  homogeneous. 

To.  effect  the  proposed  reduction  assume  a5  =  €*  y  =  €^«. 
The  transformed  equation  will  be  free  from  0,  and,  on  assom- 


0 
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dz 
ing  ;i^  =  ^  '^"ffl  degenerate  into  an  equation  of  a  d^iee 

lower  by  anity  between  »  and  £. 

It  is  easy  to  estaUish  that,  if  the  giroi  diffisrential  equa- 
tion be 

'{'■'■t-'^'^ <^ 

the  reduced  equation  for  determining  »  will  be 

J^{l,r,t»+«,M*  +  (2a-l)  11  +  11  (a-l)z}  =  0....  (24). 

Suppose  that  by  the  solution  of  this  we  find 

»  =  ^(«,  c) (25), 

dz 
then  since  ic  =  -i^,  wehaTe 

80^    ^ 


i  Hfh*'-- w- 

in  which  it  only  remsuns  to  substitute  log  a;  for  0,  and  ^for  z. 

X 

Ex.     GiFena^^=(j?+2ay)^^4/. 

This  equation  proves  homogeneous  on  assuming  a;  to  be  of 
4he  d^ree  1,  y  oi  the  d^pree  %  -^  ^  the  d^iee  1,  and 

-j^  of  the  d^ree  0. 

Changing  then,  according  to  the  formula  (24),  x  into  1, 
y  into  £j  ^  into  u+2z,  and  -j^  into  u-^-{-Su-{-2z,  we  have 

t»^+3»+2»=(l  +  2«)(u  +  2z)-42» (a). 
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which  is  reducible  to 

.(g  +  2-2.).0. 
This  is  resolvable  into  two  equations,  viz. 


$^  +  2-2^  =  0,    tt»0 (6). 

az 


The  first  gives  on  integration 

w=(^-l)»  +  c". 

dz 
Hence,  since  jg  =  w>  "w©  have 


(«-l)«±c" 

^  =  1  tan-^ izi + c',  or  i log P~?"^)  +  c'. 
c  c  2c    °V«  — 1  +  c/ 

Hence,  replacing  0  by  log  ar,  and  2  by  -^ ,  we  have 

loga.  =  -tan»y^  +  c,or2-^logJ-p-^  +  c, 

the  rational  forms  of  the  integral  required. 

ds 
The  factor  w  =  0  in  (J)  giving  jg  ==  ^>  <^r  z^c,  leads  to  the 

singular  solution  y  =  ca?. 

Class  IIL    Equations  whidh  are  homogeneous  with  i» 
spectto^,,  g,  ^,  &c. 

Properly  speaking,  this  class  constitutes  a  linut  to  the  dasB 
just  considered.    For  when  n  becomes  large,  the  quantitieB 

w,  w  —  1,  w  —  2,  the  supposed  measures  of  the  degrees  of  y,  -^', 
~  approach  a  ratio  of  equality. 
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If  we  assume  y=  e',  we  have 

i'4. m. 

3=-{S-(l)] i^"- 

All  these  being  of  the  first  degree  with  respect  to  e',  it  fol- 
lows that  after  substitution  ia  the  proposed  equation,  that 
■function  will  disappear  on  division.  Thus,  if  the  given  equar 
tion  be 

^(-^.|.S)-» w. 

the  transformed  equation  will  bu 

4^'tS+©}- (=»)• 

or,  on  assuming  -r  =  «, 

'  °  ax 

^("■•i' »■£+"•)=" (^^>- 

Integrating  this  equation  of  the  first  degree,  we  have 

therefore  e  =  j<f>{x,c)dx  +  c' (32), 

ia  wliich  it  only  remains  to  substitute  for  z  its  value  log^. 

Or  we  may  aaswme  at  once  y  =  e  .  The  transformed 
e<iuation  between  u  and  x  will  be  of  an  order  lower  by  unity 
Uwu  the  equation  given. 

Ex.    Given  «yg  +  j(^'y  =  ^I^. 
'  daf        \dx/       V(«  +  ^) 

Aasuming  y  =  e'    ,  we  find 


•(£^ 


V(e' 


«■) 
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as  would  directly  result  from  (29)  and  (30).    EspressiU 
the  form  ^^M 

^-.^^ =  -('l  +  ^^«'  fl 

dx     fflVte'  +  a^         To/"'  ^H 

this  equation  is  seeo  to  belong  to   the   clasn 
Chap.  n.  Art.  11. 

On  comparing  the  above  classes  of  homogeneous  equiM 
we  see  that  Class  ii.  is  the  most  gener^  It  includes  CliMl 
as  a  subordinate  species,  and  Class  HI.  as  a  limit. 

It  is  proper  to  observe  that  Classes  L  and  n.  are  usobS 
treated  by  a  different  method  from  that  above  emploj* 
Thus,  in  Class  i.,  it  is  customary  to  make  the  assmnptiow 

.     dy  d'v     V     (Tu     w     - 

y  =  xt,     /-  =  «,     -73  =  -,    j-4=-.,  &c. 
^  dx  cLir     X     ajr     of' 

On  substitution  x  divides  out,  and  there  remains  an  eq» 
tion  involving  ^  and  the  new  variables  *,  u,  v,  w,  &c.,  TOf 
may  be  reduced  by  successive  eliminations  to  a  diffWI 
equation  between  two  variables,  and  of  an  order  Iowa  I 
unity  than  the  equation  given.  But  this  method  is  far  nfl 
comphcated  than  the  one  which  we  have  preferred  to  au.^ 

Exact  Differential  Hcfuations. 
4.     A  differential  equation  of  the  form 

^-^.I.S-S)-" i*j 

is  aaid  to  be  exact  if,  representing  its  first  member  by  Pi  ^ 
expression  Vdx  ia  the  exact  differential  of  a  function  D^i^ 

is  therefore  necessarily  of  the  form  ^  (x,  y,  ~ , ...  -jJi]\ 

Thus  ^2'"'^^^"'^'"'*  ^  ^^  ^""^^  ^^^ 
equation,  its  first  member  multipHed  by  dx  being  the  diJ 
ential  of  the  function  ^  i  [ -^  j  —  ic'y'[ ,  and  the 
itself  the  differential  cpefficient  of  that  functioii. 


firatwaj 


©■ 
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Seoce  then  a  first  integral  of  the  above  equation  will  be 

xY  =  c. 

rhe  method  of  integrating  an  exact  differential  equation 
icb  we  sball  illustrate,  aiid  wbich  contains  an  implicit 
ution  of  tbe  question  wbether  a  proposed  equation  is  exact 
not,  appears  to  be  primarily  due  to  M.  Sarrus  (Liouville, 
m.  XIV.  p.  131,  note), 

^  Gi™,.o.g+2,(D-H.(..^2/|)g  =  a 

Supposing  tbe  above  an  exact  differential,  we  are  by  defi- 
ion  permitted  to  write 

If  ow  a  first  and  obvious  condition  is  that  tbe  highest  difieiv  I 
iai  coefficient  in  an  exact  differential  equation,  being  tbe  I 
f  introduced  by  differentiation,  can  only  pveaent  itself  iu  1 
first  degree.  This  condition  is  seen  to  be  satisfied. 
lepresenting  the  highest  differential  coefficient  but  one  by  1 
ve  can  express  [34)  in  the  form 

dU=  (y  4  3j5»  +  2i/p°)  dj!+(x'  +  Zy'j})  dp. 

few  let  U,  represent  what  the  integral  of  tbe  term  ( 
ling  dp  would  be  were  2>  the  only  variable.     Then 

zr,=3^p  +  yy. 

jssume,  then,  removing  all  restriction, 


^^^©■+(«-+v|)3}^...(s*). 


d;  =  3^ 


noo 


die 


'■©■ 


ubtxacting  this  from  (Si) 


dU-dU^={y  +  x^)dx. 


(^+vg)gl^. 
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We  remark  that  the  highest  differential  coefficient  ^ 

I  now  disappeared.     We  observe  too  that  the  next,  viz.  %  ii 

involved  only  in  the  first  degree.  This  is  a  consequence  of  ttn 
fact  that  the  proposed  differential  equation  was  really  euA' 
For  the  first  member  of  (35)  being  the  difference  of  two  era 
differentials,  and  therefore  itself  exact,  the  second  member. 
BO,  and  its  highest  differential  coefficient  is  therefore  of  tha 
first  degree.    The  integration  of  an  exa^t  differential  involiTiig 

-r^  has,  in  fact,  been  reduced  to  that  of  an  exact  differentiil 
oar 

t  involving  only  -^  as  its  highest  differential  coefficient  Ali 

a  similar  reduction  may  be  effected  whatever  may  be  tit, 
order  of  the  highest  differential  coefficient. 
The  integration  of  (35)  gives 

U-U,  =  xy, 
I  whence 

I       A  first  integral  of  the  ^ven  equation  is,  therefore, 

'^i^yiih^-' «■ 

The  general  rule  for  the  integration  of  an  exact  difiBHi^ 
d  V,  involving  x,y,^,...  -^\ ,  ia  then  as  follows,    /nteyrul 

^  tfte  term  vMcli  inmlves  -5-„  in  the  first  degree,  as  if  j-^i  «" 

ihe  only  variable,  and  jfi  dx  its  differential   Sep-esenting  1 

result  hy  JJ^,  amd  removing  the  restriction,  d  C—  dU^  vnll  6e 

exact  differential  involving  only  x,  y,  -^,  ...      ^^, 

the  process  as  often  as  necessary.     Tlien  U  will  be  expren 
Im  the  sum  of  its  suocessively  determined  portv/na  TT„ 
\_U.t  ffic 


Befa 


BXiCT  DIFFERENTIAL   EQTJATIOKS. 

Forthesolutionof  an  exact  differential  equation,  it  is  there- 1 
We  only  needful  to  equate  to  c  the  integral  of  the  correspond^ 
Ig  esact  differential  as  found  by  the  above  process. 

The  failure  of  that  process,  through  the  occurrence  of  i 
Wm  in  which  the  highest  differential  coefficient  is  not  c 
le  first  degree,  indicates  that  the  proposed  function  or  equi 

M  is  not  ■  exact.' 

5.  There  is  another  mode  of  proceeding  of  which  it  i 
roper  that  a  brief  account  should  be  given. 

Representing -,-■  ■   -A,  ■■■~rK,  byw,,  «... 

lewn  by  the  Calculus  of  Variations,  that  if  Vdx  be  au  exacfj 
tffere&lial,  Fbeing  a  function  of  a:,  j/.y,,..,^,,  then  identically! 
dV      (d\dV      (d\}dV      -I'^V'^^-n 
dy"  Wdg'^Kdx)  dy,-'^\dx)  dy.~^ ^^^'^ 

lere  l-i-  1  indicates  that  we  differentiate  with  respect  to 
^[arding  y,y.,  ■■■'//„  aa  functions  of  jc.     This  condition  wi 


warding  y.y  ,..■■//„  i 
bcovered  by  Euler. 


The  researches  of  Sarrus  and  De  Morgan,  not  based  u_ 
W  employment  of  the  Calculus  of  Variations,  have  shewn, 
tliat  the  above  condition  is  not  only  necessary  but  suffici- 
Sndly,  that  it  constitutes  the  last  of  a  series  of  theorems 
iich  enable  us,  when  the  above  condition  is  satiafi 
iluce  Vdx  to  an  exact  differential  in  form,  i.e.  to  expreail 
in  the  form 


lere  X,  y.  y,,  ••■  .V«.i  are  regarded  as  independent.  The  ii 
■tioD  of  Vox  =  6  in  the  form  U=c  is  thus  reduced  to  the 
loeration  of  an  exact  differential  of  a  function  of  n  +  1  inde- 
IiAent  variables, — a  subject  to  be  discussed  in  Chapter  xil._ 
kmbridje  Trangactions,  Vol.  ix.) 
Tl»«  condition  (37)  is  singly  equivalent  to  the  system  ( 
BtlitiooB  implied  in  the  process  of  Sarrus.  The  proof  of  th ' 
nivalence  a  posteriori  would,  as  Bertrand  haa  observed,  1 
nplicated.  (Liouville,  Tom,  xiv-) 
B.D.B, 
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UISCELLANEOUB  METHODS  AND  EXAMPLES,      pltl.1 


The  solution  of  the  differentia!  equatioDS  of  orders  higtet 
than  the  first  is  sometimes  effected  by  means  of  an  integraUaj 
factor  fi,  to  discover  which  we  might  substitute  /*r  for  Vb 
(37),  and  endeavour  to  solve  the  resulting  partial  differential 
equation.  Even  here,  howeverj  the  process  of  Sarrua  would 
be  preferable. 

Miscellajieoiis  Methods  and  Examples. 

6.  Many  forms  of  equations,  besides  those  above  noted,  caa 
be  integrated  by  special  methods,  e.g.  by  transform ations, 
variation  of  parameters,  reduction  to  exact  differentials,  &c. 
Equations  of  the  classes  already  considered  can  also  sometima 
be  integrated  by  processes  more  convenient  than  those  abort 
explained. 


Ex,  1.     Given  -r^  = 
oar 


rs^ly. 


the  result,  -,— ,  =  Jf  a  lin 


Let  ax-it-hy  =  t.    We  find 
equation  with  constant  coefficients, 

Ex.  2.     Given  (1  -  ^)  J  ~  '^S  "*"  2*^  "  '^■ 
Changing  the  independent  variable  by  assuming  siu"'a=(, 
we  find  -^  +  ?*y  =  0,  whence  the  final  solution  is 


^  =  c,  COS  (2  sin  ^x)  +c,sin  (jsin"'3:).. 


..(39). 


So  too  the  equation  (1  +  tw') -y^  +  aa;^- +  2^  =  0.  "^f^ 
ducible  to  the  form  ~  ±  q't/  =  0,  by  the  assumption 

Equations  involving  the  arc  s,  whether  explicitly  or  ii 
plicitly,  may  be  freed  from  it  by  differentiation  or  by  chai 
of  independent  variable. 
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p    Ex.3.     Given  «  =  CM?  +  Jy. 

DiflFerentiating,  we  have  a/]i  +  (^J  [  "=  ^  +  *^5 

Ex.  4.    Given  -j-j  =  a. 

ft 

Assuming  a;  as  independent  variable,  we  have 

d^x __dx  d  dx _ (dsV^ d  /^V' 
d^     da  dx  da     \dx)  dx  \dx) 

daVd^a 


~     [dxj 


^  =  "- 


ds 
We  might  here  put  for  ^  its  value  V(l +JP')>  ^^^  so  form 

a  differential  equation  for  determining^.    Direct  integration, 
however,  gives 

[^y=2ax  +  c. 

Whence  we  find 

which  indicates  a  cycloid, 

7.     M.  Liouville  has  shewn  how  to  integrate  the  general 

•9°**^^^  ^  +/(^)  ^  +  ^(y)  (^)  =0  (e/cmmaZ  de  MathSma- 
iffues,  Isi  Series,  Tom.  vn.  p.  134). 

Sapixressing  the  last  term,  the  resulting  equation 


S+/«l-» 


15—1 
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has  for  a  first  integral  ^  =  Oe"^*^****'.    Now  assume  this  to  1 

a  first  integral  of  the  given  equation  regarding  (7  as  an  ir 
known  function  of  y,  then 


_ldO (^\'_    ,  ^ 


Thus,  the  given  equation  becomes 

^f+^(2')  =  0 (*•] 

whence  (7=  ^e"-'"'*'*'. 

Therefore        ^  =  Jc-Z't^*  x  e"-'"-"*  *; 

therefore  L^^^^' dy^AUf^^'^^dx-^B (41 

the  complete  primitive  sought 

8.     Jacobi  has  established  that  when  one  of  the  first  i 

grals  of  a  differential  equation  of  the  form  ;t^  =/(«»; 

known,  the  complete  primitive  may  be  found.  The  follow 
demonstration  of  this  proposition  is  due  to  Liouville  (Jbfi 
de  MatMmatiques,  Jst  Series^  Tom.  xiy.  p.  225). 

Let  the  given  first  integral  be  -^  =  ^  {x,  y,  c).    Diffei 

ating,  we  have 

d^y  _d<f>     d<f>dy  ^d^      ,  d^ 

(]>  standing  for  ^  {x,  y,  c).    Hence,  comparing  with  the 
equation. 


fK]  smaxjiiB  wtegiials. 

differentia  ting  with  respect  to  c, 

dedc      dc  dy      "^ dt/dc 
low  this  is  precisely  the  condition  which  muBt  be  satisfied  I 
Itrder  that  the  expression  -3-  (dy  —  (f>dx)  may  be  an  exact  j 

erentiaL     Hence,  the  first  integral  expressed  in  the  form  1 
-  ^x  =  0,  is  made  an  exact  differential  by  raeana  of  the  1 

or  "T- .     The  complete  primitive  therefore  ia 


-{d!/~if>dx)  = 


,  (42). 


kune  equations  of  great  difficulty  connected  with  the  theory  l 
he  elliptic  functions  are  reduced  to  the  above  case  in  the  ' 
moir  referred  to. 


Singular  Integrals. 

.     Equations  of  the  higher  orders,  like  thoae  of  the  first  I 
Br,  sometimes  admit  of  singular  integrals,  i.  e.  of  integraU|| 
derivable  from  the  ordinary  ones  without  making  one  ocj 
■e  of  their  constants  variable. 
Ve  shall  term  such  integrals  singular  solutions  when  they  T 
cect  only  the  primitive  variables,  but  singular  integrals 
in   they  present  themselves  in  the  form  of  differential 
ations  inferior  in  order  to  the  equation  given, 
Lnd  as  the  entire  theory  is  involved  in  the  theory  of  1 
jular  first  integrals,  we  shall  speak  chiefly  of  these,  but  J 
h  less   detail   than    in    the    coiresponding   inquiries   ofl 
».p.  Vlll. 

Additions  to  the  present  Chapter  are  given  in  the  Supi 
mentary  Volume,  Chapter  xxiii.] 

*EOP.  Given  a  first  integral  with  arbitrary  constant  of  1( 
erential  equation  of  the  n"*  order,  required  the  corresponii 
singular  integral. 

K given  equation  be 
F{^.y.v,-y^--yn)=^ (^nv] 


WNGtTLAR  INTEGHALB. 


e  y,  stands  for  -r  .  V.  for  -~  , 
given  to  be  expressed  in  the  form 


Suppose  t!ie  integtil 


c  being  an  turbitrary  constant. 
L  an  unknown  function  of  x. 


dx     dy' 


■••y^.c) 

Differentiating 


i«), 

i  if  c  wt 


-y.-.+ 


dc  dx' 


Now  this  reduces  to  the  same  form,  i.  e.  gives  the  euO 
expresaion  for ^„  in  terms  of  z,  j/,... y,^, ,  c,  as  it  would  du 

i  c  were  constant,  provided  that  we  have  -^  =  0 ;  and  therefoi 

I  this  condition  satisfied,  the  elimination  of  c  will  still  lead 
I  the  given  differential  equation  (43), 

An  integral  of  the  given  equation  will  therefore  be  fain 
by  attributing  to  c  in  the  complete  first  integral  (44),  so 

Talue  as  will  satisfy  the  condition  -j-  =  0,  or,  as  we  may 


dc 


ait, 


do 


=  0.. 


..(+5). 


And  unless  the  value  of  c  thus  found  is  constant,  til 
I  integial  will  be  singular.  The  above  process  amounts  j 
['ehminating  c  between  (14)  and  (45),  so  that  we  have  U 
I  following  rule. 

Given  a  first  integral  of  a  differential  equation  of  iko 
order,  to  deduce  the  corveaponding  singular  integral,  we  n 
eliminate  c  between  the  first  integral  in  question  and  the  eq 


dc 


=  0,  1 


Q 


y^,  is  the  value  of  j-^^ 


terms  ofx,  y  ...  j-^,  &c.  hy  means  of  Die  given  firat  iidag* 
If  the  proposed  first  integral  is  rational  and  integral 


■ 
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..   1 

p 

^Bm,  then  representing  it  by  0  =  0,  it  suffices  to  eliminate  c      1 
^pttwcen  the  equations,                                                                      1 

Iw             *=»■  S"" 

m-          1 

Bf^L      I'  's  unnecessary  to  dwell  on  the  particular 
B^Bttm  after  what  Las  been  said  on  this  subject  in 

;ases  of  escep-      1 
Chap.  vni.          1 

^^BjEz.  1.     The  differential  equation 

\ 

^^P             y-»yi+2y,-<j',-a;y,)'-j;= 

i 

^Hlus  tor  a  first  mtegral 

J 

H   required  the  corresponding  singular  inte^raL 

■ 

■         Differentiating  the  first  integral  with  respect 

to  b,  we  find 

1                                        |  +  ^^+2J  =  0, 

m  -whence  J  =  ^-'Y       .. ,  and  this  value  substitute 
■  integral,  leads  to 

,.     ^.V,     .V.'        (iv,-x'r    _ 

d  in  the  given 

or,  on  reduction. 

16  (1  +  ar) ^- S^y  -  16x^,  +  x'-  16y 

'  =  0. 

In    connexion  with  this  subject,  Lagrange  has  established 
tbe  following  propositions: 

1st.    Kither  of  the  first  two  integrals  of  a  differential  equa- 
-iion  of  the  second  order  leads  to  the  same  singular  integral 

Snd.     The  complete  primitive  of  a  singular  integral  of  a 
differcoUal  equation  of  the  second  order  will  itself  be  a  sin- 
pilar  mdmion  of  that  equation,  but  a  eingulnr  Bolution  of  a 
sin^iJiu-  integral  will  in  general  not  be  a  solution  at  all  of 

^^^^^^1^^^. 

J 

dete 


StKGULAB  INl^GBALS.  [fill;. 

I  The  proof  of  these  propositions  will  afford  au  escrcise  k 
|he  student. 

[See  Lagrange's  Lemons  sur  le  CalctU  des  Fonctiora,  It^ 
""•  of  the  edition  of  1806,  or  Legan  15™  of  the  edition  of 
8.  A  note  hy  Poisson  on  p^e  239  of  the  edition  of  1808 
should  be  consulted ;  it  relates  to  the  second  of  the  above, 
two  propositions.  See  also  Lacroix,  Traits  du  Calcui  Di§i- 
reniiel....  Tome  ll.  pp.  382  and  390.] 

We  proceed  to  inquire  how  singular  integrals  mayk 
determined  from  the  differential  equation. 

Expressing  as  before  the  firet  integral  involving  an  axbi- 
:y  constant  in  the  form 

Vn.,=f{^.y.y,-y.-.><') (tT). 

'6  have  as  the  derived  equation 

r'""-^.""--^'} w 

the  brackets  in  the  second  member  indicating  that  in  eSect 
ing  the  differentiation  y,  i/,,-.-y^,,  are  to  be  regarded  !. 
functions  of  x,  The  differential  equation  of  the  »""  order  i 
found  from  (48)  by  substituting  therein,  after  the  difTerentii 
tion^  for  c  its  value  in  terms  of  a:,  y,  y,,  ...y,^,.  given  by  (4^ 
The  result  assumes  the  fom 


representing  f{x. 


I  ±nE 

^^^H     Hence,  we  have 

I 


M-i:.  y.y,■■■JJ■• 


•  m- 


Hence, 


^. '"'")=© 


..(50), 


idcd  that  the  first  member  be  obtained  from  the  di 
irential  equation,  and  the  second  member  from  one  of  i 


SraOtTLAR  INTEGBALS. 

St  integrals  involvmg  c  as  arbitrary  constant.     It  is  to  ti 
)me  in  miad  that  in  effecting  the  differcDtiattoa  with  respect.! 
laiin  the  second  member,  we  must  regard  y,  ^,,...y,_j  a 
Isctions  of  X. 

Now  reasoning  as  in  Chap.  viil.  since  a  singular  solutioft. 

mlces     ,'—  =  0,  it  makes  its  logarithto,  and  in  general  thai 

fifferential  of  its  logarithm,  infinite,     Thiis  we  arrive  at  t 
fjiluwing  conclusion. 

A  singular  integral  of  a  differential  equation  of  the  n'*'  order  1 


till  in  general  satisfy  the  condition 


rfy„_ 


,  and  a  relatioa  I 


bich  satisHee  both  this  condition  and  the  differential  equation.  J 
[It  be  a  singular  integral. 

jEx.  2.    Applying  this  method  to  the  equation, 

s  -  ^^/i  + 1  y»  -  (y.  -  ^3'J' -  y.' = f ' 

I  find,  on  differentiating  with  respect  to  i/,  and  ij^  only. 


Bfiuatin 


<V,, 


12 


Efiuftting  the  denominator  of  this  expression  to  0,  we  find  I 
_  a^  +  •ta;_y, 

jl  Bubatituting  tliia  value  in  the  given  differential  equationj 
cuing  of  fractions,  and  dividing  by  a;'  + 1,  which  will  presenfii 
^If  as  a  common  factor, 

IQu^T,  +  IGi/ - ac'ff, -  16a;y,-  lG7/'  +  x*  =  0, 

Jugular  integral.  The  equation  given  and  the  result  Q^eel 
Hi  those  of  Lx.  I. 
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EXEBCISES.  Spa. 


EXERCISES. 


1    ^y 

2.    ^^  =       ~^ 


3. 


^y      1 


da?     '\/iai/) ' 

4     ^  +  i^  =  o 
aa?      a?  ao? 

5   ly-^ 

ds^~  a?' 
The  two  following  are  reducible  to  Clairaut's  form. 

8  ^-x^y-f(^y\ 

(dyy_^^^_dy  A/dyy^X 
\d^)     y dj?~dx-'\\dx)    da?]' 

10.     Describe  the  different  kinds  of  homogeneity  in  d 
ential  equations,  and  explain  their  connexion. 

The  two  following  homogeneous  equations  are  intend 
be  solved  by  the  method  developed  in  Art.  3. 


13,  Shew  that  the  linear  equation  ^  +  P  -^-i-Qi/  =  0, 
**elong3  to  one  of  the  homogeneous  classes,  and  is  reducible  to 
*ii  equation  of  the  first  order  by  assuming  _y  =  e-^'". 

14,  Solve  the  linear  equation  -j^  +  P  -^+  -^y  =  0. 

15,  Mainardi  has  remarked  (Tortolini,  Vol.  i.  p.  76),  that 
LiouviUe's  equation  Art.  7,  becomes  integrable  if  multiplied 

by  the  factor  I  -%■  -1  Applying  this  method,  deduce  the  com- 
plete primitive. 

16.  LiouviUe's  equation  may  also  be  solved  by  suppressing 
Ihe  second  term  and  regarding  the  arbitrary  constant  in  the 
Brst  integral  of  the  result  as  an  unknown  function  of  a-. 

17.  Shew  that  the  equation   '^  +  P^+Q  (J)  =0  is 

;tegrable  in  the  following  cases,  viz.  1st,  when  P  and  Q  are 
»oth  functions  of  x,  Sndly,  when  they  are  both  functions  of  j/, 
Irdly,  when  P  is  a  function  of  ar,  and  Q  a  function  of  i/, 

19.  Given  s  =  V('''  +  j'}^  (Transforni  to  polar  co-ordinates.) 

20.  Given  s^a-^ .     Determine  the  relation  between  y 


od  se,  80  tliat  when  a:  =  0,  we  may  have  y  =  0,  and  -r  =0. 

81.     Equations  homogeneous  with  respect  to  x,  y,  and  s  can 
I  iot^^rated  by  tho  assumption  as  =  i't  y  =  e'u. 

22.  Given  -5-  +  3y  -j-j  =  0,  required  the  complete  primitive 
rlatdon  between  x  and  if, 

23.  8  =  ^{a?  +  Zcx). 
84    >  = '/is' -i- mw^. 
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25.    Examine  the  solution  of  Ex.  24,   when  m  =  la 
when  m  =  0. 

^x_     fi     h  (dxV 

27.  Shew  that  x  -tK  is  an  exact  differential  coefficient 

28.  Shewthat3^*+(2a;y-l)  J  +  aj^+aj«^  =  Oi 
exact  differential  equation,  and  deduce  a  first  integral. 

29.  The  equation  -~  +  .  ^   ^  ».,  =  0  becomes  integ 

by  means  of  the  factor  2x*  -^  —  2xy.      (Moigno,    Ton 
p.  672»)     Deduce  hence  a  first  integral. 

30.  Deduce  also  the  complete  primitive. 

31.  Find  a  singular  integral  of  the  equation 

\dx^)       X  dx  daf 

32.  Hence  deduce  a  singular  solution  of  the  given  c 
ential  equation. 

33.  The  complete  primitive  of  the  differential  equat 
the  second  order  in  Ex.  31  is  required. 

34.  A  first  integral  of  the  differential  equation    o 
second  order  y-^xy^^-^y^- (y^ - xy^* - y/ = 0  is 

y+  (^— a'Ja?'—  (1  —  2a)aryj  — a'  — ^^'  =  0,  where y^  stan 

-^ .   Hence  deduce  the  singular  integral.   Shew  that  it  a 
and  ought  to  agree,  with  the  result  obtained  in  Art.  10, 

35.  Shew  that  the  complete  primitive  of  the  above  < 
ential  equation  is  y  =  ^  a;'  +  6aj  -f  a'  +  b\ 
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•      36.     The  singular  integral  of  the  differential  equation  of 
'the  second  order,  above  referred  to,  has  been  found  to  be 

16  (1+0^)7/-  Saj^i  -  IQocT/i  +  a*  -  16yi'  =  0.     Ex.  2,  Art.  10. 

Shew  that  this  singular  integral  has  for  its  complete  primitive 

^         (16y  +  4aj'^  +  aj*)*  =  a:(l+a:*)*-log{(l  +  aj»)*-ic}+A, 

Ih  being  an  arbitrary  constant — and  that  this  is  a  singular 
_,;  solution  of  the  proposed  differential  equation  of  the  second 
^;  order. 

^ '     37.     The  same  singular  integral  has  for  its  singular  solution 
^  16y  +  4iX^  +  aj*  =  0.     Prove  this.     Have  we  a  right  to  expect 

that  this  will  satisfy  the  differential  equation  of  the  second 

order  ? 

38.  By  reasoning  similar  to  that  of  Chap.  viil.  Art.  14^ 
shew  that  a  singular  integral  of  a  differential  equation  of  the 
form  y^+/(a?,y, yj...3fn_,)  =0  will  render  the  integrating 
fector  of  that  equation  infinite. 

39.  Differential  equations  of  the  form  -r^  "/(;/)  ^^^  ^® 

integrated  by  obtaining  two  first  integrals  of  the  respective 
forms  X  =f{p,  c),  y  =/j  (p,  c),  and  equating  the  values  of  p. 

40.  Prove  the  assertion  in  Art.  9,  that  a  singular  solution 
of  a  singular  integral  of  a  differential  equation  of  the  second 
order  is  in  general  no  solution  at  all  of  the  equation  given. 


CHAPTER  XI. 

OEOMETEICAL   APPLICATIONS. 

1.  In  what  manner  differeutial  equations  afl'ord  the  aji]™- 
priate  expressions  of  those  properties  of  curves  which  involve 
the  ideas  of  direction,  tangency  or  curvature,  has  been  expliuiied 
in  Chap  i.  Art.  11. 

Of  the  suggested  problem  in  which  from  the  expression!^ 
a  property  iiivolviDg  some  one  or  more  of  the  above  eW- 
menta  it  is  required  to  determine,  by  the  solution  of  a  dif- 
ferential equation,  the  family  of  curves  to  which  that  proper^ 
belongs,  some  illustrations  have  also  been  given  in  the  foift- 
going  Chapters. 

Here  we  propose  to  consider  that  problem  somewhat  moii 
generally. 

The  following  expressions  furnished  by  the  Differential 
Calculus  are  convenient  for  reference. 

For  a  plane  curve  referred  to  rectangular  co-ordinates  x  and 
y,  representing  also  -,-  by  p,  -y^  by  q, 


'  P  P 

Normal  =  y  (1  +p')*.       Subnormal  = 


Intercept  on  axis  y  =  y  —  scp, 

Diat  from  origin  to  foot  of  normal  =  x  +  yp. 

Perpendicular  from  la,  b)  on  tangent  =  ^-- — -r— ^. 

(1  +py 

Perpendicular  from  (a,  h)  on  normal  = -.-    ", 

(1  +i.*)* 


OEOHETRICAL  APPLICATIONa 

Radius  of  curvaturo  =  +  • Zl^J,  . 

9 
!!k)-ordiiiate9  (a,  ^)  of  centre  of  curvature 

To  these  may  be  added  the  well-known  fofmiilre  for  the  dif- 

^tialfi  of  arcs,  areas,  &c. 

;t  ia  evident  from  the  above  forms  that  problems  which 

ite  only  to  direction  ot  tangency,  give  rise  to  differential 

lations  of  the  first  order— problems  which  involve  the  con- 

tion  of  curvature  to  equations  of  the  second  order. 

(Tien  the  conditions  of  a  geometrical  problem  have  teen 

ressed  by  a  differential  equation,  and  that  equation  has 

a  solved,  it  will  still  be  necessary  to  determine  the  species 

he  solution — general,  particular,  or  singular,  as  also  its   . 

metrical  signiAcance. 

.  The  class  of  problems  which  first  presents  itself,  is  that  ( 
Vhich  it  is  required  to  determine  a  family  of  curves  by  | 
condition  that  some  one  of  the  elements  whose  expressions  J 
given  above  shall  be  constant. 

X.  1.     Required  to  determine  the  cun'cs  whose  subnormal 
instant. 

'ere  7/  -,'-  =  a,  and  integrating. 


be  property  is  seen  to  belong  to  the  parabola  whose  para- 
sr  ifl  double  of  the  constant  distance  in  question,  and  whose 
coincides  with  the  axis  of  x,  while  the  position  of  the  j 
BX  on  that  axis  is  arbitrary. 
X.  2,     Kequired  a  curve  in  which  the  perpendicular  from 
origin  upon  the  tangent  is  constant  and  equal  to  u. 
i  we  have 
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an  equation  of  Clairaut's  form,  of  which  the  complete  primi- 
tive is 

y  =  cx+{l  +  c^)^a, 

and  the  singular  solution 

a?  +  jf  =  a\ 

The  former  denotes  a  family  of  straight  lines  whose  distance 
from  the  origin  is  equal  to  a,  the  latter  a  circle  whose  centre  ii 
at  the  origin,  and  whose  radius  is  equal  to  a.  •  And  here,  a8 
was  noted  generally  by  Lagrange,  the  singular  solution  seemi 
•to  be,  in  relation  to  geometry,  the  more  important  of  the  twa 

3.  A  more  general  class  of  problems  is  that  in  which  it  ii 
required  to  determine  the  curves  in  which  some  one  of  the 
foregoing  elements.  Art.  1,  is  equal  to  a  given  function  of  the 
abscissa  oo, 

Ex.  1.  Kequired  the  class  of  curves  in  which  the  subtan- 
gent  is  equal  to /(a?). 

Here  we  have 

dy       dx 

Thus  if  the  proposed  function  were  a?,  we  should  hare 

as  the  equation  required. 

Ex.  2.    Required  the  family  of  curves  in  which  the  radios 

of  curvature  is  equal  tof{x). 

Here  we  have 


■whence 


=  T.T- 


F07  ''''' 


-'ART.  4] 
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whence,  mnltiplyii^g  by  dx  and  integrating, 


Y^ 


.     =?(X+C), 

^resenting  the  integral  of  ^:— .    Hence  we  find  by  alge- 
Inraic  solution 


dx     {l-.(X+a/}i' 


+c„ 


in  which  it  only  remains  to  substitute  for  X  its  value,  and 
effect  the  remaining  integration. 

Ify  (a?)  is  constant  and  equal  to  a,  we  find 

a  a 

_  f     {x'¥aC)dx 


{     (a?4 


+  cr. 


wiience 


^[a*-{x  +  aCY\ 

id  this  represents  a  circle  whose  centre  is  arbitrary  in  posi- 
[tion,  and  whose  riadius  is  a. 

•  * 

A  yet  more  general  class  of  problems  is  that  in  which  it  is 
required  that  one  of  the  elements  expressed  in  Art.  1  should  be 
expressed  by  a  given  function  of  a;  and  y. 

AvL  example  of  this  class  is  given  in  Chap.  vii.  Art.  10. 

% 

4t.     We  proceed  in  the  next  place  to  consider  certain  pro- 

lileiiis  in  which  more  than  one  of  the  elements  expressed  in 
ArC  1,  are  involve^*  - 

B.D.S.  16 
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Ex.  1.    To  determine  the  curves  ia  which  the  ladim  cf 

curvature  is  equal  to  the  normal. 

If  the  radius  of  curvature  have  the  same  direction  as  tb 
normal  we  shall  have 


'whence 


:tiP^-y|i+®1 


Hm ; at 


The  first  side  multiplied  by  cZo;  is  an  exact  differential  id 
gives 

whence  again  integratmg 

y*  +  a?  =  2cx  +  c' (8), 

the  equation  of  a  circle  whose  centre  is  on  the  axis  of  o^ 

If  the  direction  of  the  radius  of  curvature  be  opposite  to  1 
of  the  normal,  it  will  be  necessary  to  change  the  sign  of 
first  member  of  (1).    Instead  of  (2)  we  shaJl  have 

and  this  equation  not  containing  x,  we  may  depress  it  to 
first  order  by  assuming  ;^  =  p-    The  transformed  equatioai 

,  pdp      dv 

whence.  C  .  ,  «=  — 


^daf 
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Substituting  for  p  its  value  -^ ,  we  find  on  algebraic  solu- 


dx  = 


^1— 


hence,        a  =  c'  +  c!og  {j/  + (y-c')'] 

This  equation,  reduced  to  the  exponential  form 


=i(--+^^ m. 


Been  to  represent  a  catenary. 

The  solution  therefore  indicates  a  circle  ■when  the  direction 
radius  of  curvature  and  of  the  normal  are  the  same,  but 
when  they  are  opposed.     The  latter  curve  has, 
many  properties  analogous  to  those  of  the  circle. 
Tom.  II.  p.  459.) 

\.  2.  To  find  a  curve  in  which  the  area,  as  expressed 
Jf  ttie  formula  ^ydx,  is  iu  a  constant  ratio  to  the  correspond- 
Ifgarc. 

[Vehave  y=(7{l+pV. 

wh,  agreeing  iu  form  with  the  last  difierential  equation  of 
e  preceding  problem,  shews  that  (5}  represents  the  curve 
faired,  ana  connects  together  the  properties  noticed  in  the 
A  two  examples. 

\  Sx.  3.  Bequired  the  class  of  curves  in  which  the  length  of 
«  normal  is  a  given  function  of  the  distance  of  its  foot  from 
e  origin. 

I  Tlie  difTerential  equation  is 

y{\+f)^=f{x-^yp)  (1), 

1  it  belongs  to  the  remarkable  class  discussed  in  Chap.  TH. 
i  9,  where  the  complete  primitive  is  given,  viz. 

S-  +  {«-.)'  =  l/Caff (2). 

s  repreecnte  a  circle  whose  centre  is  situated  on  the  axis  of 
I  at  a  atstaoce  a  from  the  origin,  and  whose  radius  is  equal  to 
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f{a).     It  is  evident  that  this  circle  satisfies  the  geometr 
conditions  of  the  problem. 

But  there  is  also  a  singular  solution,  found  by  eliminati 
the  constant  a  between  (2)  and  the  equation  derived  front' 
by  differentiation  with  respect  to  a,  viz. 

i-a+/(a)/W.O (3), 

For  instance,  if /(a)  =  n^  a'  we  have  to  eliminate  a  betw 
the  equations 

from  which  we  find 

the  equation  of  a  parabola.     While  in  this  example  the  M 
plete  primitive  represents  circles  only,  the  singular  aoluti 
represents  an  infinite  variety  of  distinct  curves,  each  orij ' 
ing  in  a  distinct  form  of  the  function/  (a).    Other  il 
of  this  remark  will  be  met  with. 

The  above  problem  was  first  discussed  by  Leibnitz,  whot 
not,  however,  regard  its  solution  as  dependent  upon  thato 
differential  equation,  but,  establishing  by  independent  H 
'siderations  the  equation  (2),  which  constitutes  in  the  abo 
mode  of  treatment  the  complete  primitive  of  a  difi^rent 
equation,  arrived  at  a  result  equivalent  to  its  singular  bo 
tion  by  that  kind  of  reasoning  which  is  employed  in  thegi 
metrical  theory  of  envelopes.  Indeed  it  was  in  the  discuta 
of  this  problem  that  the  foundations  of  that  theory  were  1 
{Lagrange,  Calcul  des  I-hnotions,  p.  268). 

.  6.  A  certain  historic  interest  belongs  also  to  the  two  i 
lowing  problems,  famous  in  the  earlier  days  of  the  Calculus' 
'the  problem  of  '  Trajectories'  and  the  problem  of  'Curve* 
pursuit.'  These  we  shall  consider  next.  They  will  serve 
illustrate  in  some  degree  the  modes  of  consideration  by  whi 
•  the  differential  equations  of  a  problem  are  formed  whena 
,  table  of  analytical  expressions  suffices  no  loiiger. 


'.  5.]  TRAJECTOBIESu  S45 

Trajectmes. 

Supposing  a  system  of  cnrres  to  be  described,  the  different 
bers  differing  onlj  through  the  different  ralues  giyen  to 
arbitrary  constant  in  their  common  eqnation — a  cunre 
^riiich  intersects  them  all  at  a  constant  ai^e  is  called  a  tra- 
jectory, and  when  the  angle  is  right,  an  orthogonal  trajectory. 

.  To  determine  the  orthogonal  trajectory  of  a  system  of 
Cliryes  represented  by  the  equation 

*(x,y,c)=0 (1). 

Bepresenting  for  brerity  ^  (x,  y,  c)  by  ^,  we  have  on  dif- 
flsrentiating 

ax  ojr 

Hence,  for  the  intersected  carves, 

;  dy  ^     d^  _  d<f> 

dx        dx  '  dy' 

k!  N<^  representing  this  yalue  by  m,  and  the  corresponding 

gmlne  of  -^  for  the  trajectory  by  m\  we  have,  by  the  condition 
■  ax 

perpendicularity,  m  = — .    Hence  for  the  trajectory 

dy^d^^d^ 
dx     dy  '  dx^ 

%^-t*=-o P). 

dch  must  be  true  for  all  values  of  c.   Hence  the  differential 
of  the  orthogonal  trajectory  will  he  found  by  dimi- 
ing  c  ietween  (1)  and  (2). 

'  Were  the  equation  of  the  system  of  intersected  curves  pre- 
ited  in  the  form 

♦  («,  y,  o,  ft)=o, 

and  b  being  connected  by  a  condition 

•t(a,6)-0,       . 
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we  should  have  to  eliminate  a  and  h  between  the  above  ti 
equations,  and  the  equation 

ay  ax  ^ 

We  shall  exemplify  both  forms  of  the  problem. 

Ex.  1.    Required  the  orthogonal  trajectory  of  the  syste 
of  curves  represented  by  the  equation  y  =  cjj*. 

Here  ^  ==:  y  —  caj**,  whence  by  (2) 

dx  +  nca?"'^  dy  =  0. 

Eliminating  c, 

xdx  +  nydy  =  0 ; 

therefore  a?  +  ny^  =  c', 

the  equation  required.  We  see  that  the  trajectory  will  be  i 
ellipse  for  all  positive  values  of  n  except  n  =  1, — an  ellip 
therefore,  when  the  intersected  curves  are  a  system  of  comm 
parabolas.  The  trajectory  is  a  circle  if  n  =  1,  the  intersect 
system  then  being  one  of  straight  lines  passing  through  t 
origin.    The  trajectory  is  an  hyperbola  if  n  is  negative. 

Ex.  2.    Required  the  orthogonal  trajectory  of  a  system 
confocal  ellipses. 

The  general  equation  of  such  a  system  is 

2  2 

X      y      - 
a  and  h  being  connected  by  the  condition 

where  h  is  the  semi-distance  of  the  foci,  and  does  not  ti 
from  curve  to  curve.  Hence  we  have  to  eliminate  a  am 
from  the  above  equations,  and  the  equation 


^d»-Jrfy=0; 
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result  is 

solution  of  which  may  be  deduced  from  that  of  Ex.  3, 
p.  viL  Art,  10,  by  assurmng  therein  -4  =  1,  B  =  h\    We 

this  may  be  reduced  to  the  form 

nd  6j  being  connected  by  the  condition 

s  the  trajectory  is  an  hyperbola  confocal  with  the  given 
em  of  ellipses. 

When  the  trajectory  is  oblique,  then  0  being  the  an^le 
jh  it  makes  with  each  curve  of  the  system,  and  m  and  m 
ng  the  same  significations  as  before, 

m  -4-  tan  0 


m  = 


1  — mtan^' 


abstituting  for  m  its  former  value  — -5^  -5-  j? ,  and  for  m' 

ax     ay 

alue  -£-  as  referred  to  the  trajectory,  we  have  on  reduc- 

,       ^tan^-^ 
dy     dy  dx  ,ox 

dx'-r^f^' ^  ^' 

^r'  +  'T'tan^ 
dy     dx 

quation  from  which  it  only'  remains  io  eliminate  c  by 
IS  of  the  given  equation  in  order  to  obtain  the  diflferential 
tion  of  the  trajectory. 

c     Required  the  general  equation  of  the  trajectories  of 
lystem  of  straight  lines,  y  =  ax. 
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Here  i^  =  y~ax,  whence  by  (3) 

dy      tan^-f-tt 
,  ^  do?     1  —  a  tan  d 

^  _a:tan^4-y 

x  —  y  tan  0 ' 

or  (y  +  a?  tan  tf )  dx  +  (y  tan  ^  —  a?)  rfy  =  0, 

a  homogeneous  equation,  an  integrating  factor  of  which  1 

-5 5,  we  have 

x'  +  f' 

whence  integrating 

tan"^  -  +  tan  5  log  {a?  +  y*)*  =  c: 

if 

If  we  change  the  co-ordinates  by  assuming   a;  s  r 
y  =  rsin0,  we  get 


the  equation  of  a  logarithmic  spiral. 

The  following  example,  which  is  taken  from  a  Memc 
Mainardi  (Tortolini's  Annali  di  Scienze  Matematiclie  e  F\ 
Tom.  I.  251),  is  chiefly  interesting  from  the  mode  in  ^ 
the  integration  is  effected. 

Required  the  oblique  trajectory  of  a  system  of  coi 
ellipses. 

Representing  the  tangent  of  the  angle  of  intersection 
we  have  to  eliminate  a  and  b  between  the  equations 

^4-^  =  1      a*-y  =  A* 


y    » 

^  ra  *""  "1 

0      a 
b         a 
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"he  result  may  be  expressed  in  the  form 

^+2/  +  (ny^x)p}  {x^ny  -{•  (nx  -i-y)  p]  =  h*  (n^ p)  (1  +  np). 

To  integrate  this  equation  let  us  assume 

x^ny+  {nx  +  y)  p=M{l+  np), 

M{nx  +y  +  [ny  —  a?)  p}  =  Ji?  {n  —  j?). 

As  these  on  multiplication  reproduce  the  given  equation 
e  assumption  is  legitimate. 

EHiminating  p  from  the  last  two  equations,  and  dividing 
1  4-n*,  we  have 

(a^+y«+A^)ilf=a?(ifHA*) (a). 

Serentiating  this  equation  and  eliminating  y  and  p  from  the 
ult  by  the  aid  of  any  two  of  the  last  three  equations  (it 
evident  that  two  only  are  independent),  we  obtain  a 
Terential  equatio^between  M  and  x,  which  is  capable  of 
>ression  in  the  fom 

ndixM) X ^^ ^j^^ 


[h*  {xM)  -  {xMy}^     K(i-E] 

x\        xj 


For  (a)  may  be  written  thus : 

Jf/=(aj-ilf)(A»-a?x¥)... ,.  (c) ; 

erentiating  we  have 


=  (l  -  ^)(h'-xM)-(x-M)(M+ 
«  dy  .,,  (x-M)  (h*-xM)  dM 


dM\ 
""dx)' 


dx  M        ■      dx 


{l^^y-^)-i,-M){M^.^): 
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therefore 
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^  dx  M         dx 


m 

dx 


)■' 


therefore 


But 


2j^|jtf4,^(^\-:^')^^y-2a:if+Jfl 


M 


dx 


dy  ^   JIf+ny  — a; 
dx'^  n{x-'M)  +y' 


therefore        2 Jfy  (Jf  -  a;)  +  2nil^* 


=y{A"- 


a; 


2«^+^-i  (»•-•»'*)  ^ 


} 


+  n(aj-ilf)  ih*-2xM+M*-^  (A»-Jf»)^|; 


therefore 


dJf 


therefore 


wc  dM        f       'kjr\        /      .  ,j-N  a?  dti 

therefore    w  (a;  — if)  (-^+^7T~)+y  (^-3 Jf  J  =  0; 

therefore    n  (a;  —  Jf )  — ^^ — ^  +  y^  -1 =0. 

CLX  dx  X 


therefore 


Hence  by  tlie  aid  of  (c)  we  obtain  (6).] 
Hence,  by  int^pratioit 

lV(iii)_ 


-  2k  tan' 


'""vlilr" 


1    +1( 


V(' 


wViich  it  is  only  necessary  to  substitute  for  M  its  value  in 
erms  of  a;  and  y  deduced  from  (a). 


Curves  of  Pursuit. 

7.  The  term  curve  of  purauit  ia  given  to  the  path  which 
point  describes  when  moving  with  uniform  velocity  towards 
lother  point  which  moves  with  tiniform  velocity  in  a  given 

line. 
Let  a,  y  be  the  co-ordinates  of  the  purauing  point,  x',  j'the 

bmltaneoiis  co-ordinates  of  the  point  pursued.    Also  lot  the 

|natioa  of  the  given  path  of  the  latter  be 

/{', «■)-<> {*)■ 

Now  the  point  pursued  being  always  in  the  tangent  to  the 
Ith  of  the  point  which  pursues,  its  co-ordinates  must  satisfy 
le  equation  of  tliat  tangent.     Hence, 


\¥—)- 


..(3), 


Lastly,  the  velocities  of  the  two  points  being  iiniform,  the 
Irresponding  elementary  arcs  will  "be  in  the  constant  ratio  of 
le  Tdocities  with  which  they  are  described.  Hence,  if  the 
locity  of  the  pursuing  point  be  to  that  of  the  point  pursued 

»  :  If  we  have 

■  taking  X  as  independent  variable, 

/|(S)'-(I)1V{'-©] («>■ 
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the  sign  to  be  given  to  each  radical  being  positive  or  negative, 
according  as  tlio  motion  tends  to  increase  or  to  diminish  the 
corresponding  arc. 

From  (4)  and  (5),  -when  the  form  of  the  function  f{x',  f]  u 

determined,  x'  and  y'  may  be  found  in  terms  of  x,  y,  and  -^ 

and  tlieae  values  enable  us  to  reduce  (6)  to  an  equation 

iween  X,  y, -^ ,    j^.     It  only  remains  to  solve  this   difier 

ential  equation  of  the  second  order.  If  the  signs  of  th^ 
radicals  are  both  changed,  the  motion  in  each  curve  is  simpl 
reversed,  and  the  curve  of  pursuit  becomes  a  curve  of  tiiglr 
But  the  differential  equation  remaining  unchanged,  theforn^^ 
of  the  curves  are  unchanged,  and  only  their  relation  inverted 

Ex.  A  particle  which  sets  off  from  a  point  in  the  axis  of  a 
situated  at  a  distance  a  from  the  origin,  and  moves  uniform^ 
in  a  vertical  direction  parallel  to  the  axis  of  y,  is  pursued  b 
a  particle  which  sets  off  at  the  same  moment  fi-om  the  origj 
and  travels  with  a  velocity  which  is  to  that  of  the  former  d 
n  :  1,     Required  the  path  of  the  latter. 

The  equation  of  the  path  of  the  first  particle  being  x'  =i 
(5)  becomes 


y'  =  V+ia-a:)-j 


dx 


dy- 
tlx' 


{a~x) 


and  the  differential  equation,  both  radicals  being  positive,  i 
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ELeoice, 

cb?  1 


Multiplying  by  dx  and  integrating 
Hence,  if  n  be  not  equal  to  1, 


1-1         ,  i+i 


»'\t-^-\^V'-- <')■ 


n  n 

But  if  n  be  equal  to  1,  we  have 

dx     21 
whence 


x  —  a        c    ] 

c         x  —  ay 


{x-aY     c .      .         .        , 
.y=^-;j^-2log(aj-a)+c. 

•  •      .     .   .  ^ 

8.  The  class  of  problems  which  we  shall  next  consider  is 
introduced  chiefly  on  account  of  the  instructive  light  which 
it  throws  upon  the  singular  solutions  of  differential  equations 
of  the  second  order. 


Inverse  Problems  in  Geometry  and  Optics. 

The  problems  we  are  about  to  discuss  are  the  following : 
Ist^  To  determine  the  involute  of  a  plane  curve.  2ndly,  To 
determine  the  form  t>i  the  reflecting  cuf  ve  which  will  produce 
a  given  caustic,  the*  iAcident  rays  being  supposed  parallel 


In  both  these  problems  we  shall  have  occasion  in  a  parti< 
cular  part  of  the  process  to  solve  a  differential  equation  of 
first  order  of  the  form 


y -x<f>ip)=ff'-'^  {?)->}>  (p) /'-'<!>  (p).. 


in  which  i^  and/are  functional  symbols  of  given  interpret*! 
tion,  and  /'"'  is  a  functional  symbol  whose  interpretation  il 
inverse  to  that  of  the  symbol _/'.    Thus,  ify{a:)  =  sin  x,  then 


/W-c, 


/-'{')• 


It  will  somewhat  less  interrupt  the  theoretical  obseiw 
tiona  for  the  sake  of  which  the  above  problems  are  chiefl] 
valuable,  if  we  solve  the  equation  (7)  under  its  general  foi 


Referring  to  Chap.  Trr.  Art,  7,  we  see  that  (7)  will  becomg 
linear  if  we  transform  it  ao  as  to  mate  either  of  the  primitiw 
variables  the  dependent  variable,  and  either  j>  or  any  function 
of  J)  the  independent  variable. 


Let  us  then  assume 


Hp)- 


and  transform  the  differential  equation  so  as  to  make  x  and 
the  new  variables. 

Substituting  v  for  ^  {p)  in  (7),  we  have 

^~^=f/-'{v)-vf-\v) (8). 

Differentiating,  and  regarding  v  as  independent  Turioble, 

dy 


do 


'dv' 


-/'■■(■>). 

dx 


s;-*"^*- 
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or, 

dx  X        ^   f-'iv) 

Hence,  if  for  brevity  we  write 


we  have 


whence 

i  X 


=  ^c)  {C+j^^^'{v)f^{v)  dv} 

=  €-♦<•>  {C+  ^V' W  -/«*^  ^"'  Wl' 

-/'-*(t,)  =  €-^*»  [0^j^df''{v)} (10), 


.  between  which  and  (8),  v  mast  be  eliminated. 

If  in  those  equations  we  make  f'^  (r)  =  t,  they  assume  the 
Bcxnewhat  more  convenient  form^ 


x^t=.  e*rw  [C^j^W  dt], 


and  these  may  yet  farther  be  reduced  to  the  form 

^     •       f(t)  ^%       ^^^r 

From  these  equations  it  only  remains  to  diminate  t,  the 
forms  olfasid  ^  being  spediied,  and  that  of  ifp  given  by  (9)  j 
and  this  is  appoxentl^  the  simplest  form  of  the  solution* 


9.     We  shall  now  proceed  to  the  special  problems  under 
consideration. 

To  determine  the  involute  of  a  plane  curve. 

It  is  evident  from  the  equations  which  present  themselra 
in  the  investigation  of  the  radius  of  curvature,  that  if  x,  y  tu 
the  co-ordinates  of  any  point  in  a  plane  curve,  and  x,  y  Vm 
of  the  corresponding  point  in  the  evolute,  then 


■where  i*  =  ;^ .    3  =  t4  (Todhunter'a  Differential   Ctdcda, 
\  Art.  320).     HencBj  if  the  equation  of  the  evolute  bo 

y=/M (12). 

I  we  shall  have  on  substituting  therein  for  y  and  x  the  valnef 
above  given. 


y  + 


1  +/ 


./.- 


ra+rtl 


..(13), 


a  differential  equation  of  the  second  order  connecting  a  (ad)^ 
and  therefore  true  for  each  point  of  the  curve  whose  evohrtft 
is  given.  Of  that  evolute  the  curve  in  question  is  an  invoialK 
Hence,  if  y'  =f{x')  be  the  equation  of  a  given  curv^  (^^" 
equation  of  its  involute  will  satisfy  the  differential  eqi 
tion  (13). 

Now  suppose  that  nothing  was  known  of  the  genesis  of  lb 
above  equation,  and  that  it  was  required  to  deduce  its  compM 
primitive,  and  its  singular  solution,  sliould  such  exist, 

Upon  examination  the  equation  (13)  will' prove  to  be<rfi 
[  kind  analogous  .to  that  of  Chap.  vii.  Art.  9.     If 

J.    f(i+y')    „    -■--■■ 

J 

y+  — --  =h 

a 


..(U), 


..(15), 
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and  6  being  arbitrary  constants,  we  shall  lind  that  each  of 
lese  leads  by  differentiation  to  the  same  differential  equatiou 
'  the  third  order,  viz. 

Spl--{l+p')r  =  0 (16), 

here  r  stands  for-y*.     It  follows  hence,  that  a  first  integral 

:  (13)  will  be  found  by  eliminating  q  between  (14)  and  (15), 
id  oonnecting  the  arbitrary  constants  b  and  u  by  the  relation 
■"_/'(«).     Eliminating  j,  we  find 

x-a  +  (j,-b)p  =  0 (17). 

liereiD  making  b=f{a),  we  have 

^-o+lK-ZWll—O (IS), 

the  first  integral  in  question.     Again,  integrating,  we  have 
(;«-a)'+lj-/(<.)l'-r' (19), 

ich  a  and  r  are  arbitrary  constants.  This  is  the  complete 
of  (13).  It  is  manifest  from  its  form  that  it  repre- 
the  involute  of  the  given  curve,  but  the  circles  of 
of  that  involute.  Indeed,  that  the  complete  prim>- 
lot  represent  the  involute  might  have  been  aJBrmed 
The  equation  of  the  involute  of  agiven  curve  cannot 
in  its  expression  more  than  one  arbitrary  constant ; 
only  element  left  arbitrary  in  the  mechanical  genesis 
the  involute  is  the  length  of  a  string. 
It  remains  to  examine  the  singular  solution  of  (13).  This 
moat  easily  deduced  by  eliminating  a  between  the  first 
egral  (18)  and  it«  derived  equation  with  respect  to  a,  viz. 
^ireen  the  equations 

^-„  +  (y-/(„)]p.O (20), 

-l-/'(»)y-0 (21). 

from  the  second  of  these  we  have 


•=/-(^)- 


FROBLEUS 

Heacc  eliniiiiaUng  a  from  (20) 

-+j/.=r'(y)+i>//-(^) m. 

WhicL  is  the  singular  solution  of  (13),  and  the  differentii 
xjuation  of  the  first  order  of  the  involute  sought. 
This  equation  is  a  particular  case  of  (7).     If  we  express  i 
^D  the  fonu 

fSe  see  that  it  is  what  (7)  would  become  on  making 

Hence  comparing  with  the  general  solution  (11)  we  ha' 

Thus  tlie  system  (11)  becomes 

rw         |i +/(<)■!'    ■• 

The  finai  solution  is  therefore  expressed  in  tlie  follow 
theorem. 

_  Gieen  the  equation  of  a  curve  in  the  form  y  =/(x').  On 
of  its  involute  is  found  by  eliiniTiating  tfrom  the  system  (23). 

1 0.     Parallel  rays  incident,  in  a  given  direction,  on  a  reflect 

ing  plane  curve  produce  after  reflection  a  caustic  whose  equ* 

I  tion  is  given.   The  equation  of  the  reflecting  curve  is  required 


..(23). 
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et  IPhea  ray  incident  parallel  to  the  axis  of  a;  on  a  point 
J  the  reflecting  curve  SPM,  Fig.  1,  PFQ  the  reflected  ray 
tag  the  axis  of  a;  in  Q  and  touching  the  caustic  S'P'M'  in 
Let  a;,  y  be  the  co-ordinatee  of  P,  x,  y  those  of  P*.  Let 
equation  of  the  cauRtic  be  y'=f{3:'). 
t  is  an  easy  conseqnence  of  the  law  of  reflection  that  the 
le  PQX  which  the  reflected  ray  makes  with  the  axis  of  r- 
Duble  of  the  angle  PTX  made  by  the  tangent  at  P  with 
axis  of  j:.    This  at  once  gives  us  the  equation 


dx' 


if~y'-r^A^-^')- 


(2*> 

0,  howeTer,  (x,  y)  is  a  point  at  which  consecutive  re- 
led  rays  intersect,  we  are  permitted  to  differentiate  the 
re  equation  regarding  x  and  y'  as  constant  while  x  ami  tf 

r.     We  thus  obtain,  representing  -^  by  q. 


P- 
-P_ 


Jp_ 


■(x-x) 


%i(i-p-)  +  ip; 


'--(x-x') 


^ 


(1- 

Sqd+p') 

r(i-pl 


,  I  P  !»-?') (2.-,, 


irbstitnting  this  vahio  in  (24),  we  have 


..(2li), 


Were  the  equation  of  the  reflecting  ounregiTOnandfi 
the  cauatic  required,  it  would  only  be  necessary  to  mhS 
in  (25)  and  (2ti)  the  values  ofp  and  g  in  terms  of  a:  and  y^ 
from  the  former,  and  then  by  eliminating  x  and  g  fioa 
throe,  to  deduce  the  relation  between  x'  and  _y'. 

Conversely,  to  determine  the  reflecting  curve  we  mustfS 
nate  x  and  w'  from  (25),  (26)  and  the  equation  of  the  ( 
viz.  y'  =/(»).     The  result  which  ia  obtained  bj  raerei 
tution  is 


-f{^ 


pa~p 


a  differential  equation  of  the  second  order,  the  floliiM 
which  will  determine  in  the  fullest  manner  the  pasaiWei 
tions  between^  and  ^  which  are  consistent  with  the  comli 
of  the  problem. 

Were  this  equation  given  and  nothing  known  respectiif 
origin,  we  might  at  once  infer  that  it  is  of  a  class  atulugM 
those  of  Chap.  VII.  Art.  9.     For  writing 


-^-  =  h. 


^^P.P^-fl^a 


WG  find  that  each  of  these  leads  by  differentiation  to  dtfi 
differential  equation  of  the  third  order.     For  the  " 


3i.-'^.0, 


while  the  second  gives 


(1  -  p')p,  _ 


;ind  these  lead  to  the  same  value  of  the  differential's! 
of  the  third  order,  r,  viz. 


this  constituting  the  essential  criterion  of  agreemeot  b 
differential  equations  of  the  third  order.  '^^^ 
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Acconiinglj,  eliminating  q  from  (28)  and  afterwanis  makiitg  J 
fi=/(a)  by  virtue  of  (27),  we  find 


V_ 


!/-/(<■)  = 


1-J)' 


■  (29), 


Bidi  ia  a  complete  tirat  integral  of  (27).  We  see  that  it  agrees  ] 
id  necessarily  so,  with  (24),  a  oaly  taking  the  place  of  x'  and  ] 
to)  that  of  y. 

The  complete  integral  of  (29)  will  be  found  to  be 

I  [t/-/(a))'  =  4nt(3:-ffl)+4Mi' (30), 

I  being  &n  arbitrary  constant.  And  this  is  the  complete  1 
■tnitipe  of  (27).  If  we  substitute  x  for  a,  which  wo  may  j 
lUiout  loss  of  generality  do,  then  /(a)  =f{x')  =  y',  so  that  ( 
R  above  equation  gives 

I  [y-,r  =  im{x-i!+m) (31); 

|d  this  m  evidently  the  equation  of  a  parabola  whose  axis  ia  J 

pallel  to  the  axis  of  x,  whose  focus  is  upon  the  caustic  curve,  1 

It  which  ia  in  no  other  way  limited.    The  complete  primitive  j 

1(27)  represents  tlien  a  system  of  such  parabolas. 

fit  is  plain  that  any  such  system  does  constitute  a  true  solu-  ' 

Bn  of  the  problem,  rays  falling  upon  the  interior  arc  of  a  j 

Irabola,  and  parallel  to  its  axis,  being  accurately  reflected  to  1 

le  focus. 

jit  remains  to  deduce  the  singular  solution  of  (27).     DifFer- 

Itiating  its  first  integral  (29)  with  respect  to  a,  we  have 


I  aabstituttng  this  in  (29) 


-// 


■■(T^,)=il^-{^-/-'(r?y)}' 
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-^-i^,--//-(r^-)-r^r-(Tl^.) *| 

Tliis  is  the  differential  equation  of  the  involute.    lu 
plute  integral  may  be  deduced  from  the  general 

Art.  8,  by  making  ^  (/>)  =  y~^'  >  •  ^lisn^s  ^^ 


1- 


-i-g+pl' 


'>)  ~Ji^  +  l +  (!+»■)» 
=  loglV(H-tO  +  l). 
Hence  the  system  (11)  becomes 

^   ,^y-/M_c-JP  +  V|x  +  fmi1'a   V 
/(')  i+WWWl 

from  which,  after  the  integration  has  been  effected,  ( im^ 
eliminated. 

If,  aa  before,  we  replace  (  by  x',  and  /{()  hy  y'  tui^ 
fure  /'  (()  by  -,  , ,  then,  since  we  have 

^{l+f(t)'}dl  =  ds', 
where  s'  represents  the  arc  of  the  caustic,  the  abort  4 
assumes  the  following  form. 


1  + 


dx 

from  which,  when  s'  is  determined,  x'  and  y'  mnst  befl 
iiated  by  means  of  the  equation  of  the  given  curve. 

From  the  above  it  appears  that,  the  incident  raysi 
parallel,  the  reflecting  curve  can  always  be  determioeJ' 
the  caustic  can  be  rectified. 

We  see  also  from  the  nature  of  the  connexion  beW*' 
singular  solutions  and  the  ordinary  primitives  of  diffsiw' 

uquatioils,  that  the  reflecting  curve  is  in  reality  the  enTSwf 
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\  system  of  parabolas  whose  axea  are  parallel  to  the  direo*" 
(oQ  of  incideut  rays,  whose  foci  are   on  the  caustic,  and 
Irhose  parameterB  are  subject  to  sucb  a  relation  as  makes  that 

£ve!ope  to  have  contact  of  the  second  order  with  the  curves 
t  of  whose  dififerential  elements  it  is  formed.  It  is  not  , 
lierely  an  envelope,  but  an  osculating  envelope. 
I  Analogy  makes  it  Rvident  that  when  the  rays  instead  ofB 
peing  parallel  issue  from  a  given  point,  the  reflecting  curve  is  T 
he  oEculating  envelope  of  a  system  of  ellipses,  each  of  which  1 
iaa  one  focus  at  the  radiant  point,  and  the  other  on  the  arc  off 
be  caustic,  the  elliptic  elements  being  further  so  conditioned  m 
|b  to  render  such  osculations  possible. 
I  Lastly,  it  is  plain  that  the  problem  of  caustics  in  its  direct  i 
(hd  in  its  inverse  form,  as  stated  above,  is  in  strict  analogy  I 
Kth  the  direct  and  the  inverse  form  of  the  problem  of  curva-  ' 
nre,  osculating  parabolas  and  ellipses  occupying  the  place  a 
Klatton  of  osculating  circles. 
[  The  above  examples  might  also  be  treated  by  a  remarkable  | 
tli;thod,  the  consideration  of  which  will  fitly  close  this  Chapter. 


Intri7isic  Eqaalion  of  a  Curve. 

There  are  certain  problems,  the  solution  of  which  is  I 
Bucfa  facilitated  by  the  employment  of  what  Dr  Wheweil  has  ' 

^pily  tenned,  the  intrinsic  equation  of  a  curve,  viz.  the 
Kjuation  which  expresses  the  relation  between  the  length  of  an 

'K  and  the  angle  through  which  it  bends,  the  latter  being  in 
pore  precise  language  the  angle  of  deviation  of  the  tangent 
Itrm  the  tangent  at  the  origin.     These  elements  are  called 
Btrinsic  because  they  are  independent  of  any  external  lines  of 
kference,  and  it  will  be  noted  that  they  form  a  system  dit- 
Bring  essentially  from  all  systems  of  co-ordinates  which  begiiv  J 
nr  the  defining  of  the  position  of  a  point,  and  in  the  applica-  a 
■OS  of  which  a  cui-ve  is  contemplated  as  a  collection  of  points,  I 
[  The  conceptions  of  length  and  deviation  upon  which  the 
Dove  Bystem  is  founded,  might  be  replaced  by  the  not  leas  fun- 
Imental  conceptions  of  length  and  curvature,  the  equation  of 
ft  curve  being  then  expressed  in  terms  of  its  radius  of  curva- 
Ireat  the  extremity  of  an  are  and  the  length  of  that  arc.    Or,  g 
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place  of  either  of  these  aystema,  we  might  employ  that  *hkh 
defines  a  curve  by  the  relation  which  conDecte  the  curvature  at 
any  point  with  the  deviation  of  the  tajigeot.  Of  the  tIjiM 
elements,  length,  curvature,  and  deviation,  any  two  indeed 
will  together  constitute  an  equivalent  system.  Euler, ' 
particular  class  uf  problems,  employed  tiie  combinatioD  laat 
described.  Here  we  shall  select  the  one  first  mentionai, 
and  sliall  borrow  our  chief  illustrations  of  its  use  from  tie 
memoir  of  Dr  Whewell  {Cambridge  Philosopliical  JVai* 
actions,  Yol.  vin.  p.  659,  and  Vol.  is.  p.  150], 

Representing  by  s  the  variable  length  of  an  arc  the  begin* 
'  ning  of  which  is  assumed  as  origin,  and  by  tfr  the  Gorrespmiil>. 
»  ing  angle  of  deviation,  the  intrinsic  equation  is  of  the  form 

"=/(■/>} (35). 

Thus  in  fig.  %Sp  =  SBJidA  TS=  ^. 

From  this  equation  the  ordinary  equation  in  rectaDgul»(» 

ordinates  may  be  found  in  the  following  manner.     Still  tokinj 

I  the  beginning  of  the  arc  as  origin,  let  the  tangent  atthatpoin 

be  taken  as  the  asis  of  x,  then  will  the  element  of  the  ci 
I  fis  be  inclined  at  an  angle  <f>  to  the  axis  x.     Its  projection  H 
the  axis  of  x  will  therefore  be  cos  (ftds,  and  this  being  the  dif 
ferential  element  of  the  co-ordinate  at,  we  have 

dx 
Hence 
and  by  symmetry 


cos  tj>ds  =  cos  tfif  (0)  d^i,  by  (35). 

x=  (cos  (I,/ {*f,)d4> (S6), 

y=j.ini>/i<l>)di, (37). 


Between  these  equations  after  integration  <^  must  be  ehmi* 
nated ;  the  result  involving  a-,  y  and  two  arbitrary  conetanti 
will  be  the  equation  required. 

It  is  worth  while  to  notice  that  the  above  result  may  1* 
obtained  independently  of  the  consideration  of  a  projectiiai 

For  since  s=  fjl  +  f-^j  j  dx,  we  have 


/{^-(SJ 


iaW, 


-/(«, 
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*  {l+  ©*}*«&=/'(*)««* (38). 

t^  sinoe  ^= tan  ^  the  above  becomes 

sec^=/'(^)d^ 

dx  =  cos  4^f*{i>)  cUf}, 

Q  like  manner  employing  (or  s  the  equivalent  formula 

y=jsm<f>f'{(l>)d(f>, 

agree  with  the  previous  expressions. 
3ther  consequence  should  also  be  noted.     From  (38)  we 

dib      rf  ^     -1  fdy\  da?  , 

i  —  =  -f-  tan      ,     =  t  ,4 ,  whence 

etc     cte  Veto/      1  ,  /^Y 


h©T-A«^- 


i'-(g)T  ., 


•refore  \      ^  =/'(«^). 

he  first  member  being  the  expression  for  tbe  radius  of 
ure  />  of  tbe  given  curve,  we  bave 

P  =/'(*) (39). 

ihe  radius  of  curvature  is  determined. 


rSee  INTRINSIC  EQCATIOKT  OF  A  CITHVE.  [iXW 

I  12.  Given  the  ordinary,  to  deduce  the  intrinsic  equ£n 
\  o/a  curve. 

I  The  values  of  s  and  if)  having  been  first  expressed  in  tenu 
I  of  the  co-ordinates,  it  only  remains  to  eliminate  those  » 
1  ordinates  between  the  two  equationB  thus  t'ormed  and  tii> 
1  equation  given. 

Ex.     To  determine   the  intrinsic   equation  of  the  equi- 
angular Bpiral. 

The  polar  equation  of  the  curve  being  r=  Ce™*,  the  arci 
beginning  from  fl  =  0  is,  by  ordinary  integration,  fonnd  to  be 

I  ["?«'  + 1^* 

I  .  =  c5^!^(,--i). 

Again,  as  the  curve  cuts  all  its  radii  at  the  same  angles  tlie 
deflection  of  the  arc  between  two  radii  vectorea  is  equal  to  At 
angle  between  the  radii  themselves.  Hence  the  defiecdimiif 
the  arc  beginning  with  6  =(i  is  measured  by  ff,  Tlerefon 
I   ^  =  9,  and  the  iutriuj^ic  equation  becomes 

m       ^ 
I   From  this  it  appears  that  any  intrinsic  equation  of  the  form 

a  =  a{^-V) (40) 

I  will  represent  an  equiangular  spiral. 

I  Given  the  intrinsic  equation  of  a  curve,  to  deduce  thatofi<> 
I  evolute. 

I  Considering  the  given  curve  aa  formed  by  the  nnwindinj 
I  of  a  string  from  its  evolute,  any  arc  of  the  former  may  be  aa^ 
I  to  correspond  to  that  arc  of  the  latter  by  the  unwinding* 
I  the  string  from  which  it  is  formed.  Thus  if  s,  4>'  repraMUl 
I  elements  of  the  evolute  corresponding  to  «,  ^  in  the  ^w 
I  curve,  then  the  origin  of  s'  is  that  point  of  the  evolute  who* 
I  tangent  forms  the  radiua  of  curvature  at  the  origin  of. 
I       This  premised,  it  ia  evident  that  we  shall  have 
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for  the  e^itreme  differential  elements  of  the  arc  of  the  evohite  1 
ire  respectively  perpendicular  to  the  corresponding  extreme  I 
lifitireutial  elements  of  an  arc  of  the  given  curve.  Hence  the  j 
nclination  of  the  former  being  equal  to  tliat  of  tho  latter,  the  I 
nlue  of  0  is  the  same  for  both. 

Secondly,  any  arc  of  the  evolute  is  by  a  known  property  j 
kjual  to  the  difference  of  the  radii  of  curvatnre  of  the  ex-  i 
Temities  of  the  correeponding  arc  of  the  given  curve.  Hence  j 
f  p,  represent  the  radius  of  curvature  at  the  origin  of  the  I 
[ivea  curve,  we  shall  have  1 

•■-p-f.-/'(*)-/'(0),  by(39),  J 

Wii,  substituting  ^'  for  <jj,  i 

»'=/(« -/w  I 

dropping  the  accents,  we  may  therefore  affirm  that  if  the  I 
Dtniutc  equation  of  a  curve  ie  s=/{<f>),  that  of  its  evolute   I 

riUfce,=/-(^)-/(0). 

Ex.  The  intrinsic  equation  of  the  logarithmic  spiral  is  j 
'««(^  — 1),    Hence  that  of  its  evolute  is 

a  =  m<«"**  —  ma  J 

=  ma(e'^-l),  I 

fhlcb  also  denotes  a  logarithmic  spiral  I 

Giveo  the  intrinaic  e<juation  of  a  curve  in  tlie  form  a  =/  (4>)  1 
»liercin  /  (li)  vanishing  with  ^  b  supposed  capable  of  expaa-  I 
ion  in  the  form  j 

/(>!>)  =  A^<f,+A,>t?  +  A,4,''  +  &c (41),       J 

Iqiiired  tlie  general  intriu^c  equation  of  the  involute.  I 

A>  to  toy  curve  there  belong  an  in&iite  number  of  invO'  I 
mt»  depLiiding  on  the  diiTcrent  values  given  to  that  ibitial  1 
^■i^rat  tu  the  curve  which  forms  the  iiiitiaJ  radiuH  of  curv*-  I 
tue  of  tlie  tnvtflube,  we  shall  represent  the  arbitraty  value  et  1 
Iw  tnilul  lasgent  by  C.  | 

Kffw  it  t=F{^)  be  ttie  iutrionc  equatioa  of  the  involute,  I 
Kkmp  by  Aa  last  ftwpomion  I 


i  ISTRIWMC   EQUATION  OF   A   CtJBTB. 

But  f  (0),  being  the  initial  radius  of  the  curvature  of  Ihl 
I  volute,  is  equal  to  G.     Ht^uce  the  above  equatiou  axfti 
'  expressed  in  the  form 


dF(i) 


=/{<!>) +c. 


Hence  F(i}))  vanishing  with  i/j,  we  must  have  (7'  =  0, 
the  intrinsic  equation  of  the  involute,  under  the  coniB' 
that  its  initial  radius  of  curvature  is  a,  will  be 


=|/(«rf*  +  o+ lis 


If,  for  distinction's  sake,  we  represent  the  arc  of  thei 
lute  by  s',  the  equation  may  be  expresseti  in  the  form 


./{.+.)<; 


It  is  to  be  remembered  that  the  lower  limit  of  theint 
is  0. 


The  following  proposition  from  the  memoir  of  Dr  Wtf* 
referred  to,  will  illustrate  the  application  of  the  above  tfc* 
terns. 

Let  any  curve  be  evolved,  aad  the  involute  evolved" 

the  involute  of  that  evolved,  beginning  each  evolution^ 
the  commencement  of  the  curve  last  formed,  and  witha"M 
tilineal  tail"  which  is  of  constant  length  for  all.  The  Cttt* 
tend  continually  to  the  form  of  the  equiangular  spiral. 


Let  s,  s,  s",  &c.  be  the  successive  curves,  <}>  the  a 
is  the  same  for  all,  and  let  the  taila  represented  i 
AA',  A'A",  A" A"',  &c.  be  each  equal  to  a. 


gleirla 


t  Then   representing  the   equation  of   the  given  curve  1 
■1/(0),  we  have  for  the  first  mvolute  tlie  etjuation 

«■  =j'(a  +  .)d0-a.)>  +  |/((f)</*, 

»".]■(<.  +  .■)  rf,f  =.  0,),  + 1^  +  !]■/(«  #', 

."■-/(»+.■■)  d*  -  a*  +  °-^  +  j^g  +////»)  * 
■id  in  general 


w  pving  to  /(^)  the  form  (41),  we  have 
J  ■'^39      l.2...(n  +  l)^1.2...(n  +  2) 


-&c. 


I^e  see  then  that  the  first  n  terms  of  the  expression  for  «*"'  m..I 
fernia  of  if)  are  unaffected  by  the  form  of  the  function  /i<l>\A 
phile  those  which  remain  are  affected  with  coefficients  whicitj 
tend  to  0.     Thus  the  limiting  form  of  (44)  becomes 


«*+, 


+  &C. 


1.2^1.2.3" 

-<■  («•-!) («). 

^U8  IB  the  equation  of  an  equiangular  spiral. 


^^P  EXERCISES. 

ri.     Determine  the  curve  whose  subtangeut  vaiies  as 
^issa. 

2.     Determine  the  curve  whoae  normal  varies  as  the  sqii 
tlie  ovdinalo. 

S.     Shew  that  the  curve  in  which  the  radius  of  curvature 
rics  OB  the  cube  of  the  normal  is  a  conic  section. 


4.  Find  a  curve  in  which  the  length  of  the  arc  is  io  a 

constant  ratio  to  the  intercept  cut  off  by  the  tangent  from  the 
axis  of  tr. 

5.  Shew  that  tbo  above  is  a  particular  case  of  curves  of 
pursuit. 

6.  Find  the  orthogonal  trajectory  of  a  system  of  circles 
touching  a  given  straight  line  in  a  given  point. 

7.  Find  the  orthogonal  trajectory  of  the  system  of  elUpsa 
defined  by  the  equation  — ,  +  ^.  =  1,  i  being  the  vaiisMe 
parameter. 

8.  Find  the  equation  referred  to  polar  co-ordinatea  of  the 
curve  in  which  tlie  radius  vector  is  equal  to  n  times  the 
length  of  the  portion  of  the  tangent  intercepted  between  the 
point  of  contact  and  a  straight  Line  drawn  from  the  pole  to 
meet  the  tangent  at  a  given  angle. 

9.  Required  the  form  of  a  pendant  in  Gothic  architfictnre 
supposed  to  be  a  solid  of  revolution,  such  that  the  weight  to 
be  supported  by  each  horizontal  section  shall  be  proportional, 
to  the  area  of  that  section. 

10.  Enquired  the  curve  in  which  8  =  aa:^. 

11.  A  curve  is  defined  by  this  property;  viz.  that  the 
radius  of  curvature  at  any  point  is  a  given  multiple  (n)  of  tiie 
portion  of  tlie  normal  intercepted  between  the  point  and  the 
axis  of  abscissae  ;  prove  that  the  length  of  any  portion  of  the 
curve  may  be  finitely  expressed  in  terms  of  the  ordinates  d 
its  extremities.    {Cambridge  Problems,  1849.) 

12.  Find  a  differential  equation  of  the  first  order  of  the 
curve  whose  radius  of  curvature  is  equal  to  n  times  the  nor* 
mal,  and  shew  that  this  is  always  integrabie  in  finite  terms  il 
7J  be  an  integer.  *■ 

13.  Shew  that  if  n  =  2  the  curve  is  a  cycloid,  if  n  =  l  i 
circle,  if  n  =  —  1  a  catenary. 

1-t.  The  curve  whose  polar  equation  is  i^  cos  md  =  o"  roU* 
on  a  fixed  straight  line.     Assuming  that  straight  line  as  the, 


u 
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:  is  of  a;,  shew  that  the  locus  of  the  curve  described  by  the 
»le  of  the  rolling  curve  will  have  for  its  equation 


'renet,  Recueil  (TExercices  aur  le  Calcul  Infinitesimal.) 

NoTB.  To  solve  problems  like  the  above,  we  observe  that  if  RTS,  Fig.  4, 
iTesent  the  given  curve  rolling  on  the  given  line  OX,  and  APC  the  ourre 
scribed  by  the  pole  P,  then  taking  OX  for  the  axis  of  j;,  and  putting  OM=x, 
Psy,  the  straight  line  PT  joining  that  pole  with  the  point  of  contact  will  be 
mdins  vector  of  the  given  cnrve,  bat  a  normal  of  the  described  carve.    Hence 

Again,  PM  is  the  perpendicular  let  fall  from  the  pole  upon  the  tangent  of 
B  given  curve,  but  Uie  ordinate  y  of  the  required  curve.    Hence 

VWr*  +  r«rf^*}~^ -' ^^' 

By  means  of  (a),  (6),  and  the  equation  of  the  given  curve,  eliminating  r 
d  #,  we  obtain  the  differential  equation  of  the  carve  sought. 

15.  In  the  particular  case  of  w  =  J  the  rolling  curve  will 
>  a  parabola,  the  pole  its  focus,  and  the  described  curve  a 
tenary. 

16.  If  m  =  2,  the  rolling  curve  is  an  equilateral  hyperbola, 
?  pole  its  centre,  and  the  described  curve  an  elastica. 


CHAPTER  XII 

SlNAET  DIFFERENTIAL   EQUATIONS  WITH  MOBE  THAU 
TWO   VARIABLES. 

1.  The  clasa  of  equations  which  we  shall  first  consideria 
this  Chapter,  is  represented  bj  the  typical  form, 

l'dx-i-Qdif  +  Rdz  =  0 (1), 

P,  Q  and  E  being  functiona  of  the  variables  x,y,z;  and  it 
ia  usually  termed  a  total  differential  equation  of  the  flratorftf 
with  three  variables. 

Possibly  the  first  observation  suggested  by  the  exatninBtiott 
of  this  form  will  be,  that  it  does  not  answer  to  the  definiti« 
of  a  differential  equation,  as  the  e^ipreasiou  of  a  relation  in- 
volving differential  coefficients,  Chap.  I.  And  certanly  il 
does  not  exhibit  their  notation,  If,  however,  we  attempt  ID 
attach  a  meaning  to  the  general  form  (1),  we  shall  perceive 
that  the  idea  of  a  limit  ia  involved  essentially.  And  if  « 
study  its  origin,  we  shall  see  that  this  idea  maybe  expreasei 
here  as  elsewhere,  in  the  language  of  differential  coeHiaenta 

For    (1)    is  not  understood  as  implying  simply  that  th* 
^^^^     expression, 

^^L  p^x^■q^y^.R^z {2). 

^^^^K  approaches  to  the  value  0  when  the  increments  Aa;,  Ay,  Ai 

^^^^T  approach  that  value,  true  though  it  be  that  the  vanishing 

P  of  the  increments  causes  that  expression  to  vanish  with  then 

I  But  what  (1)  is  always  understood  to  express  is,  that  in  tU 

I  approach  to  the  limiting  state,  (2)  tends  to  vanish  in  consS' 

I  quenee  of  the  ratios  which  the  increments  Aa;,  A^,  &x  teml 

I  to   assume ;   it  is,   that  if  we  represent  (2)  in  any  of  tin 

I  equivalent  forma 

^^_  P^x+Qi3.y  +  R^z  i^^±Q^]l±^^ /y 

^^^H  Ax 

^^H  th( 

^^H  An 


-Ay,  &C. 


the  limit  of  the  ratio  expressed  by  the  first  factor  of  each  U 
Andtheproblem  of  the  integration  of  (1),  is  that  of  the  discovi 
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the  possible  relation  or  relations  among  the  primitive  vaii- 

\et  which  will  secure  this  result,  supposing  Ax,  Ay,  Az  to 

so  reslricteii  aa  to  preserve  such  relations  unviolated. 

Now  whether  the  primitive  variables  are  connected  by  o 

|uatiou  or  by  two  simultaneous  equations  [we  cannot  sup- 

them  connected  by  three  equations  without  making  them 

;  to  be  variable),  the  relation  (1)  is  fully  expressible  in  the 

IBgiu^re  of  differential  coefficients.    If  there  exist  one  primi- 

!Ve  relation  which,  as  we  shall  hereafter  see,  can  only  happen 

Diler  particular  circumstances,  thea 

dz 


dz=-r  dx 
ax 


<i'J 


dy. 


hile  (1)  ia  presentable  in  the  form 

Hence,  since  dx  and  rfy  are  independent,  wc  have 

dz P      dz Q 

dx        W    dy        B 

«^em  which  in  the  supposed  case  is  equivalent  to  (1).  Oa  I 
10  other  hand  if,  aa  will  usually  happen,  two  simultaneous  I 
{uations  connect  the  primitive  variables,  e.g. 

*(.,3,,2)-0,    t(».y,<,)-0 

giace  we  have 


■(3). 


..  (4), 


^rf*,; 


.# 


di  =  (l, 


3  ^iDiDEitioD  of  dx,  dy 
^tion  gives 


,  da  between  these  and  the  origina];! 


'dfd^_d^df\ 
^de  dx      dx  dz] 


,,liidjr^     di,d-),\^  ,, 

\dxdii      dy'dx)        ™ 


S74 


OKDINAST  BIFFEEEirrUL  EQUATIONS        [CO-IO, 


.  a  result  which  is  equivalent  to  (1),  but  is  expressed  in  tie 
'  language  of  partial  differential  coefficients.  As  it  constitnlM 
L  but  a  single  relation  hetweeii  two  unknown  functions  ^  ad  if, 
I  one  of  the  two  may  be  considered  arbitrary,  and  a  particulu 
I  fonn  being  given  to  it,  we  should  have  a  pai-tial  differential 
I  equation  for  determining  the  other. 

I  We  propose  indeed  to  discuss  the  equation  (1)  umler  it! 
r  ^ual  form,  but  it  is  not  unimportant  to  shew  that  it  con- 
stitutes no  real  exception  to  the  definition  of  a  differential 
equation.  Treated  by  the  methods  proper  to  partial  differ- 
ential equations,  the  forms  (3)  and  (5)  lead  to  tie  saiue 
Bolutions  as  those  investigated  in  this  Chapter. 

2,  The  foregoing  remarks  admit  of  geometrical  iUuBtratioM. 
I  If  sc,  y,  z  and  x  +  Ax,  y  +Ay,  s  +  Az  are  the  co-ordinates o( 
I  two  points,  the  value  of  the  expression  PAa:  +  QA«  +  JiAii 
I  where  P,  Q,  R  are  given  functions  of  x,  y,  z,  will  depeni 
I  solely  upon  the  positions  of  the  points. 
I  If  we  suppose  the  second  point  to  approach  the  first  oijM 
I  OTiy  fdih,  the  value  of  the  above  expression  will  approach  t6  ( 
[  in  consequence  of  the  quantities  Ax,  Ay,  Az  approaching  to  % 
f  and  independently  of  the  ratios  which  they  assume  in  vanidi' 
I  ing.  But  this  is  not  in  accordance  with  the  underetoOil 
[  meaning  of  the  equation  (1), 

The  increments  therefore  not  being  independent/eithertiiq 
are  connected  by  one  relation,  in  which  case  one  point  bfii 
given  the  other  must  lie  on  the  surface  which  that 
determines,  and  its  approach  to  the  first  must  be  made  ala 
that  surface,  but  is  iu  no  other  way  restricted ;  or  the  inoi 
ments  are  connected  by  two  relations,  and  then,  the  first  poi 
being  given,  the  second  rciust  he  on  the  line  determine  ta 
those  relations,  and  its  approach  to  the  first  must  be  maa 
I  ilong  that  line,  and  therefore  in  a  definite  path, 

1  3.  These  considerations  suggest  to  us  the  following  qaai 
I  tiona  for  analysis,  viz. : 

I  let.  Under  what  circunnstances  is  the  solution  of  the  eqi; 
I  tion  Fdx  +  Qdy  +  Rdz  =  0  expressed  by  a  single  relation  1 
Itween   the   primitive  variables — a  relation  which  with 


J 
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«y  CDMtt  of  ira^iariin.  ^rit  3,gH«Bm  «  ianik  oF 
9t ; — and  nem  jb  socl  &  jRignnr,  i£>  imt  a£9£nmii££i  ( 


ion  IS  not  jBtDBbfidi 


86  qwBtkms'we  maL  nesn  cnfmanflT. 

\  ejmaSitm  Mx-r  Qig^Haz^^  0,  dermmerrom  c  aim 


m  the  giroL  aqiaoiaiL  'Pt  Jacvc 

€b=— ^off— ^igr '6). 

.  the  fTTfltmnp  of  a  mnp^r  jr'nnii.'»v^  ixiiru£v» -lLst  rop- 
n  thai  X  is  a  fnnrsim,  of  x  and  i.  aiiC  '^tss^Aan:  -Liuix 
ve 

df    JK'    %^    JB*^ ' - 

fold  bowerer  ^  a&d  -^^  xkhx  or  -sciiaisr  ^ji  TJu&oi  t^jusuusi  z, 


nd  3%  for  X  is  sbcIl  in-  i.jpiC2i*«k-  ir»:  iinui;  isjd&La'^^  tij^ 
into 

tlj,  snbstitntii^  hen  isr  ^  aad  —  ii*i£r  TjJue^  gjr*^ 
>  eflfridiiig  the  difagmatyjw;  and  msmsu^  v^  L^ive 

-T^^'^^^-^r^:^-!)'^ %> 
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I  indicates  that  the  proposed  equation  admits  of  a  single  pri- 
I  initive. 

To  deduce  the  complete  primitive  of  the  differentiat 
f  eguation  Pdx+Qdi/  +  Sdz  =  0  when  the  equation  of  conditut 
(8)  is  satisfied. 
The   supposed  primitive   involving   all  the  variable)  *; 
,  f,  B,  it  is  evident  that  if  we  differentiate  it  on  the  hypothd), 
that  z  is  constant,  we  shall  arrive  at  a  result  equivalent  to 
I'diB+  Qdy  =  Q.     It  is  also  evident  that  if  tbe  primitive  ob- 
tained a  function  of  z  for  one  of  its  terms,  that  term,  whatew 
the  form  of  the  function  might  he,  would  disappear  in  tlieiii/- 
I  ierentiatioD. 

Conversely  then  if  v^e  integrate  the  equation 

Fdx-\-Qdy^O (9), 

regarding  3  as  constant,  and  adding  in  the  place  ofanarbiuwT 
constant  an  arbitrary  function  of  z,  we  shall  amve  at  a  «ffl' 
which  will  necessarily  include  the  complete  primitive,  and 
wliich  it  will  only  remain,  necessary  to  determine  what  fijcn 
must  be  given  to  the  arbitrary  function  of  z. 

Thus,  if  the  integrating  factor  of  (9)  be  p.,  and  if,  aasunui^ 
s  constant,  we  write 

then  will  the  complete  primitive  be  of  the  form 

y-K.') (10). 

in  whieli  it  only  remains  to  determine  ^  (e).  And  this  will 
done  by  differentiating  with  respect  to  all  the  variables  a 
comparing  with  the  given  equation. 

Differentiating  (10)  then  with  respect  to  x,  y,  z,  and  tn 
posing,  we  have 


etc 


dV  ,    ,   IdV 


fWl 


ifc  =  0. 


■•■»T 


mnt  SOKE  TSIT  ?n>  TtSUBUK 


Mow  bf  Uie  giren  erfoatioD.  iyir  +  Qrfy=— Btfc    1 
ttii^  and  igeetiiig  (he  eommcii  factor  ^  «e  have 


Iieaee 


-'^+ir 


iT    iiii,_ 


--^.. 


....(U). 


luKCond  nuembo'afwbiclt  Bust,  ott  tbe  bjpitbeaiB  Uiata 
nigte  primtdTe  enrta,  be  redoeiEfe  to  a  fkiKtian  of  s  I 
nuns  of  (10).    Tbe  aalntiaa  of  tbe  etpntioB  dras  rethi 
*iU  determitie  ^  (z),  the  vabie  of  vbidi  sobstitBted  ia  ( 
■iO  giye  the  complete  primitiTe. 

Althoagb  we  are  foBy  aititkd  to  sffira  that  the  c  , 
letennining  ^  {i)  most,  whenever  k  sii^e  ponutiTe  < 
be  redocible  to  a  fiirm  not  imol-ving  7  ami  9;    ' 
^tiper  to  verify  this  omdaatoD  a  ptMUriori 

..  iJet  OS  then  inotiire  tmiier  what  conditioa  the  foiwtion 

jr  —  /iB  am  be  freed  from  both  x  and  y  hj  means  of  the 

'■luation  V=  ^  ^z).   ETJiIently  this  caa  only  be  the  case  when 

•^—/tBand  Viae  so  related  that,  coondered  with  respect  to 

K  tad  p  alooe.  the  one  u  a  fboption  of  the  other.    Thus  we 
hlfe  b;  tbe  eqaattoo  of  condition  (Prop,  l  Cb^  B.) 

dVd  fdV         \      dVd  (dV       _\     ^ 

^Kdi-''^)-dsdzK^-^^r^ 


TV     dVtPV 
dx  dxdg     djf  dsdx 


'^'*\dx  dy      dy  dx) 

\dy  dx      ax  ebfj 

y 

r-  =  fiQ,  we  have 


•■as).! 
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"'J-O- 


..■» 


^ 


Tliua  also 

"Uatly, 

Vrfy  ax      dx  ay/      "^     \    dsc        d\ 
But  since  (i  ia  the  integrating  factor  of  Pdx  +  QJ^'mta 
by  Chap.  v.  Art.  1, 

^S~-^dij^\d^      dij' 
which  reduces  (15)  to  the  form 


\dif  dx 


d^VdfA        ,„fdP_dQ\ 
dx'dy)     '^     \dy      dx) 


Substituting  these  values  in  (12)  and  rejecting  the  coiWK 
factor  /i',  there  results 

dz      ^  dz      ^  dx         dy         dy  dx 


and  this  is  identical  -with  the  equation  of  condition  (8).  ' 
conclusion  ia  therefore  established. 

It  follows  also  that  it  is  not  necessary  in  any  propose!  i 
to  apply  directly  the  above  equation  of  condition.  Itiaj 
pUcitly  involved  in  the  very  process  of  solution. 

5.     Tlie  results  of  the  above  investigation  are  cottt 
the  following  Rule.  '^ 


r.»a 


Vtm  MORE  TOAS  TWO  TlBllBLB. 


KuLE.  JiiUgraie  &«  propo^  e^mati(m  o»  t&e  iyjwAefr;} 
it  one  of  the  variatlei  u  amttiuU  attd  its  difieraitiai  tktiT- 
hs  ejmd  to  0,  adding  Om  at^iinnf  fmmetiom  i^tkat  wariaile 
_  the  place  of  an  taHtrary  comttamL  Tkem  t^trattia^mg 
'\&  respect  to  aU  Ae  ncu-HiUet,  detenmme  Ag  anttrary  fwnc- 
m  by  the  condition  that  the  raidt  o/suck  diffemitiation  ifcoB 
I  eqtiivaient  to  the  equation  given.  The  e^naiion  expresnng 
Kk  condition  uriB.  i/a  tingle  prinutire  exiat,  be  redneSile  fgr 
'fvious  results  to  a/orm  in  which  no  other  variable  tka^  tke 
te  involved  in  the  arbitrary  Jiaietiom  toill  rvmom. 
Ei.  1.  Givea  (y+a)'dx+e^  —  {y+a)dB  =  fi. 
Here  P=(y  +  aj',  Q=e,  B  =  — jf  —  o.  valaes  which  ideDti- 
Jy  satisfy  the  condition  (S),  The  equation  therefore  admits 
a  single  complete  primitire. 

Elegarding  z  as  constant  we  have  first  to  int^rate  the 
istion 

(if  +  a)'dx  +  edj/  =  0. 
Wvidingby  (y  +  a)*,  we  have 


solution  of  which  i; 


edy 


b[z). 


y  +  a,  

r)  l>ei[ig  an  arbitrary  function  of  z  introduced  in  the  pUu 

xk  arbitraiy  constant. 

Tow,  differentiating  with  respect  to  all  the  variables,  i 


t  1 


=  0, 


(y +  <.)•  ifc +  »«!),- |j  +  o  +  (y +  «)•  ^'1  &.  0, 
m,  »gKes  with  the  equation  given,  if  we  have 


I  -(y  +  o)  — 


Kv+o}' 


^1') 


dz   f' 
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Here  then  ^(z)  =  c  and  the  complete  piimitiyd  is 


z 


X T'-C (4 

If  we  commence  by  regarding  y  as  constant  we  obtalf 
a  first  integration 

whence,  differentiating  and  comparing  with  the  given  ef* 
tion. 


aj  + 


#(y)_    « 


rfy        y+a 

This  equation  involves  both  x  and  y,  but  it  is  reducilih!l 
the  previous  one  to  the  form 

#(y)^<6(y) 
dy       y  +  a' 

or  ^0(y)^  <^y 

of  which  the  integral  may  be  expressed  in  the  form 

^  (y)  =  ^  (y + a)* 

6  being  an  arbitrary  constant.    Hence,  finally, 

^  =  (y  +  «)aj  +  6(y  +  a) 
=  (y  +  a){a?  +  i), 

and  this  is  equivalent  to  the  former  result  (a). 

Ex.  2.     Given  zdz  +  (a;  -  a)  e?aj  =  {A*  -  ^  -  (a?  -  a)f  ^ij- 

Integrating  as  if  y  were  constant  we  have 

z'+(x^  ay  =  <l>  (y) (al 

Differentiating  and  comparing  with  the  given  equation, 

=  {A»-^(y)}J,  by(a).         . 


MORE  THAS   TWO   VARIABLES.  ZOl^ 

Therefore  integrating 

l*'-*(y)l'--j  +  », 

&  heing  an  arbitrary  constant.    Hence  determining  0  (y),  and 
kabstituting  in  (a),  we  have  finally 

^  +  («-o)'+(j-J)'-4', 

^rhere  b  is  arbitrary. 

Homogeneous  Equations.     ' 

6.  "When  the  equation  Pdx  -|-  Qdi/  +  Rdz  =  0  is  homoge- 
neous with  respect  to  x,  y,  z,  its  solution  will  be  facilitated  by 
transformation  similar  to  that  employed  for  homogeneous 
squations  with  two  variables. 

I'     Assum'iag  X  =  uz,  y  =  w2,  we  obtain  by  substitution  a  result 
a  the  form 

L-  =  Mdu  +  Xdv (18). 

If  X*  be  equal  to  0  this  simply  give.^ 
Mda  +  Ndv  =  0, 
rlsicli   can  always  be  made  integrable  by  a  factor.     If  i  be 
tot  equal  to  0  we  have 

ds     M,       Nj    ' 
I  =  J.  au+  ,  do; 

I  z      L  L 

Bid   liere  the  first  member  being  an  exact  differential  the 
pcond  will  be  such  also  if  a  complete  primitive  exist.     After 

itegratioQ,  u  and  v  must  be  replaced  by  their  values  - ,  - . 

Ex.  3.     Given  (ay  —  bz)dx+(cz  —  ax)  dy  +  [hx  —  cy)  dz  =  0, 
ThiB  equation  satisfies  the  equation  of  condition  (8). 
'    .Assuming  x  =  uz,  y  =  vz,  it  becomes  simply 
(oD  —  b)dii~  (ait  —  c)di!  =  0, 
du  dv 

au~c~  ae—b' 
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the  solution  of  which  is 

at?  —  ^ 
•whence  the  complete  primitive  sought  will  be 

ax^cz  ^  ^ 

ay^hz        '  t 

Ex.  4.     Given 

Assuming  x  =  uz,  y=^  vz,  we  have  on  reduction 

dz {v*  +  v  +  iydu  +  {u*  +  U'hl)  dv 

«  "  (u  +  v  +  l){uv+u  +  v)        ' 

^^  dz^  du  +  dv  _  {v-\'l)du'h{u  +  l)dv 

z      u  +  v  +  1  uv  +  u  +  v  ' 

whence  integrating 

log  z  =  log ; —  +  C. 

Finally  we  have 

xiz  +  xz-^-yz     ^, 
x+y  +  z 

for  the  complete  primitive. 

The  last  two  equations  might  have  been  integrated  witlw 
preliminary  transformation.    (Lacroix,  Tom.  n.  pp.  507-^1' 


Integrating  factors. 

7.  The  equation  Pdos+Qdy  +  Rdz^O  can  also,  A 
there  exists  a  single  complete  primitive,  be  integrated' 
means  of  a  factor., 

If  /A  be  that  factor,  then,  since  the  eipression 

/iPdx  +  fiQdy  +  fiRdz  ' 


■.«3 


HrrEaRATTNO  FACTORS. 


iisi  be  an  exact  differential,  we  must  have 

■    dif^^dJfiSl      d{u.B)_d(^P) 
dz  dy     '        dx  dz     ' 

d(^P)^d(^Q) 
dy  dx    ' 

nations  to  which  we  may  give  the  forma 


Itiplying  these  equatioDs  by  P,    Q,  and  JS,  respectively,  I 
Ung.  and  dividing  by  /*,  wc  havts 

same  equation  of  condition  which  was  before  obtained. 

Vlien  this  equation  is  satisfied  a  particular  form  of  the  1 
lor  /*  will  frequently  suggest  itself. 


L  Ex.  3  the  functions  ; 


-Ur    {oz-cu^)-"    [bx-cy)'  1 
J  integrating  factors.     In  Ex.  4  the  functions  -. 
1 


'   {X 


y^^f 


(ary+a: 


fya)' 


^  are  integrating  factors. 


Eqwsim 


i  derivaile  from  a  single  primitive. 


To  solve  the  equation  Pdx  +  Qdy  +  .Rda  =  0,  when  the 
Bttion  of  condition  (8)  is  not  satisfied. 


EQUATIONS  SOT  DEBIVABLE 


Imt 


lu  this  case  the  solution  consists  of  two  simultaneoiu  e(]iUr 
I  tions  between  x,  y,  z,  one  of  which  is  perfectly  arbitiatjil 
form. 
For  representing  an  assumed  arbitrary  equation  in  the  fom 

f(x.y.z)  =  fl (20), 

and  differentiating,  we  have 


dx 


'^■-i^d^+ 


if(^.3.z),df{^.,,.z-) 


dy 


^dy  +  - 


de 


(fo  =  0. 


Now  these  two  equations  enabling  U9,  when  the  form ' 
f{x-,  y,  z)  is  specified,  to  eliminate  one  of  the  variables  ai 
its  differential,  e.g.  z  and  dz,  from  the  equation  given,  penni 
us  to  reduce  it  to  the  form 

Mdx  +  Ndy  =  Q, 

[  ilf  and  A'"beingfunctioii9of  xand  y.     Solving  this,  we  obtsi 
1  equation  involving  an  arbitrary  constant,  and  this  ei^uatio 

■  together  with  (20)  will  constitute  a  solution.  By  giviog  & 
ferent  forma  to  f{x,  y,  z)  every  poaaible  solution  may  be  cl 
tained.  What  a  solution  thus  found  represents  in  geometiiw 
construction  is  the  drawing,  on  a  particular  auriace,  of 
family  of  lines,  each  of  which  satisfies  at  every  point  the  Mft 
dition  Pda:  +  Qdy  +  Rdz  =  0.  Now  dr,  dy,  dz  are  propor 
lional  to  the  directing  cosines  of  the  tangent  line.  Hence  d^ 
geometrical  problem  may  he  represented  as  that  of  drawing* 
a  given  sur&ce  a  family  of  lines,  in  each  of  wliich  the  direct 
ing  cosines  cos  0,  cos  ^,  cos  ;^  at  any  point  shall  satiaf)'  llw 
condition 

i*cosi^+  ^co9i/r  +  .Hcoa;^^0 (21). 

Ex.     Required  the  most  general  solution  of  the  equation 

a:&  +  J%  +  o(l-^!-|;)'<is-0 W, 

which  is  consistent  with  the  assumption  that  it  shall  represd 
a  aeries  of  lilies  traced  upon  the  ellipsoid  whosd  equation  il 

^44--" »i 


0 

rill  be  tanml  iJkaH  V  does  sot  atki^  die  eq[BiiKA  tof 

ion  (8). 

feientiatu^  ^,  we  lu^e 

asjr     9i^     x^i*     a 

^   .  J,   -  ^     ^ 


bis  redaces  {a]  to 


^ 2-n^ — ^  I 


itesral  of  which  is 


e\ 


'O 


(i-S^+(i-D''=^ '^' 

iting  that  the  projectkHis  of  the  proposed  Cunily  of  lines 
)e  a  c^iain  series  of  central  oonic  sections. 


a  =  &  =  c  =  1  the  proposed  equation  admits  of  a 
itive,  viz.  a?  +  y^  +  a*  =  1.  And  any  line  traced  on  die 
ce  of  which  this  is  the  equation  will  satis^r  the  different 
X)uation;  for  the  equation  (c)  bv  which  the  lines  an^ 
arily  determined  is  now  reduced  to  an  identity. 

te  above  method  of  solution  is  due  to  Newton.  Monge 
lowever  remarked  that  the  general  solution  may  be  ex- 
ed  by  the  equations  (10)  and  (11)  of  Art.  4,  vir.  by  the 
Itaneous  system 

F=*(z) (22), 

^-MB  =  fW (23), 

e  /i  is  the  integrating  &ctor,  and  V  the  corresponding 
ral  of  the  ^expression  Fdx-^-  Qdy.    It  is  indeed  ^ewn  in 
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that  Article  that  (22)  does  satisfy  the  differential  equation 
provided  that  the  condition  (23)  is  satisfied.  But  there  is  u 
practical  advantage  in  the  employment  of  Monge'a  tomu 
'i  Applied  to  the  problem  of  drawing  on  a  given  surface  Una 
satisfying  the  condition  expressed  by  the  differential  e(juati(% 
it  makes  the  determination  of  the  arbitrary  function  ^(i 
itself  dependent  on  the  solution  of  a  differential  equation, 

Thus  in  the  example  last  considered  we  have,  on  ^vingts 
I  the  value  2, 


3  that  the  general  solution  ; 

x'  +  y'  =  <l>(z) 


!•». 


To  apply  this  to  the  problem  of  drawing  lines  satisfying  the 
I    conditions  of  the  problem  on  the  ellipsoid 


,..(.), 


it  is  necessary  from  the  above  three  equations  to  elii...  . 
X  and  y.    From  the  second  and  third  which  here  sufficel 
we  have 

-2z  =  .^'(2). 
whence  tf)(z)  —  —  z''+  C. 

5'herefore  ar' +  »/''  + s' =  (7 (/). 

Tie  particular  solution  sought  is  therefore  expressed  by  th 
squations  (e)  and  (/),  which  are  together  equivalent  to  th 
previous  solution  expressed  by  (5)  and  (d). 

Total   differential   equations   containing  more   than  Oift 
variables. 

9.  It  will  suffice  to  make  a  few  observations  on  the  equ 
ion  with  four  variables 


Fdx+  Qdi/  +  Iid.z-i-Tdt  =  0 

I  wid  to  direct  attention  to  tlie  general  analogy. 


■  (2*). 


XOKB  THUf  THBEE  TABIABLES. 

ji^fng  tlie  sboye  equation  in  the  form 
P:,,      Q^..     «j. 


MoSit 


..(25), 


it  that,  in  order  that  it  should  be  derivable  from  a 
e  primitive,  we  must  have 

W  r"  W  T'    W  T     \dz)  '£•    \<h)  T     \dx)  2" 

^  [t-I  refers  to  a;  not  only  as  appearing  independently, 
ulso  as  impliciUy  involved  in  t ;  and  so  on  for  the  rest 

Secting  the  differentiations,  and  substituting  for  j- ,  t-  , 

lieir  values  implied  in  (25),  we  have 

IQ    dl^         IdT    d(f^  ,dP     dT\_-\ 

f-t*)-«(f-f)-Mf-S)=4...(-) 

g-S)--(f-S)--(f-S- 

h  are  the  equations  of  condition  of  esiatence  of  a  single 
jlete  primitive. 

is  evident  from  the  symmetry  of  the  problem  that  the 

UOD 

•(f-f)-«g-a--(f-s)=»-(^" 

also  hold  here.  But  this  is  not  a  new  condition.  It 
be  deduced  from  (26),  by  multiplying  the  respective 
)  (^  that  system  by  E,  P,  and  Q,  and  adding  the 


FSSS  equations  with  MOHB  TttAH  THHEB  rABlABLES.  [CH.m 

t  is  obvioiia  that  when  there  exist  n  variables,  t!ie  nmn- 

ber  of  independent  equations  of  condition  is ^ — -, 

being  the  number  of  ways  of  equating  two  partial  ditferential 
coefficients  in  a  sjBtein  in  which  w  —  1  are  contained. 

The  solution  of  any  such  equation  maybe  effected  by  u 
extension  of  the  method  adopted  for  equations  with  Uirw 
variables.  We  must  integrate  as  if  all  but  two  of  the  van* 
bins  were  constant,  adding,  in  the  place  of  an  arbitrary  con 
stant,  an  arbitrary  function  of  the  variablea  wliich  remMi 
This  fiiDCtiou  we  must  determine  by  differentiating  with  n 
spect  to  all  the  variables,  and  comparing  with  the  equatia 
given.  If  a  single  primitive  exist,  such  determination  will  V 
possible.  If  a  single  primitive  do  not  exist,  we  must,  folliw 
ing  the  analogy  of  the  corresponding  case  for  three  variaWii 
endeavour  to  express  the  solution  by  a  system  of  simultiLneoa 
equations.  And  such  is  indeed  its  general  form.  Pfaff,  ii 
a  memoir  published  by  the  Berlin  Academy  181-t — 15,  In 
shewn  that,  according  as  the  number  of  variables  is  Sn  ( 
2n  +  l,  the  number  of  integral  equations  is  n  or  »i+l  atvUii 
His  method,  which  ia  remarkable,  consists  of  alternate  ii 
grations  and  transformations.  For  important  commentaiii 
and  additions  see  Jacohi  (_Werke,  Tom.  i.  p.  140J,  and  F 
{Orelle,  Tom.  xiv.  p.  123). 

Ex.    Given  (2x-i-i/'+2xTf^—y^)dx-i-2xydy—xd^^+i^dii^* 

If  we  suppose  the  variables  y^,  y^  constant,  we  have  to 
tegi-ate 

(2a!  +  ^'  +  2j:y,  —  y^dx  +  2xydy  =  0, 

■which,  on  subatituting  an  arbitrary  function  of  y^,  y^  repre 
sented  by  ^,  for  an  arbitrary  constant,  gives 

Differentiating  with  respect  to  all  the  variables,  we  have 
(2.C  + 1/'  +  2xy^  -  yj  dr  +  2xydy  -  xdy^  +  x'dif^ 
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■  Comparing  this  with  the  given  equation,  we  have 


..(»). 


mce  ift  =  c  and  the  solution  is 

a^  +  xf  +  x'ij^-xi/^^c 

1  we  begun  by  making  x  and  i/  constant,  we  should  have 
B  the  result  of  the  first  integration, 

=>^!/,- ^!/i=  4> {*). 

noting  a  function  of  x  and  y.  Differentiating  with  respect 
uU  the  variables  and  comparing  with  the  given  equation, 
^tould  find 

d^  =  ~  (2x  +i/')dx  —  2x1/  dif, 
wbstitution  of  wliich  in  (i)  reproduces  the  former  solu- 

>)■ 


Egvations  of  an  order  higher  than  the  first. 

When  an  equation  of  the  form 

hJ3%'+  Cds'+2Dd^dz  +  2Edxdz+  2Fdxdij=0...{2H) 

iTesoIvabte  into  two  equations  «ach  of  the  form 

Pdx+Qdy  +  Iidz  =  0, 

i  solution  of  either  of  these  obtained  by  previous  methods, 
..n.  be  a  particulur  solution  of  (28),  and  the  two  solutions 
ken  dig unctively  will  constitute  the  complete  solution,  which 
I  therefore  expressed  by  the  product  of  the  equations  of 
i  solutions,  each  reduced  to  the  form  V=  0. 

The  condition  under  which  (28)  is  resolvable  as  above,  is 
I  (xpresaed  by  the  equation 

ASC  +  fiDEF-AI?'BE'-CF'='0 (29). 
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Tills  is  shewn  by  aolviDg  (28)  with  respect  to  dx,  and 
assuming  the  quantity  iinder  the  radical  to  be  a  complete 
square. 

Thus,  the  equation  o?di?-i- y'dy'— ^ds^+ 2xydxdy  =  ^ 
which  will  be  found  to  satisfy  the  above  condition,  is  resoli 
able  into  the  two  equations 

wdx  +  ydy  +  zdz  =  0,  xdx  +  ydf/  —  zdz  =  0, 

whence    o?  +  '/  +  ^  =  c..,  [a),  ai'  +  y  — z*=c' (6). 

Geometrically  the  solution  is  expressed  by  lines  drawn  I 
any  manner  on  the  surface,  either  of  the  sphere  (a),  or  oftl 
hyperboloid  (6). 

When  the  condition  (29)  is  not  satisfied,  the  proposed 
equation  does  not  admit  of  a  single  primitive,  or  of  any  ifi 
junctive  system  of  primitives.  But  it  does  in  general  adin 
of  a  solution  expressed  by  a  system  of  simultaneoua  eqiiatioD 
Thus,  if  we  integrate  the  equation  (?3'  =  m'{t?a^+rfj*),snpi 
posing  X  constant,  we  find  z  =  my  +  C,  or,  replacing  0  by  ■ 
function  of  x, 

z  =  my+'f>(x) (c). 

On  substitution  and  integration,  we  find  that  this  mil 
satisfy  the  proposed  equation  if  we  have 

f  dx        1    ,  ,  , 

the  system  (c)  {d)  will  therefore  constitute  a  solution  of  th 
equation  given.    We  enter  not  into  the  question  whether  it  li 
the  most  general  solution  or  not,  proposing  merely  to  e 
plify  the  kind  of  solution  of  which  the  equation  admits. 
To  this  we  may  add  that  all  equations  which  do  not  si 
the  conditions  of  integrability,  though  they   may  pre 
themselves  in  the  form  of  ordinary,  have  a  far  more  intio 
connexion  with  partial  difierential  equations;  and  thatU 
connexion  affords  the  best  cluo  to  the  solution  of  their  t' 
retical  di faculties, 


xn.] 


EXERCISES. 

■^a:     ,     dfi  dz    _ 

m  —  a    y  ~b     z  —  D 

{x-^y-s)d^+  (% -  ^x)  dy+{z-  x)  dz  =  0. 
3.       (y  +  z)  (?j!  +  (z  +  x)  (i!y  +  (a;  +  y)  ds  =  0. 
4f,      Jizdx+  zxdy  +  xydz  =  0. 
5.      i,y  +  z)dx  +  dy  +  dz  =  0. 

ay'z'dx  +  Ix'x'dy  +  cafy'dz  —  0. 
T.      i^y—y'—y^x)  dx  +  (a;/-  a?z  —  x')  dy+  (a-/ +icV)  '?^=  0. 

8.  (2«'  +  2aw/  +  22^2'  + 1)  dx  -f-  (f?/  +  2zdz  =  0. 

9.  (2a:  H-y  +  2xs)  dx  +  Zxydy  -dw  +  x^dz  =  0. 

10.  la  the  equation  (1  +  2m)  xdx  +  y  (1  —  x)dy  +  sdz  =  0 
ariva'ble  from  a  single  primitive  of  the  form  0  [x,  y,^)  =  c'( 

1 1.  Shew  that  any  system  of  lines  described  on  the  surface 
f  tlie  sphere  a;'+y'  +  3*  =  i*',  and  satisfying  the  above  equa- 
"m,  would  be  projected  on  the  plane  xy  in  parabolas, 

12.  Shew  that  Monge'a  method  would,  if  we  integrate 
st  with  respect  to  x  and  z,  present  the  solution  of  the  equa- 
IMI  of  Ex.  10,  in  the  form 

(I  +  2«i)  a?^z*  =  4,  iy),     2y  (1  -  x)  =-  0'  {y). 

IS.  Applying  this  form  to  the  problem  of  Ex.  11,  form 
1  solve  the  differential  equation  for  the  determination  of 
(y),  and  sliew  that  it  leads  to  the  result  stated  in  that  Ex- 
it Find  the  equation  of  the  projections  of  the  same 
jat/em  of  curves  on  the  plane  yz. 

19—2 
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CHAPTER  XIII. 

SIMELTANEOC3  DIFFEKENTIAL   EQUATlrf 

1.  We  Lave  hitherto  considered  only  single  diffem 
equations.     We  have  now  to  treat  of  systems  of  diffem^ 
equations. 

Of  such  by  far  the  moBt  important  class  is  that  m  *! 
one  of  the  variables  is  independent  and  the  othersareJfl' 
ent  upon  it,  the  number  of  equations  in  the  system  b 
equal  to  the  number  of  dependent  variables.  Thus  b 
chief  problem  of  physical  astronomy — the  problem  ofl 
motion  of  a  system  of  material  bodies  abandoned  to  tl 
mutual  attractions — there  is  but  one  independent  vaiislifl' 
time ;  the  dependent  variables  are  the  co-ordinates,  "tl 
varying  with  the  time,  determine  the  varying  positiontrf! 
several  members  of  the  material  system ;  while,  last|T>'' 
number  of  equations  being  oqnal  to  the  number  of  co-onfi* 
involved,  the  dependence  of  the  latter  upon  the  time  is  ■ 
determinate. 

Such  a  system  of  equations  may  properly  be  called  afl 
minate  system. 

We  propose  in  this  Chapter  to  treat  only  of 
equations  of  the  above  class.  And  in  the  first  ingtMi" 
shall  speak  of  simultaneous  differential  equations  of  ^! 
order  and  degree,  beginning  with  particular  esampl*' 
proceeding  to  the  consideration  of  their  general  theon- 

Particiilar  Illustrations. 

2.  The  simplest  class  of  examples  is  that  in  wlii<^ 
equations  of  the  given  system  are  separately  integratle. 

Ex.  1.     Oiveu  Idx  +  mdy  +  ndz  =  0,  xdx+ ^dff  +  xSs'^ 

Integrating  separately,  we  have 

Ix  +  my  +  nz  =  c,    x^+if  +  ^  = 
and  these  equations  expressing  the  complete  soltition  st' 
given  system  may  be  said  to  constitute  the  primitiTe 


Another  class  of  examples  is  that  in  which,  while  the  equa- 
)iis  of  the  given  system  aie  not  all  separately  integrable,  , 
Uf  admit  of  being  so  combined  as  to  produce  an  ef^uivaleatrj 
pstem  of  equations  which  are  separately  integrable, 

Ex.  2.    Given 'S  +  ?=l,f  =  x  +  ,  +  -^-I, 
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■sr 


Here  the  first  equation  alone  is  separately  integrable,  aadt'l 


Abo  by  addition  of  the  given  equations,  we  have 
dx  +  dif 


Jo: 


■^^^  =dt. 


lerefore 


log(:c  +  y)  =  i  +  c' {6). 

The  primitive  system  is  therefore  espressed  by  (a)  and  (i),! 
In  both  the  above  examples  we  see  that  the  number  ofB 
[Ujttiona  of  the  solution  is  equal  to  that  of  the  equations  of  ■ 
«  system  given,  and  that  each  equation  of  the  solution  in- 
dves  a  distinct  arbitrary  constant.     And  it  is  evident  that 
nig  must  be  the  case  whenever  we  can  combine  the  given 

K nations  into  an  equivalent  system  of  integrable  equations  of  J 
!  first  order.  But  as  we  have  not  proved  that  such  combi-a 
Uion  is  possible,  the  following  question  becomes  important,* 
t  what  is  the  nature  of  the  solution  of  a  system  of  simulta-1 
ions  equations  of  the  first  order  and  d^ree  ? 
riiis  question  will  be  considered  in  the  next  section. 

Genei-al  tli£ory  of  siviuUaneous  equations  of  the  firat  ordefM 
^degree. 

8.     We  shall  seek  first  to  establiali  the  general  theory  of  ^fl 
Mem  composed  of  two  equations  between  three  variablei " 


I  therefore  of  the  form 

Pdx  +  Qdy  +  Rdz  = 
Fdx  +  ^dy  +  R'dz  = 


S94         SIMCrLTANEOtrS  DIFFERENTIAL  EQTlATIOSS.    ^(S 

the  coefficients  P,  P',  &c.  being  functions  of  the  variable 
r  constants. 
We  design  to  consider  the  above  system  first,  and  with  i 
greater  care,  because  there  is  scarcely  any  part  of  the  {^f 
theoiy  -which  it  does  not  serve  to  exemplify. 

Prop.  Tlie  solution  of  the  system  (1)  can  alivays  he  miufc 
depend  upmi  that  of  an  ordinary  differential  equation  of  I 
second  order  between  two  of  the  primitive  variabkt,  md 
always  consistsoftwoeguations  involving  two  arbitrary^ 

By  algebraic  solution  of  the  system  (1)  we  have 


RP-PR' 


dxt   dz  — 


PQ-QP' 


dx,. 


As  the  coefficients  of  dx  in  the  second  members  of 
equations  are  functions  of  a;,  y,  a  we  may  express  the 
system  in  the  form 

dy  =  ^  {ir.  y,  z)  dx,     dz  =  ^  {x,  y,  e)  dx. 
whence,  regarding  x  as  independent  variable, 

•hi 

dx 


^^  =  4.{x,y,z).. 

-^(■^,y,^)-- 


dx 


» 

Thus  the  given  system  enables  ua  to  express  -J^  and  -j- 
'  known  functions  of  x,  y,  z. 

Now  differentiating  (3),  still  on  the  assumption  thatftisH 
independent  variable  and  representing  for  brevity  <ji ' 
by  0,  ^  {x,  y,  z)  by  i^,  we  have 


dii>  dy     d^dz 
dy  dx     dz  dx^ 


r  3  ub.it  i  til  ting  for   .-  its  value  given  by  (4), 


d-y^ 


d^     dtf)  dy        di)> 


dy  G 


■^'^3 


f.  4.J  PABTIGULAS  ILLirSTIU.TI02f&  295   I 

?bia  equation  involves  7-  and  -yj^  together  with  the  qiian- 

di    ddi    dA       .  ,  ,  , 

BS-j— ,  -3—,  -p  and  i|r,  which  are  known  fuBCtions  of  jc,  ^, 

I «.     Hence  ehminating  z  hy  means  of  (3)  we  have  a  final 

lation  involving  -,- ,  -r^,  x,  and  y.     The  complete  primi- 

I  of  this  differential  equation  of  the  second  order  will  enable   | 
to  expresa  j  as  a  function  of  x  and  two  arbitrary  constants. 
ipose  the  value  thus  obtained  for  y  to  ba 

y  =  x('^.  c,.  O (6). 

"hen  we  have  by  vh^;ue  of  (3) 

.  /  %      dy(x,  C,,  cj  ,_, 

■»fey,')-  "^^^  ■ (7). 

"hese  two  equations  involving  two  arbitrary  constants  coil.  J 

I  the  complete  solution  of  the  system  given.  I 

.     It  is  important  to  observe  that  the  system  (2)  may  be  ] 

ressed  in  the  symmetrical  form  1 
dx        _         dy        _        dz 

QR  - Itq^RF - PR-^PQ-  QP"  j 

f  we  represent  the  denominators  of  the  above  reduced  ' 
«in  by  X,  Y,  Z,  it  becomes 

dx  _di/  _  ds 


(8). 

^hiB,  then,  may  be  regarded  as  the  symmetrical  form  of  a 
tem  composed  of  two  differential  equations  of  the  first 
Br. 

iLgain,  the  complete  solution  of  such  a  system,  as  is  expressed 
{^  and  (7),  consists  of  two  equations  connecting  the  varit 
%x,y,B  with  two  arbitrary  constants.     If  we  solve  thes 
i&tions  with  respect  to  the  constants,  the  solution  assumes 
I  form 

0,  (ar,  ^,  e)  =  c„     0,{x,  J/,  e)  =  c, (9). 

Thus  a  system  of  two  differential  equations  of  the  first 
er  may,  without  loss  of  generality,  be  presented  in  the 
imetrical  form  (8),  and  its  complete  Bolution  in  the  sym- 
trical  form  (9). 


i 

1 
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Ex.  1.    Given 

(5y  +  9«)  dx  +  dy  +  dz^O,     (4y  +  aa?)  dx+idy-is^i 
Here  we  find  by  algebraic  solution 

|=-3y-*- (4 

|  =  -2y-S- ft 

whence  -j^  =  —  3^  —  4-7- 

daf  dx    .    dx 

3^  +  8y  +  20z,  by(6). 

Eliminating  «;  by  (a),  we  have  on  reduction 

^  linear  equation  with  constant  coefficients  whose  compl* 

primitive  is 

1/ =:  C.e-' +  C,€^' 

dv 
Equating  the  value  of  ^  hence  determined  with  that  gi* 

in  (a)  we  have 

3y  +  4«  =  C,e'-  +  7a,€-^* (* 

The  complete  solution  is  therefore  expressed  by  (c)  and  ^ 

Theoretically  it  is  of  no  consequence  which  of  the  primiW 
variables  we  assume  as  independent.  But  practically* 
question  is  of  some  importance  as  aflfecting  the  character" 
the  final  diflFerential  equation. 

Ex.2.    Given ^-3x4-y  =  0,   -^-aj-ysO. 

Differentiating  the  first  equation  we  have 

d^x        dx     dy 

dt     ^dt'^di^^' 

from  which  eliminating  -^  by  the  second  equation  we  to 

^3ii        dx  ^      ,         ^ 


■TARTICULAH  ILLUSTRATIONS, 
lencc  eliminating  y  by  the  first  equation 

Integrating 

tad  this  value  of  x  substituted  in  the  first  equation  gives 
y  =  [0 -  C -k- C't)  ^. 
The  last  two  equations  constitute  the  primitive  system. 
We  choose  next  an  example  in  which  the  given  system  in- 
rolves  functions  of  the  independent  variable  in  the  second 
Dembers. 

n.         _  ^ 

Eerfi,  differentiating  the  first  equation,  we  have 
^3J      .dx 

fHimtoating  -^  by  the  second  equation  of  the  given  system, 


n 


df^     dt 


e'+2<" 


JkuA,  eliminating  y  by  means  of  the  first  equation  of  tile 
■tern, 

Linear  differential  equation  of  the  second  order  whose  solu- 
tB  is 

Hence,  by  the  first  of  the  given  equations, 

2jf  -  5a:  +  e- =  -  4  C.r"  -  7  C.r"  + /y  e' +  ^  e". 

The  last  two  equations  are  the  complete  primitives  of  the 
atem  given. 
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The  above  theory  may  be  extenileil  to  all  systems  nhiA, 
[  are  composed  of  n  differential  equations  of  the  fii-st  order 
legree  connecting  n  + 1  variables. 

Assume  3!  (independent)  and  a;,,  a ar,  (dependent)  as  ihi 

I  variables   of   the   system.     Then  there  exist  n  differeotii 
I  equations  of  the  form 

Pdx  +  P^dx,+P^dx^...+Pja!„^0 (10), 

I  F,  P,,  &c.  iDsing  functions  of  the  variables.     These  eqnatioal 
I   exactly  suffice  to  determine  the  ratios  of  the  differentials  ^ 
dx^,...dxn,  and  thus  aasume  the  symmetrical  form 
d.T.  _  o'sTj  _  (?aT,       _  (/r, 

x~^^' X ■"■  "X ^  '' 

X,  Xj,  &c.  being  determinate  functions  of  the  variables. 
This  premised,  thesolutionof  the  system  (11)  depends  up 

the  solution  of  a  single  differential  equation  of  the  n*  oiil 

connecting  two  of  the  variables. 
Let  us  select  for  the  two  x  and  x^. 
Now  (11)  gives 

diB,_X^     dx„_X^  d.T,_X^  .    . 

dx~x'  rf5"X'  -d:^~x ^'^■'' 

Differentiate  the  first  of  these  n  —  1  times  in  succession,  l 
1  garding  x  as  independent  variable  and  continually  auhstifa 

ingfor-T-^,   •■•-j-^  their  values  as  given  by  the  n— 1  IM 

equations  of  the  above  system.     "We  thus  obtain,  incluiiiil 
I  the  equation  operated  upon,  n  equations  connecting 
dx,       (fx,     d"x^ 
3S'     das'"  dsl* 
I  with  the  primitive  variables  and  therefore  enabling  us,  ls(,  d 
\  express  the  above  n  differential  coeiEcients  in  terms  of  tJiM 
I   variables,  2ndly,  by  elimination  of  the  n  —  1  variables,  J,t  • 
...  a;,,  to  deduce  a  single  equation  of  the  form 


dj\ 

'   dx ' 


d!-x\_ 
■  dx")' 


..(IS). 
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'ow  thia  being  a  differeDtial  equation  of  the  «*''  order,  there 
t.  Chap.  IX.  Art,  1,  n  first  integrals  involving  n  di.stinct 
trary  constants  and  capable  of  expression  in  the  form 

*  ^  '    ''  dj:*    dx*  '"  dx"'^/         ' 
„  /  dx      d'x       d'-'W       „ 

^''■'■'■■si•  -& -iLF') ' ''^ !- (")■ 


'.  u  »„ 


dj;      dx 


■  dx- 


py- 


dx. 


(T'j-, 


their  I 


'  in  this  system  we  substitute  for  -j- ,   -j-^  . 

es  in  terms  of  the  primitive  variables  above  referred  to, . 
iball  obtain  a  system  of  n  equations  of  the  form 

tf>Ax.x„x^...x^)=G,  ^ ^j5j 


p: 


L  ^  {x,  Xj,  x^ ...  x^  =  (7,  . 
Sttie  primitive  system  sought. 
nd  thus  the  following  Propositions  are  established,  viz. 
that  a  system  of  diffurential  equations  of  the  first  order  ' 
oecting  »!  + 1  variables  is  expressible  in  the  symmetrical 
ft  (11).  2nd]y,  that  its  complete  solution  depends  on  that 
m  ordinary  differential  equation  of  the  ti'"  order  (13). 
ly,  that  that  solution  consists  of  n  equations  connecting  the 
mitive  variables  with  n  arbitraiy  constants  and  theoreti- 
ly  expressible  in  the  form  (15). 

rhese  very  important  propositions  were  first  established  by  I 
[range,  but  tho  above  demonstration  of  them  is  taken  from 
iwnoir  by  Jacobi". 
t  b  not  necessary,  as  is  evident  from  the  examples  already 
'Q.  actually  to  iletermine  the  n  fiipt  integrals  of  the  differen- 
^fjuation  (H).  The  complete  primitive  and  the  successive 
UiwB  obtained  from  it  by  differentiation  enable  us  to  ac- 

^•in-   iU   IntegraVioa   dtr   partiellen   Dijerential-Gkichungcn  e 
""J.    Qrelte,  Tom.  ii.  p.  317. 


LINEAR  EQUATIONS  OF   FIRST  OBBSR      ^ 

i  complish  tlie  s&me  object     Ntiither  is  it  always  neot 
L proceed  to  differential  equations  of  an  order  higher  tlusi 
I  first.    This  point  will  be  illustrated  in  the  following 


Linear  equations  of  the  first  order  with  constant  coe^dsli 

6.     The  characters  here  mentioned  have  reference  oniill 

L  the  dependent  variables  which  are  the  true  untnown  qoi* 

ties  of  the  system.     Tims  the  equation 

would  be  described  as  linear  and  with  constant  coefficieidt 

The  solution  of  any  system  of  n  such  equations  is  bjl 
foregoing  general  method  reducible  to  that  of  an  oria 
bnear  differential  equation  of  the  ti'"  order  with  conattoH 
efGcientB.  And  this  method  is  in  the  two  following  ra^ 
the  best  of  all,  viz.  lat,  because  of  its  fundamentdl  chuwi 
2ndly,  because  it  leads  directly  to  the  expression  of  t!ie™ 
of  the  dependent  variables. 

The  solution  of  such  a  system  may  however  also  be  &A 
by  the  method  of  indeterminate  multipliers,  and  tin! 
propose  here  to  exemplify.  Its  advantage  is  that  it  """ 
presents  the  equations  of  the  solution  under  a  coniDnin 
ao  that  their  discovery  is  made  to  depend  upon  the 
of  a  single  general  form. 

dy 

Multiplying  the  second  equation  by  an  indeterminate  i 


Ex.     Given  - 


{^ax  +  l'yU- 


tity  m,  and  adding  to  the  first,  we  have 


dx  +  mdt/ 


,-^  =  (a  +  ma')  a:  +  (J  +  inb')  y 


=  (a 


'V  ''     a  +  maj  I 
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ltd  that  we  determine  m  so  as  to  satisfy  the  condition 
^ML  h  +  mb' 


a'm^  Jr  {a-V)m-h  =  G.. 


..(J). 


f  {a)  gives 


dx  +  mrJy 


-  {a-\- ma)  dt. 


a  OD  integration 


Iog(^a;  +  my  +  ^ij^,)  =  Ca  +  ma')(+C (c). 

this  equation  it  onlj  remains  to  substitute  in  succession 
;wo  values  of  m  furnished  by  (b).  The  two  resulting 
tions,  in  which  the  arbitrary  conatants  must  of  course  be 
jsed  different,  will  express  the  complete  solution  of  the 


hen  the  values  of  m  are  equal,  the  form  (c)  fumishea 
tly  only  a  single  equation  of  the  complete  solution.  We 
deduce  the  other  equation,  either  by  the  method  of  hmits 
ming  the  law  of  continuity),  or  by  eliminating  x  from 
jiven  system  by  means  of  (c),  and  then  forming  a  new 
rential  equation  between  y  and  (.  It  seems  preferable 
!ver  to  employ  the  general  method  of  Art.  5,  by  which 
iflGculties  connected  with  the  presence  of  equal  or  imagi- 
'  roote  are  referred  to  the  corresponding  cases  of  ordinaiy 
■rential  equations. 

Simultanepus  eqnations  are  so  ofteu  presented  under  the 
Dietrical  form  (11)  that  the  appropriate  mode  of  treatment 
rvea  to  be  carefully  studied,  especially  as  it  possesses  the 
'riority,  always  in  point  of  elegance,  and  frequently  in 
t  of  convenience,  over  other  processes, 
if  Itnown  that  each  member  of  a  system  of  equal  frac- 
as  equal  to  the  fraction  which  would  ,be  formed  by 
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dividing  any  linear  homogeneous  function  of  H 
rators  by  the  aame  function  of  their  denominators.  ■" 
e  have  a  Bystem  of  equations  of  the  form 


in  which  we  suppose  (  the  iniiependent  variable,  bjiJ^ 
function  of  t  only,  then  we  siiall  have 


T"  X,-\-vi.\\...  +  rX,   " 

Hence,  should  the  first  member  he  an  exact  differeaW' 
inquiry  is  suggested  whether  the  multipliers  m,  ...rm 
be  so  determined,  whether  as  functions  of  the  variables" 
constants,  as  to  render  the  second  member  such  also.  S 
when  the  system  of  equations  is  linear  and  with  constatl 
efficients  this  can  always  be  effected.  It  may  be  oiBW 
that  the  character  of  the  system  is  as  manifest  from  in!? 
tion  of  the  symmetrical  form  (16)  as  of  the  ordinaryfa 
If  the  system  be  hnear  and  with  constant  coefficient  tl*  I 
nominators  X,,  X,,...  X,  will,  when  considered  with  Wp 
to  the  dependent  variables  a:,,  x^,...  ir„,  be  linear  ani' 
1   constant  coefficients. 

In  the  employment  of  this  method  it  is  often  of  gwii 
vant^e  to  introduce  a  new  independent  variable,  ^ 
consider  al!  the  variables  of  the  given  system  as  depe*" 
upon  it.  We  are  thus  enabled  to  secure  the  condition 
adverted  to,  of  having  one  member  of  the  symmetrical  systfl 
an  exact  differential. 


^    J..       Uiveu   ~- j = -; -^7 -;, 

ax  +  oi/  +  c     ax  +  by  +  c 

I  Let  us  introduce  a  new  variable  i  so  as  to  give  to 
^  the  form 

dx  dy  dt 


the  BJ"* 


x-k-hy  +  c     a'x  +  b'y  +  c' " 
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■  H^ere   the  tliirj  member  being  an  exact  differential,  wc  shall 

dt dc  +  mdfi 

t       ax  +  lii/+  c  +  m  [a'x  +  b'y  +  c) 

dos  +  mdy 

"  [a  +  ma)  x+{b-i-  ml')  y-vc  +  rnc' 

1  (d  +  map  tjj  +  (a  +  md)  mdy 

a  +  ma'  {a  +  ma')aj+  {b  +  ml')  y  +  c  +  mc" 

Tlie  second  member  of  this  equation  will  be  an  exact  differ- 
entiaJ  if  we  have 

{a  +  ma')m=b  +  mh' (h), 

•fhe    integral  corresponding  to  each  value  of  in  thus  doter- 
xoined  being  of  the  form 


g{{a  +  ma-)x+{b+mi')y-\- 


logt+C=~ 

r  0't=  [ax  +  iy  +  o  +  m  {a'x  +  Vy  +  c')}"*""'. 

If  the  roots  of  the  quadratic  (i)  are  m,  and  m,,  we  thus  find 

C,i=[a2;  +  %  +  c  +  M»,(a'^  +  i<'i/  +  c')l°*'"^j ^^j^ 

Q  =  [oa;  +  6y  +  c  + 1«,  {dx  +  Vy  +  c")  Y^^  I 

for  the  primitive  equations  of  the  system  (a).  Tlioee  of  the 
given  system  will  be  obtained  by  eliminating  t.  The  result 
'les  the  remarkable  form 


\aa 


t,(a'j;+&>/  +  c')i°^ 


[ox  +  Jy  +  c  4-  m,  (a'ic  +  Vy  +  c')  ]»+'">«■ 


dx     dy     dz 


X=  ax  +  JiJ/  +  c::  +  d 
Y=a'x+h'!/  +  c'z  +  d' 
Z  ■=a!'x+  h"i/+c"s  -I-  d" 


■  C4 
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Introducing  a  new  variable  f,  so  as  to  gLve  to  the  spUmi 
more  complete  form 


dt     dx  ^dy     dz 


.R 


we  have 


dt     Idx  +  mdy  +  ndz 
1^  IX  +  mY+nZ 


^    Idx  +  mdy  +  ndz 
\  {Ix  +  my  +  nz  -h  r) 
Provided  that  we  assume 

al  +  am  +  a"n=^7d  -| 
hi  +  b'm  -f  b"n  =  \m 
cl  +  c'm  +  en  =  \n 
dl  +  dm  +  d'^n  ^  \r  - 

The  first  three  of  these  may  be  written  in  the  form 

rn  =  o  i 


.(* 


»' 


■(4 


b 


cl  +  cm+{c'-\)n  =  0  j 
whence  eliminating  I,  m,  n  we  have  the  well-known 

(a-x)  (J'-X)  (c"-X)-6V((i-X) 

-  ca"  (b'  -  X)  -  Ja'  (c"  -  X)  +  a'6"c  +  a"Jc'  =  0 ...  (/). 

Now  let  the  values  of  X  hence  found  be  X,,  \,  \,  and* 
corresponding  values  of  Z,  m,  ti,  r  be  Z^,  m^,  w^,  r^,  i„  w^,  ** 
then  integxating  (c)  we  shall  have  the  system 

1 

cj;  =  (Z^a;  +  m^y  +  n^z  +  r^\    . 

1 

Hence  eliminating  t  by  equating  its  values,  we  find  *  '• 
general  solution  of  the  original  system  of  equatioiw 


M 


TVTTH  CONSTANT  C01 


'ewiiS*** 


+»>" 


+0", 

+'/■ 


tbe  same  way  we  may  integrate  th©  & 
da;,  _  dx^       _  Ar^ 


■nS  ol  *^ 
e  any  linear  functio  ^^  ^^o^s 


From  the  above  results  the  boIu*^' 


lOOB   I 


■QO't 


rrora  tne  aoove  results  tne  boiu"-       ja,  &-■-  ,^(.U' 
real  systems  in  which  the  denomif"*^  ^^^^  ieo- 
be  deduced.    The  most  remarkable  ^ 
|31owing. 

ppoee  that  in  the  system  ,  ..  t*^' 

ilution  of  which  is  known  from  wbi*' 


y-s' 


pla« 


ot»  " 


»J 


^e 


heing  nevr  variables  introduced  lO  Jj 

result  is  ,1 

,  ^^     r '  J 

B  dx  +  xdz   a'di/  +  yiz 7?'^''^^  11 

oa:  +  6^  +  c  ~  a'aj  +  b'^  +  (^     o"!B-t- 
ieh  we  may  dhviously  give  the  form  ^'*^^— — T^ii  +  '^T 

:  »-rf;» ____ — r^^^Xa^'^''    ' 

Bg  the  first  equation  of  this  syateto-      7  ^ ( 

"     ^ _*Lrs5:S"5+^' 


[is  on  clearing  of  fractions 
r  Jacobi's  ecjual-ion  (Ore 
t  oo  other  grounds  has  been 


i  Jacobi's    equation   (Creife,  '""laLi-^J'^. 
.  nn   nther  ^rounds  has  been  el  J»=~^Ka0 


,.f 


1 
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We  see  that  the  solution  of  (6)  is  deducible  from  tint 
the  system  (a)  by  changing  x  into  xs^^  y'  into  ysi,  uxl  efa 
nating  z. 

And  just  in  this  way  the  solution  of  any  symineini 
non-linear  system  of  the  form 

in  which  X,X^,X^,...X^  are  linear  functions  of  the  vaiii 
a;,,  a:,,...a?„  may  be  made  to  flow  from  that  of  a  i^mmeli 
system  of  the  form 

•ir    —     y     ••• -"     y         ••••• .iti^wj 

in  which  X^,  -Xj,...X^i  are  linear  homogenwtis  functH*'. 
the  variables  ajj,  a;j,...a?^i.  The  general  solution  of  tk* 
tem  (18)  seems  to  have  been  first  obtained  by  Hesse  (fl* 
Tom.  XXV.  p.  171). 

9.  Lastly,  certain  systems  of  linear  equations  whidW 
not  constant  coefficients  may  be  solved  by  the  above  vaM 

Thus  the  solution  of  the  equations 

^^  +  T{ax  +  hy)=T, 


^  +  T{a'x+b'y)^T,\' 


■{•i 


where  T,  T^,  T,  are  functions  of  the  independent  vW" 
may  be  reduced  to  that  of  an  ordinary  linear  differential  ef 
tion  of  the  first  order. 

For  proceeding  as  before,  we  find 

it+It^l  +  XT(x  +  m!,)  =  T,+mT, 9, 

provided  that  \  and  m  be  determined  by  the  conditions 

\  =  a+ma\    \m^b  +  mV  .» (4 
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mce  eliminating  \  we  have 

{a  +  ma')  =  i  +  mb- (d), 

lich  gives  two  values  for  m.     Integrating  (i)  regarded  as 


equation  of  the  first  order  between  x  +  viy  and  (,  and 
betituting  for  \  its  value  in  terms  of  m,  given  by  the  first 
uation  of  the  syatem  (c),  we  have 

which  it  remains  to  substitute  for  m  its  values  given  by  (d). 


lie      ^ 
E..     Given  j^+-(: 


dt^ 


The  solution  ia 


Re  gei 


the  system  (a)  wo  make  7"=!,  it  becomes  a  system  of 
with  constant  coefficients  but  possessed  of  second 


general  system  analogous  to  (a)  when  the  number  of 
iables  is  increased,  may  be  solved  by  the  same  method. 
may  be  well  to  notice  that  the  equivalent  symmetrical 
is 

dar,      _      (?.r,  _      dx,      _  dt  . 

a;  +  y ; " -Y,  +  2; •  •  ■  ~ 57+2; ~ T ^   '' 

B  X,,  JC,,  ...X,  are  linear  homogeneous  functions  of  the 
leodent  variahles,  and  T,  T ,  ...  T^  ai'e  functions  of  t. 
eated  imder  this  form,  it  is  obvious  that  its  solution  will 
made  to  depend  upon  that  of  a  linear  differential  equation 
the  first  order,  and  au  auxiliary  algebraic  equation  of  the 

Eqttations  of  an  order  higJier  than  the  first. 

0.  Any  ^Btem  of  simultaneous  equations  of  an  order 
ber  than  the  first  is  reducible  to  a  system  of  the  first 
20—2 


EQUATIONS  OP  AN   OKUm 

order.  And  this  reduction  though  not  always  neMwd 
the  purpose  of  solution  ia  theoretically  important,  beoir 
enables  us  to  predicate  what  kind  of  solution  ia  pomik 
To  effect  this  reduction  it  ia  only  necessary  to  T^ 
new  variable  and  to  express  as  such  by  a  new  symMi 
differential  coetficient,  except  the  highest,  of  each  (ie^ 
variable  in  the  given  equations.  The  transformed  d^ 
will  thus  be  of  the  first  order,  and  the  connecting  relitil 
the  first  order  also ;  and  the  two  together  will  cc 
system  of  simultaneous  equations  of  the  first  order. 


&.    G 

ven  the 

dynain 

ical  system 

•X, 

df-'- 

where  X, 

Y,Zmt 

functions  of  the  variables. 

Here  if 

weasBui 

ne 

ix 
It 

=  < 

du       , 

d,_ 

dt-'- 

the  given 

sjstem  a 

saumes  the  form 

dx 
dt 

=  .Y, 

iy-.Y 

dt-"' 

di      . 

Thus  we  have  in  the  whole  six  equations  of  the  fiirt 
between  the  six  dependent  variables  a;,  y,  z,  x\ g,  d, M 
independent  variable  (. 

The  complete  Bolution  of  the  latter  system  will  tti 
consist  of  sis  equations  connecting  the  above  system  rf 
bles  with  six  arbitrary  constants. 

If  from  these  six  equations  we  eliminate  the  thnl 
variables  x,  ■^ ,  z,  we  obtain  three  equations  connectii 
original  variables  x,  y,  z,  t  with  the  above-mentiasi 
arbitrary  constants. 

And  thus  it  might  be  shewn  that  the  complete  boW 
any  system  of  three  differential  equations  of  the  mcodJ 
between  four  variables  will  be  expressed  by  three 
equations  connecting  these  variables  with    '        " 
stents. 
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<nd  stiil  more  generalhj,  the  complete  solution  of  a  system  of 
Werential  equations  containing  «  +- 1  variables  of  which  one 
tidejiejident  will  congist  of  n  equations  convicting  those 
p£^  with  a  number  of  constants  equal  to  the  sum  of  the 
baa  of  order  of  the  several  highest  differential  coefficients. 

pT  let  (  be  the  independent  and  x  one  of  the  dependent  i 
Ikliles,  and  let  the  highest  differential  coefficient  of  at  I 
[  .  (Ta; 

ui  presents  itself  be  -y^.     Then  in  the  reduction  of  the 

Bm  of  given  equations  to  a  system  of  equations  of  the  first 
it  is  necessary  to  introduce  n  —  1  new  variables  con- 
1  with  X  by  the  relations  i 

dx  _  dx^  _  dx^,  _  I 

^~^"      "Si  ~^''"     dt    ~^'-''  1 

jis  the  number  of  variables  in  the  transformed  system  cor-   ! 
bonding  to  x  and  its  differential  coefficients  will  be  n,  and 
\  Bimilar  remark  applies  to  all  the  other  variables,  it  ap- 
^  that  the  total  number  of  variables  of  the  transformed    ) 
lem  will  be  equal  to  the  sum  of  the  indices  of  the  orders   i 
he  highest  differential  coefficients  of  the  several  dependent   J 
^bles  in  the  system  given.    Such  then  will  be  the  number 
iquations  of  the  transformed  syatein,  and  such  the  number 
jDHBtants  introduced  by  their  complete  integration.  Art.  5. 
I  is  also  evident  that  if  from  the  equations  by  which 
(complete  solution  is  expressed  we  eliminate  all  the  new 
tables  there  will  remain  a  number  of  equations  equal  in 
pber  to  the  original  equations,  and  connecting  the  primi- 
\f  variables  with  the  constants  above  mentioned.   Thus  the 
position  is  established. 

Phe  transformation  above  employed  is  further  important, 
KTise  in  the  highest  class  of  researches  on  theoretical  dy-.  J 
iic3  it  is  always  supposed  that  the  differential  equations  I 
Dotion  are  reduced  to  a  system  of  simultaneous  equations  1 
be  first  order. 

Lt  the  same  time  it  is  not  necessary  for  ordinary  purposes 
affect  this  reduction.  Difierentiation  and  elimination  al- 
*-tt  enable  ua  to  arrive  at  a  differential  equation,  higher  in 
arj  between  two  of  the  variables.    The  method  of  mdetet^  j 


SIO 
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[CI 


mioate  multipliers  may  also  be  sometimes  used  with  adva 
tage.     No  general  rule  can  however  be  given. 

[The  statement  respecting  the  number  of  arbitrary  consb 
is  not  universally  true.     Suppose,  for  example,  that  the 
two  simultaneous  differential  equations  which  connect  x 
with  the  independent  variable  (,     Let  one  equation  contain  ^ 

differential  coefficients  up  to  -^ra  and  -j-;-  inclusive ;  and  let  I 
^       dt"  dv  '  J 

the  other  equation  contain  differential  coefficients  up  to  -r; 


arbitrary  constants  involved  in  the  solution  is  the  greater  fli 
the  two  numbers  m  +  s  and  n  +  r.  See  Coumot,  TVaiV  iM 
vientaire  de  la,  Tli/orie  des  Fonctions...  ISil.  Vol.  ii.  p,  318.; 

_     ,       „.         d^x  ,       d'y       ,       ,, 

Ex.  1 .     Given  ^^,-  =  ax  +  b^,    -^^^ax+b if. 


dt' 


~df  ' 


1st  method.    Differentiating  the  first  equation  twice  wil 
respect  to  {,  we  have 

d*x  _     d'x      ,  d'y 

d^~^de^~de- 

■  from  the  above  three  equations,  W6 

I  Jis""^  V""  —  u-u;*  —  " (o). 

The  complete  integral  of  this  linear  equation  with 
coefficients  will  determine  x,  whence  y  is  given  by  the  fo 


Eliminating  y  and  - 
have 


»). 


2nd  method.     From  the  given  equations  we  find 
d^x        d^u 

b  4  mh' 


T.  la] 


■t   ac  +  my  —  u,  then 
■ODtlition 
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that  we  determine  m  by  the 

+  m7> 

+  ma 


..(6), 


df  ' 


m)u. 


whence  u  =  C.e("+»«'t*'  +  aje-'"*™^". 

.  m  m,  be  tlie  values  of  m  given  by  (6),  then  the  complete 
primitive  system  is 

aud  this  is  really  equivalent  to  the  previous  solution,  though 
more  symmetrical, 

Ex.  2.  The  approximate  equations  for  the  horizontal  mo- 
tion of  a  pendulum  when  the  influence  of  the  earth's  rotation 
is  taken  into  account*  are 


de    ^"^  dr  I     " 


I  representing  the  length  of  the  pendulum,  g  the  force  of 
gravity,  and  —  r  being  equal  to  the  product  of  the  earth's 
angular  velocity  into  the  sine  of  the  latitude  of  the  place. 

As  the  equations  have  constant  coefficients  they  admit  of 
complete  integration.     If  we  differentiate  so  as  to  enable  us 


*  Jallian,  ProbUmet  dr  MScanique  EaliomieUe,  Tom.  n.  p.  233. 
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the  complete  solution  of  which  is  of  the  form 

x  =  Acos  [m^t  +  a)  +  5  cos  {mjk  -h/S) (c), 

where  A,  a,  B,  $  are  arbitrary  constants,  and  m*,  m*  are  the 
two  roots,  with  signs  changed,  of  the  equation 


^»_2(2r»  +  f)/i+^  =  0. 


From  the  above  value  of  x  that  of  y  may  be  obtained  by 
means  of  the  formula 

^         irg  dt*      gV^2rl)  dt ''*^' 

which  is  readily  deduced  from  the  given  equations. 

The  above  system  may  also  be  solved  by  assuming 

x'  cos  rt  +  y  sin  rt     \  . . 

—  a/sinr^  +  y  cosr^J * ^  '* 

The  transformed  equations  are 


y 


d^x  d^u' 


where  Vssr*-}-^; 

whence  we  find 

a?'  =  -4  cos  Xt-hJB  sin  X^ 
y  =  A'  cos  \t  +  B'sin  \t 


} (/)• 


11.  In  problems  connected  with  central  forces  particular 
forms  of  the  following  system  of  equations  present  them- 
selves, viz. 

d^     dE       dy_     dB      d^s     dB  , 

dt^'^dx'      df^dy'     de"^  dz  W. 

where  iJ  is  a  given  function  of  the  quantity  V(^  +  y*+^ 


.  11.] 
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or  r.      Multipljing  the  above  equatioos  by  dx.  dy,  dz  respec- 
tively, and  integrating,  we  bave 

l{(S)"-(S)'-©]-«-^ ». 

S  being  an  arbitrary  constant. 

,       .  dR     dR  dr     xdR     . 

Igam,  smce  ^  =  ^  ^  =  -  ^-.   &c.   the   given   system 

of  equations  may  be  expressed  in  the  form 

(£x_xdR         ^9_y^         iTs     sdR 
d^~r  dr'         d^~r  dr'         df'rdr' 

Now  if  from  each  pair  of  equations  we  eliminate  -j-,  we 
obtain 


nr 


=  0, 


vS  which  it  is  evident  that  two  only  are  independent.     Inte- 
gratitig  these,  we  have 

dy       dx     y^         dz       dy      f,         dx       dz      ^ 

"i-'ir-""  yn-'tr"-  "nt-^'it-'^'- 

C,,   C, ,   C,  being  constants. 

Squaring  the  last  three  eqiiations  and  adding,  we  obtain 
I  a  result  which  may  be  expressed  in  the  form 


^   or,  by  virtue 
»heoce 

=  C'  +  0, 
of  (b)  and  of  the  known  value  of  r, 

2^(fl  +  ii)-(r|:)'  =  .l- 

it         •■* 

W, 

W. 

'  °   Jvi2^(ii:  +  -«)-J") 
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Again,  it  is  evident  that  by  means  of  (c)  we  can  eliminate  JB 
from  each  equation  of  the  system  (a).    For  (c)  gives 


B  =  -B  +  l\ 


Substituting  which  in  the  first  of  the  given  equations,  we 
have 

cPx _x  /A^     dr  d  dr\ 

'df~r\V^diJrdt) 

_x(     ^     dV\ 
"rV      r^'^de)' 

Hence  ^_-a.^--  +  _=0, 

d    ^d  X     A^x     ^ 
dt     dtr       r^         ^ 

therefore  y» ._  r'  —  f  ? )  +  ^»  ?  =  0. 

dt     dt\rj         r 

Adt 
If  we  now  assume  — y—  =  dcj),  the  above  becomes 


X 

whence  -  =  a,  cos^  + J^sin^ (f). 

In  like  manner,  we  find 

^  =  a,cos  ^4-62  sin  <^  {g\ 

-  =  a^cos<l>-\-b^Bm^  (A), 

in  which  we  must  substitute  for  (f)  its  value,  viz. 


HIGHER  THAN  THE   FIHST, 

To  tbis  expression  it  would  be  superfluous  to  annex  an  arbi- 
trary constant  before  that  substitution.  For  each  of  the 
second  members  of  {/),  (g),  (h)  is  expressible  in  the  form 
C7  cos  {tp  +  C),  in  which  ^  is  already  provided  with  an  arbi- 
trary constant. 

The  solution  is  therefore  expressed  by  means  of  (e)  and  (i), 
Tvhich  determine  r  and  the  auxiliary  (f>  as  functions  of  (,  and 
"by  (_/),  (ff),  (h),  which  then  enable  iis  to  express  x,  y,  z  as 
lunctious  of  (,  As  we  have  however  made  no  attempt  to 
^  rve  independence  in  the  series  of  results,  the  constants 

■will  not  be  independent.  If  we  add  the  squares  of  (/),  (g), 
^ft),  "we  shall  have 

1  =  (a,'  +  a,'  +  a,')  cos'  0+2  {afi^  +  aj)^  +  afi^  sin  0  cos  4> 

+  {b^  +  J/  +  6,')  sin'  0, 
■which  involves  the  relations  among  the  constants 
a,' +  (!,*  + a,"  =1,   S,'+6,'  +  S,'=l,   o.,&,  +  ([,/',  +  aA  =  0...(A-}. 

The  six  constants  in  {,f),  (g),  (A),  thus  limited,  supply  the 
place  of  only  three  arbitrary  constants,  and  there  being  three 
also  involved  in  (e),  the  total  number  is  six,  as  it  ought  to  be. 

In  the  same  way  we  may  integrate  the  more  general  system 
^x^^dR^    d^^_dR  d'x,  ^dR 

d^      dj.','    dt*  ~ dx^'"'  dt*       dx^' 

where  ^  is  a  function  of  -^{x^  +  x^...  +  a:^.  The  results, 
^rbich  have  no  application  in  our  astronomy,  are  of  the  form 
Trbich  the  above  analysis  would  suggest.  Binet,  to  whom 
the  method  is  due,  has  applied  it  to  the  problem  of  elliptic 
inotiati.  (Liouville,  Tom.  ii,  p.  457.)  For  all  practical  ends 
the  employment  of  polar  co-ordinates,  as  explained  in  treatises 
on  dynamics,  is  to  be  preferred. 

12.     The  following  example  presents  itself  in  a  discussion 

SM.  Liouville*,  of  a  very  interesting  case  of  the  problem  of 
nee  bodies. 
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Ex.    Given 

^+  n«  {«  -  3*'  (ua:'  +  tyO}  -  0^ 

where,  for  brevity,  x  is  put  for  cos  (at  +  J),  y'  for  sin  (trf+l 
If  we  transform  the  above  equation  by  assuming 

we  find,  after  all  reductions  are  eflfected. 

And  these  equations  being  linear  and  with  constants 
efficients,  may  bo  integrated  by  the  process  of  the  pw 
ous  section. 


EXERCISES. 

5        <^     -      ^y     -it 


,  :xni.] 


7. 

8. 
9. 
10. 


3jf  +  43     2-/  +  5 


'  +  5  =  0. 
f  5  =  0. 


^^ 


(^C 


dx     _     dy      _     dz      _dl 

X+T, "  yT7^ ~ ^T?; ^  2' ■ 

JC  =  aa;  +  J^  +  Ci', 
r"=  a'ar  +  Vy  +  c's, 
^  =  a'x  +  i"y  +  cz, 
and  r,  ?;,  T,,  T^  are  functions  of  (. 

11.  What  ia  the  general  form  of  the  solution  of  a  system 
of  «  simultaneous  eq^uationa  of  the  first  order  between  n  + 1 
vaiiahles  ? 

12.  What  number  of  constants  will  be  involved  in  the 
nolation  of  a  system  of  three  simultaneous  equations  of  the 
first,  second  and  fourth  order  respectively  between  four 
variables  ? 

13.  Of  the  system  of  dynamical  equations. 


^     us  _ 

de  ^  ~? " 


where  r=Ca;*+j'  +  3')  ,  seven  first  integrals  are  obtained  of 
which  it  is  subsequently  found  that  five  only  are  independent 
How  many  final  integrals  can  hence  be  deduced  without  pro- 
ceeding to  another  integration  1 
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[CEfl 


14.     Given  ^  jI  =  (^  ""  ^)y^' 


..(ft 


ijt  =  ic-a)zx 


<fz 


(2)»    «5^=(«-*)ay 


■4 


Putting  £ —  =  lf =m, 

°  b-c        c-a 


=n  we  find,  on  ftliminating  ii, 


a-b 

Ixdx = mydy = nzdz^ 

from  which  y  and  z  will  be  found  in  terms  of  x,  and  their  yalueB  lifl] 
(1)  to  a  differential  equation  of  the  first  order  between  x  and  t 

Or  multiply  the  given  equations,  first  by  x,  y,  z,  respeetiTelyti''^ 
results  and  integrate ;  2ndly  by  ox,  by,  cz,  respectiyely,  add  the  iea)ti< 
integrate.  Then  by  means  of  the  integrals  obtained  eliminate  two  if' 
variables  from  any  of  the  given  equations. 


15. 

ation 


Shew  that  in  the  example  of  Art.  12,  the  transt*] 

aj  =  aj'cos  {rt  +  e)  -{-y  sin  (rt  +  e), 
y^  —  x  sin  [rt  +  c)  4-  y'  cos  {rt  4-  c), 

€  being   an    arbitrary  constant,  would  not  lead  to  a  n* 
general  solution  than  the  one  actually  arrived  at. 
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CHAPTER  XIV. 


OF    PARTIAL   DIFFERENTIAL    EQUATION'S. 


Partial  differential  equations  are  distinguished  by  the 
l&ct  tbat  they  involve  partial  differential  coetEcients  in  their 
•©xpreaaino,  and  therefore  indicate  the  existence  of  more  than 
one  independent  variable.    Chap.  i.  Art.  2. 

The  nature  of  these  equations  will  be  best  explained  by 
one  or  two  esamples  of  the  mode  of  their  formation. 

Ex.  1.     The  general  equation  of  cylindrical  surfaces  is 

x-h~i,(3-mz) (1), 

being  a  fiinetional  symbol,  and  I  and  m  constants  deter- 

"ling  the  direction  of  the  generating  line.     As  this  is  a 

connecting  three  variables  we  are  permitted  to  regard 

if  them  as  independent.     Choosing  x  and  y  as  the  inde- 

t  variables,  and  differentiating  with  respect  to  them  in 

lion,   «  being  regarded  as  dependent  on  them  both, 

>-'l— ■*■('— )£ «■ 

-i|  =  f  (,-..,  (l-„|) (3). 

Eliminating  the  function  ^'{y  —  mz),  there  results 

'1+-!=^ w. 

I  tte  partial  differential  equation  of  cylindrical  smfaces.     Of 
I  this  equation  (1)  is  termed  the  general  primitive. 

In  the  above  example  a  linear  partial  differential  equation 
I  of  the  first  order  has  been  formed  by  the  elimination  of  a 
I  nn^e  arbitraiy  function. 


PABTIAL  DIPFEHEWnAL  EQtTATrO!ra.       [Clt  ] 
B  a  primitive  equation 
ix  +  hy  —  ab (5 


■  and,  regarding  x  and  y  as  independent,  differentiate  with  is 
l-Spect  to  these  variables  in  succession,  we  have 

dz  _        ^^  _T 
dx       '     dy       ' 

Eliminating  a  and  b  by  substitution  in  the  primitive,  Ihert 
results 

_    dz         ds      dz  dz  . 

dx        dy     dxd^ ^ '' 

a  partial  differential  equation  of  the  first  order,  hut  not  lina 

Now  this  equation  haa  been  fonned  by  the  elimination  Ml 

[  of  an  arbitrary  function  but  of  two  arbitrary  constants.   Tbi 

f  equation  (5)  is  here,  by  way  of  distinction,  called  the  « 

I  plete  primitive.    The  epithete  genercd  and  complete  have  bM 

employed  by  Lagrange  to  denote  the  two  kinds  of  genersBt 

which  arise  from  arbitrary  functions,  and  from  arbitrary  or 

stants,  respectively. 

Ex.  3;    Given  z=^{y-\-ax)-\--^(y  ~ax),  where  ^  and 
are  arbitrary  symbols  of  fnuctionality. 

Proceeding  to  differential  coefficients  of  the  second 
I  Tre  find 

^  =  a'(f' (y  +  aar)+^"(y-aa:)], 


whence 


^1=       4!'{y  +  ax)+-^"{y-ax), 


da?  dy* 


© 

a  partial  differential  equation  of  the  second  order  and  of 
first  degree. 

And  this  equation  haa  been  formed  by  the  elunint 
two  arbitrary  functions  from  the  general  primitive. 


PABTUI  DIFPEKENTIAl  BJTJATHmS. 

These  examples  illustrate  the  usual,  and  what  may  per- 
qts  with  propriety  be  termed  the  primary,  modes  of  genesis 
[partial  oiffereDttal  equations,  viz.  the  eiimiaation  of  arbi-^  j 
vy  functions,  and  the  eliminatiou  of  arbitrary  constants.  1 
lis  to  be  noted  that  these  modes  are  perfectly  distiuctc 
Pns  we  might  in  Ex.  1,  by  specifying  the  form   of  the 
Action  ^,  ebminate  the  constants  I  and  m  from  the  primi^ 
f^  (1),  and  the  derived  equations  (2)  and  (S),  instead  o£ 
hninating  the  functional  forms  from  the  two  latter ;  bub 
^  result  would  differ  in  character,  as  well  as  in  the  mode  of 
I  origin,  from  that  which  has  been  actually  obtained.    Wq 
bBt  bear  in  mind  that  when  from  a  primitive  equation  of  J 
fen  form  different  partial  differential  equations  are  derived, 
us  owing  to  a  difference  of  assumption  as  to  what  is  to  be   , 
nrded  as  arbitrary;  so  that  we  are  not  permitted  to  say 
■t  to  the  same  primitive,  considered  in  the  same  sense  of  | 
kenlity,  different  partial  differential  equations  belong. 
Bn  Ex.  1,  a  partial  differential  equation  of  the  first  order 
B  been  formed  from  a  general  primitive  containing  one  arbi- 
■7  function,  and  in  Ik.  3  a  partial  differential  equation  of 
B  second  order  has  been  formed  from  a  general  primitive  ■ 
ptaJnJDg  two  arbitrary  functions.     These  examples  exhibit 
Icertun  analogy  with  the  genesis  of  ordinary  differential 
hations,  the  order  of  the  equation  being  equal  to  the  num- ' 
w  of  constants  in  its  primitive.     But  this  analogy  is  not   I 
faeral     For  let 

I  fto  assumed  primitive  containing  two.  arbitrary  functions 
p),  -^{v),  where  u  and  v  are  given  functions  of  m,  y,  z. 

Pesentiug  the  first  member  by  F,  regarding  x  and  y 
ident  variables,  and  forming  all  possible  derived   ' 
up  to  the  second  order,  we  have 


dF 
dxdy        '      '' 


1  the  given  equation  make 
1  the  six  functions 


IW.  -f-W. 


equations.  But  these   i 

W,  f  (0,  *"M.  f  W, 


PABTUL  DIFFERENTIAL  EQUATION^ 

do  not,  in  general,  suffice  to  enable  us  by  the  elimination  a 
the  latter,  to  form  a  partial  differential  equation  of  the  s& 
'  order  free  from  arbitrary  fuDctions. 

"We  see  then,  1st,  that  partial  differential  equations  do  s 
arise  from  the  elimination  of  arbitrary  functions  only ;  2nd[ 
that  even  as  respects  this  mode  of  genesis,  no  general  canofl 
exist  similar  to  those  which  govern  the  connexion  of  ordina^ 
differential  equations  with  their  primitives.  On  both  tha 
grounds  it  will  be  proper,  in  considering  special  clasaea  d 
equations,  to  examine  their  special  origin  and  to  seek  tham  1 
the  clue  to  their  solution. 


Solution  of  partial  differential  equations. 

2.    Before  proceeding  to  general  theories  of  the  solutioa 
partial  differential  equations,  it  may  be  noticed  that  there  Bi* 
acme  equations  of  which  the  solution  may  be  directly  redum 
to  that  of  ordinary  differential  equations. 

This  is  the  case  when  the  partial  differential  coefficieQli 
have  all  been  formed  with  i-espect  to  one  only  of  the  vari^loi 
We  can  then  integrate  as  if  this  were  in  fact  the  only  iiuJ 
pendent  variable,  provided  that  we  finally  introduce  srbitn 
fimctions  of  the  other  independent  variables  in  the  place 
arbitrary  constants, 

Ex.  1.     Given  «  + 2/^  =  0- 

Multiplying  by  dx,  integi-ating  with   respect   to  a:,  a 
adding  an  arbitrary  function  of  y,  we  have 

the  solution  required. 

It  is  permitted  in  the  above,  and  in  all  similar  cases,  to 
complete  the  solution  by  adding  an  arbitrary  function  of  j, 
because,  with  reference  to  the  integration  effected,  y  is  con- 
stant ;  and  it  is  necessary  to  add  such  a  complementary-  func- 
tion in  order  to  obtain  the  most  general  solution,  because  an 
arbitrary  function  of  one  of  the  variables  is  more  general  than 
an  arbitrary  constant  not  involving  that  variable. 


ABT.  2.]  BOUmOfSOT  PABXLIL BIFFEIESTIAL BQUAXIOSS.  3S3 

Ex.2.    CaTCiiy^-2r-2»-y  =  a 

This  equation  ma j  be  expressed  in  ihe  fcxm 

dz     2        .      2r 

XnvolviDg  no  differential  coeffident  irith  respect  to  x,  it  may 
1>e  treated  as  a  linear  diffisiential  equation  of  the  £ist  oider 
in  which  y  is  the  independent,  and  x  the  dependant  TaxiaMe; 
only  instead  of  an  arbitraiy  constant  we  must  add  an  aihi- 
traiy  function  of  jr.    The  final  solutiim  is 

It  Bometimes  hajq^ens  that  equations  not  belonging  to  the 
above  class  are  reducible  to  it  by  a  transformation. 

Ex.  3.    Given  ^^  =  «^+/- 

Let  ^  =  *^»  then  we  have  -^  =a?+y^  whence  integrating 
vith  respect  to  y,  and  addiog  an  arbitrary  function  of  2, 


3 

dz 


iterating  with  respect 


3J 


and  adding  an  arbitrary  function  of  y,  we  have 

Sbw  ^(x)  being  arbitrary,  l^{x)dx  is  also  arbitrarr,  ai 
may  be  represented  by  x(^)»  ^bence 

JjSee  the  SuppUmentary  Volume,  C!hapter  xxiv.  Ait.  1.] 

21— J 
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Linear  partial  differential  eguatimis  of  the  first  order. 

3.  "Wlien  there  are  but  three  variables,  z  depenJent,  x  a 
y  independent,  the  equations  to  be  considered  asaume  t 
form 


P,  Q,  and  R  being  given  functions  of  a 
Thie  form  we  shall  first  consider. 


sented  by  p  and  q  respectively.     The  equation  thus  becomn  I 

Fp+Ql  =  E (I|. 

The  mode  of  solution  is  due  to  Lagrange,  and  was  lir^l 
established  by  the  following  considerations. 

Since  «  is  a  function  of  x  and  y,  we  have 

dz  =  pdx  +  qdy. 

Hence  eliminating  p  between  the  above  and  the  given  eqn*- 1 
tion,  we  have 

Pdz  -  Jtdx  =  2  {Pdy  -  Qdx). 

Suppose  in  the  first  place  that  Pdz  —  Edx  is  the  exact  dSfiep- 1 
cntial  of  a  function  u,  and  Pdy  —  Qdx  the  exact  differential  I 
of  a  function  v,  then  wc  have 

du  =  qdv. 

Now  the  first  member  being  an  exact  differential,  the  second 
must  also  be  such.  This  requires  that  q  should  be  a  function 
of  V,  but  does  not  limit  the  form  of  the  function.  Kepies 
it  by  0'(w),  then  we  have  du  =  ij)'{v)  dv,  whence 

«=<^W (2). 

The  functions  wand  v  are  detennined  by  integrating  thel 
equations 

Pdz-Rdx-^Q,    Pd^-Qdx=0, 


jrmmetrically  expressible  in  the  form 
dx_dy  _dz 

F~  q-  R ^■^'' 

md   of  which  the  solution.  Chap,  xiii.  Art.  5,  assumes  the 
brm 


.30 


OF  THE  PIB9T  OBDES. 


••(1), 


and  6  being  arbitrary  constants. 

Dismissing  the  particular  hypothesis  above  employed,  La- 
xange   then  proyes  that  if  in  any  case  we  can  obtain  two 

itegrala  of  the  system  (3)  in  the  forms  (4),  then  u-=<f>{v')  will 

.tisfy  the  partial  differential  equation,  in  perfect  indepen- 
lence  of  the  form  of  the  function  ^. 

"We    shall  adopt  a  somewhat  different  course.     We  shall 

at  establish  a  general  Eule  for  the  formation  of  a  partial 
ifferential  equation  whose  primitive  is  of  the  form  u  =  ^  (v), 
,  and  V  being  given  functions  of  x,  y,  and  z.  Upon  the  solu- 
ion   of  this  direct  problem  we  shall  ground  the  solution  of 

le  inverse  problem  of  ascending  from  the  partial  differential 
^uation  to  its  primitive. 


Proposition. 

fhere  u  aitd  v 

,riial  <"~ 


rhcTB  -P,  i 


A  primitive  egftaUon  of  the  form  w  =  </>  (u), 
■e  given  functions  of  x,  y,  si,  gives  riae  to  a 
equation  of  the  form 

Pp+  Qq=R 


..{5), 


e  functions  of  x,  1 


Before  demonstrating  this  proposition  wo  stop  to  observe 
lAt  tbe  form  «  =  ^  (r)  is  equivalent  to  the  form 

'(«,  f )  denoting  an  arbitrary  function  of  u  and  v.     For 
be  latter  equation  we  have  u  =  ^  (r). 

It  is  also  equivalent  to 

being  an  arbitrary,  but  F  a  definite  functional  symbol. 
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For  solving  the  latter  equation  with  respect  to  tf>  (v) 
have  a  result  of  the  form 

^  {v)  =  i^i  (ic,  y,  z),  or  ^  (u)  =  « 
oa  representing  i^'^  (x,  y,  s)  by  w.  Thus  the  propositi 
afEnned  amounts  to  this,  viz.  that  any  equation  between  x, 
and  z  which  involves  an  arbitrary  function  will  give  rise  tg 
linear  partial  diffeiential  equation  of  the  first  order. 

Differentiating  the  primitive  u  =  ^  (i;),  first  with  respect 
as,  secondly  with  respect  to  y,  we  have 

da     du         ,, ,  ,  fdv      dv   \ 

du     du        ,,  ,  .  fdv     dv 


r-fW(l 


^S!j 


Eliminating  0'  («)  by  dividing  the  second  equation  by 
first,  we  have 

du  ,du        ^^  ,  ^v 
dy     dz"    _dy     dz" 
du     du        dv      dv    ' 
dx     dz"      dx     ds" 
or,  on  clearing  of  fractions, 

/du  do     du  dv\        /du  dv     du,  dv\ 
\d^  ds     dz  dyj^     \ds  dx     dx  dz)  " 
_  du  dv     du  dv 
dxdy     dy  dx" 

Now  this  is  a  partial  differential  equation  of  the  form  (] 
For  u  and  w  being  given  functions  of  x,  y  and  z,  the  coefficit 
of  p  and  q,  as  well  as  the  second  member,  are  known.  '. 
proposition  is  therefore  proved. 

As  an  illustration,  we  have  in  Ex.  1,  Art,.  1,  u  =  x- 


..(6). 


I 


:,  whence 
du 


dy 


-^>  £=- 
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Substituting  these  values  in  (6)  there  results, 

"wliicb  agrees  with  the  result  before  obtained. 

4t.  The  general  equation  (G),  of  ■which  the  above  theorem 
is  a  direct  consequence,  has  been  established  by  the  direct 
elimination  of  the  arbitrary  function.  But  the  same  result 
may  also  be  established  in  the  following  manner,  which  has 
the  advantage  of  shewing  the  real  nature  of  the  dependence  of 
the  coefficients  P,  Q,  R  upon  the  given  functions  w  and  v. 
[See  a  Note  at  the  end  of  the  voluma] 

Differentiating  the  equation  u  =  <ji{v)  with  respect  to  all  the 
variables,  we  have 

Ai  r    .  du,  ,       du  ,       ,, ,  .  fdv  .       do  .       do  ,\     ,„ 

tfts  this  equation  is  to  hold  true  independently  of  the  form 
function  ^  (jj),  and  thei^efore  of  the  form  of  the  derived 
"((j),  we  must  have 


PI 


dx  dtj 


whence  we  find 
ebs 


^dy~'^dz' 


Jl. 


■(8). 


dc 


.(9). 


du  dv      dudv     dndv      du  dv" 
ds  dx     dxdz     dx  dy     dy  dx 
the  condition  that  z  is  the  dependent. 


du  dv      du  dv 
dy  ds      dz  dy 

Introducing  now 
X  and  y  the  independent  variables,  we  have 
pdx-\-  qdy  =  dz. 

To  eliminate  the  differentials,  let  the  terms  of  this  equation 
be  divided  by  the  respectively  equal  members  of  (9),  and  we 
have 
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fdudv     duda\         /dudv     dudvS 
\^d^~d^dy}^'^\^dx~di  dz)  ^ 

dx  d^     di/  dx 


dado     dudv  „„. 


which  ^ees  wiA  (6). 

Now  if  in  the  ahove  general  form  we  represent  as  before  tl 
coefficient  oi p  by  P,  that  of  5, by  Q,  and  the  second  memhfl 
by  M,  we  see  from  (9)  that  F,  Q,  R  are  proportional  to  i 
dy  and  dz,  in  the  system  (8).  But  that  system  is  precbs^ 
the  same  as  we  should  obtain  by  differentiating  the  equation 

u  =  a,    v  =  h, 

a  and  6  being  arbitrary  constants.  Hence,  the  partial  diffa 
ential  equation  whose  complete  primitive  is  u  =  ^  (r),  may  1 
formed  by  the  following  simple  rule. 

Rule.  Formmg  ike  equations  u  =  a,  w  =  6,  where  a  Wi 
are  arbitrary  constants,  differentiate  them,  and  determm  td 
ratios  of  dx,  dy,  dz  in  the  form 

dx     dy     d^  . 

F    q    M ^  ' 

Then,  will  Pp  +  Qq=Ehe  ike  differential  equation  reqv&'ai 

Or,  the  Rule  may  more  briefly  be  stated  thus.  ^ZidhmIi 
dx,  dy,  dz  between  the  three  eq 


da  =  0,    dv  =  0,     dz-j)dx-qdy  =  0 (12). 

It  is  worth  while  to  notice  that  the  partial  differential  eqa 
tion  here  preaents  itself,  like  many  other  results  of  ansJ;^ 
ya  the  form  of  a  determivant. 

Ex.  The  functional  equation  of  surfaces  of  revolution,  tl 
axis  passing  through  the  origin,  is 

Zj:  +  my  +  7!^  =  ^(a!'  +  /  +  3°); 

their  partial  differential  equation  is  required. 


"air —  scot —  rncr  =r  I, 

-I 

seas  —  VOM  —  jaar'^=^  L 
rnencft  = '■ — = 

The  ^SEtiaL  di&SEZittu.  irnuanai  ■tiisreioTf  s- 

[See  Ae  iiameemteaarj  Totinjtt  2!iianisr  :nrr:  J^;*^;  ir 

mobs  CD  "im  jh^fsb^  iiniuijsii.  cr  >.oiira£n. 

FnmL  "vofflc  !iii»  'i«*2L  soil  of  "dit  ittict-  nf  iiaTTui.  nJfhTffijttm.. 

-Jim.  "fitf  iufgEsn-  (f  n'mnui'^i  amrvirrtn  ^/Jiutxtnw 

^1       rlr 


jL  


mti  esprwg  Heir  ^imFrrds  n  Ha  jnm»  4.  =  i^  ^  =r  /    -/itf  1.  v^iL 

For.  «nuiiur  Tnn  irniL  "iit?  asFonnfL  jr[ mru^f.  »=  '  ".  'vf 
•fcoriL  by  "SIR  vaxm^sszinL  ir  iia**  Tirf»nLTT»  nut  nr^uT;  -Jim?..  V 
led  to  niii^  purnufc.  diSfrsiiziu  jfrratnuoL  n.  ^nKSLiOL 

Tfcie  i£fi!TiiirT  tt  'sia  Tir:»!ie»  rmaHnznr  "aLtarfif.T?  •jcuf sV  it 

Ex.  1-     GrrsL  rp  —  yz  =  »j:. 

Sere,  lit  frsiaiL  ic  iir&Sucn  Ezn^r^riiJ  -siiiLijrm^  3> 

iLff     '^      £ir 

^^^  .^^  ^  ^^ 

nd  the  ruuttilss  TL»rix  xrz  ft^conjicsL    T^  iLT«sr:iif  3raT 
bvioudj  be  exfmsssad  zz.  zt^  iinrm 
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Hence,  the  required  solution  is 


i^'f'it)' 


indicating  that  ^  is  a  homogeneous  function  of  x  and  jf  of 
the  n^^  degree. 

Ex.  2.     Given  {mz  —  ny) p  +  (nx '-lz)q^^ly  —  mx. 
Here  the  system  of  ordinary  differential  equations  is 

dx      __      dy     _      dz 
mz  —  ny"  nX'-lz     ly  —  mx ' 

From  these  we  readily  deduce 

Idx  +  mdy  +  ndz  =  0,     xdx  +  ydy  +  zdz  =*  0, 
the  integrals  of  which  are 

Ix  -I-  my  +  nz=a,    af  +  y' +js^==b, 
the  final  solution  is  therefore 

Ix  +  my  +  nz  ==  (l>  {x^  +  7^  +  z'). 

Ex.  3.    Given  {y>x-2x*)^  +  {2y'  -  a?y)  ^  =  9  (»'  -  J^f 

This  is  the  partial  differential  equation  on  the  solution  fli 
which  would  depend  the  determination  of  the  general  inte- 
grating factor  of  the  equation  {pi?y  —  2y*)  dx + (y'a:—  2aj*)  <i^=0. 
Chap.  IV.  Art.  3. 


The  system  of  ordinary  differential  equations  is 
dx  dy  dfi 


yaj-2a?*     2/-irV      9(»*-2^'j/* 
The  first  equation  of  the  system  is 

{x'y-2y') dx+(y'x-2x')  dy^O, 
and  of  this  the  complete  solution  is 

X       V  _ 


(a). 


OF  THE  FIRST  ORDER. 

!  may  also  deduce  from  (a) 

icli  tho  complete  primitive  ia 

0!*y  V  =  C. 

nee  the  solution  of  the  partial  differential  equation  is 


^*&-5)^ 


[lis  agrees  with  the  result  ohtained  by  other  considera- 

in  the  Chapter  referred  to. 

i  may  note  that  in  this,  as  in  al!  similar  cases,  the  differ- 

equation  whoso  integrating  factor  is  sought,  presentB 
as  one  of  tho  equations  of  the  system  on  whose  solution 
tmplele  determination  of  the  factor  rests. 

complete  the  theory  of  the  linear  partial  differential 
ion  fy+  Qq  =  R  it  ought  to  be  shewn  that  tho  solu- 
(=/(ii),  or  as  it  may  ho  espressed, 

F(u,v)  =  0 (14), 

les  every  possible  solution. 

;  V  (flJ,  y,  «)  =  0,  or  for  eimplicity  v  =  0,  represent  anJ/ 

laUr  Bolution.     Differentiating,  we  have 

tbstituting  the  values  of  p  and  3  hence  derived  in  the 
equation 

ilar  equations  being  obtained  from  tho  particular  in- 

=  b,  we  have,  on  eliminating  P,  Q,  R, 
fdu  dv     du  dv\     dy^  /du  dv     du  dv\ 
idy  dt    dz  dyj     dy  \dz  dx     dx  dz) 


'du  du      da  dv\  _^ 
dydx}~ 


dz  \dj:  dy 


..{15). 
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[      Now  suppose  the  forms  of  v.  and  v  to  be 

I  u=4>{x,y.z),      v  =  -^(^,y,  z) (16), 

f^  (x,  y,  z)  and  -^  (a;,  y,  z)  being  given  functions,  Tromtheee 
■  two  equations  some  two  of  the  quantities  a;,  y,  s  may  be  de- 
termined as  functions  of  the  other  and  of  w  and  v.  Suppose 
fT  and  y  thus  determined  as  functions  of  z,  u,  and  v ;  then  \ 
substitution  ;^  (a;,  y,  z)  becomes  a  function  of  z,  u,  and  v,  ut 
we  may  write 

Hence  we  find 
I  dx     du  diC      dv  dx' 

I  ,  ^=£*!!^  +  ^X3^ 

I  dy      du  dy      do  dy ' 

I  dz      du  dz      do  dz      Ue  ' 

Substituting  these  in  (15)  and  reducing,  we  have 

doc^  ldu^JO_  _d.udv\^^^ m\ 

I  dz  \dxdy     dy  dxj        

I  But,  were  the  second  factor  of  the  first  member  equal  tO' 
I  «  would  be  a  (ie/?7iiie  function  of  v  and  z  (Chap.  ii.  Art,  1)  t 
[   the  equations  (16)  could  not  determine  a;  and  y  as  by  hypoth) 

I    they  do.     We  have  then  -^  =  0,  whence  j(^^  does  not  involl 

I  s.    Thus,  ^  being  expressible  as  a  function  of  u  and  v, 
I  equation  j^  =  0  is  included  in  the  general  form  (14). 

I       [See  the  Supplementary  Volume,  Chapter  xxiv.  Art.  3.] 

I  6.  The  above  theory  may  be  obviously  extended  to  parti 
9  differential  equations  of  the  first  order  and  degree  involvia 
I   any  number  of  variables. 


»T.  6.T 


OF  TEE  HBST  OBDBR. 


Lot  X,,  I,  ,..^,  represent  the  independent  variables  and  z 
6  dependent  variable.     Let  moreover  the  primitive  func- 
hional  equation  be  expressed  in  the  form 

•.-*(»„  .....^ (18), 

■here  u,  «„  v^...v,^  are  known  functions  of  the  variables. 

[  Differentiating  with  respect  to  all  the  variables,  and  for 
revity  representing  <j>{v,,  v^.-.v^^  by  0,  we  have 


av      '     av. 


-<;«„. 


But  0  being  an  arbitrary  function  of  the  quantities  t»,, 

...v^i,  it  is  evident  tiiat  the  supposition  that  the  above 

laation  is  generally  true  involves  the  suppositioa  that  the 

^m  of  equations 

true,  a  system  of  which  the  developed  form  is 


..{19). 


Now  this  system  may  be  converted  into  an  equivalent  sys- 
n  determining  the  ratios  of  the  difTereulials  dx^,  dx^...dx,, 
,  in  the  form 


dx,  _  dXj 


dx,_dz 


..{20), 


here  I\,  P,...P^  and  B  are  ftinctions  of  the  variables  or  are 


,  latrotludng  the  condition  that  z  is  to  be  regarded  as  a 
3  of  iT,,  ic,,...*,,  we  have 

Pidxi+pjix,...+p^dj-^=dz (21), 
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where  p^,  p^-Pn  ^^  ^^^  several  first  di£ferential  codUrii 
of  z.  And  now  eliminating  the  differentials  dx^,  dx^r-'i'^'^ 
from  (20)  and  (21)  by  division,  we  have 

P^P^  +  P,p,...  +PnPn==JS W 

for  the  partial  differential  equation  sought. 

Conversely,  to  integrate  the  above  equation  it  is  onljM* 
sary  to  form  and  to  integrate  the  system  (20).  KepreseBU 
the  integrals  of  that  system  in  the  forms 

the  final  solution  will  be 

u  =  <f>{v^,v^,...v^ ^ 

This  solution  may  also  be  put  in  the  form 

^(u,  Vi,  t?2,  ...v»j)  =  0 (!^ 

Ex.    {y+z+t)^  +  (z  +  x  +  t)^  +  (x+y+t)^=xi1^ 

Lagrange,  M^moires  de  VAcaddmie  Royale  de  J!erKn,lW 
p.  152. 

Here  the  auxiliary  system  of  equations  is 

dx      ^      dy      _      dz       _       dt 
y  +  z  +  t     z  +  x  +  t"  x-hy  +  t^x+y+z* 

which  is  reducible  to  the  form 

dt'-dx  _dt—dy  _dt  —  dz  _dx  +  dy  +  dz+dt 
x^t    ""    y  —  t   "^  z  —  t   '^  S{x  +  y  +  z  +  t)* 

each  term  being  now  an  exact  differential  The  sj^ 
integrals  will  evidently  be 

Or,  representing  the  function  x+y+z  +  thy  8, 


or  THB  ilBST  OBDEB. 

VThence   the   complete  iategral   Bymmetrically  exhibited  I 
a  be 

The  solution  of  all  partial  differential  equations  of  the  form  I 

x,f-+x,^...+x.;!^=z. 

(BPe  X^,  X,,...  J,  and  Z  are  any  linear  functions  of  the 
iiablea  a^,  x,,...  x^,  z,  may  be  completely  effected, 
tor  it  depends  on  the  solution  of  the  system  of  ordinary  . 
ferential  equations 

I  dxi  _  dxj      _  tJj-„  _  dz  I 

X^~  x~  —  X~^'  ' 

ich  has  been  fully  discussed  in  Chap.  xiil. 
ffesse  has  integrated  the  still  more  general  equation  which, 
prding  to  the  above  notation,  would  present  itself  in  the 


+  X„,Uj;+^,- 


bre  JC,,  Jr,„..JS^  are  any  linear  functions  of  the  variables,   i 

wile,  Tom,  XXV.  p.  171.) 

Bee  the  Supplementary  Volume,  Chapter  xxiv.  Arts.  4.,  .7,] 


^on-linear  equations  of  the  first  order  with  three  variables. 

t  Partial  differential  equations  of  the  first  order  with 
I  independent  variables  x,  y,  and  one  dependent  variable  a, 
e  for  their  typical  form 

Fix,y,z,p.q)  =  0 (1). 

!liose  which  are  linear  with  respect  to  p  and  y,  wo  havo 
ddered  apart.    Those  which  are  non-linear  we  proceed  to 
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consider.  The  gcnesia  of  an  equation  of  this  class  from  a  com- 
plete primitive  involviDg  two  arbitrary  conatants  has  ke^ 
illustrated  in  Ex.  2,  Art  1 ;  and  the  mode  is  general.  ¥n 
a  given  primitive,  involving  a:,  y,  z  with  two  arbitrary  M 
Btants,  and  from  its  two  derived  equations  of  the  firat  ord« 
formed  by  differentiating  with  respect  to  x  and  1/  reBpectivelj 
it  is  possible  to  eliminate  both  the  constants.  The  result  is  I 
!  partial  differential  equation  of  the  first  order.  Conversely  th 
■  integration  of  such  an  equation  consists  mainly  in  the  discover 
of  its  complete  primitive — not  that  this  is  its  only  form  ( 
solution,  but  because  out  of  it  all  other  forms  may  be  d( 
veloped.  From  the  complete  primitive  involving  arbitnt 
constants  arise,  1st,  the  general  primitive  involving  arbitia 
functions;  2ndly,  the  singular  solution.  The  terminology ( 
Lagrange  is  here  adopted.    [Calcul  des  Fimctions,  Ler^  Sll 

To  deduce  the  complete  primitive  of  a  partial  differniA 
equation  o/tkeform  F{x,  y,  e,p,  q) 

The  existence  of  a  primitive  relation  between  x,  y,tU 
volves  the  supposition  that  the  equation 

dz=pdx  +  qdy (2), 

Bhould  satisfy  the  condition  of  integrability, 
{±' 

Inhere  [ j^J  represents  the  differential  coefficient  ofpirid 

r respect  to  y  on  the  assumption  thatj?  is  expressed  asaiiiiit 

tion  of  X  and  y,  and  (-^  1  the  differential  coefficient  of  j  wit 

respect  to  x,  on  a  similar  assumption  as  to  the  expression  of 
Now  regarding  p  for  the  sake  of  greater  generality  ai 
function  of  x,  y,  z,  z  being  at  the  same  time  an  uiJaun 
feinction  of  x  and  y,  we  have 

ldp\  _dp     dpdz 
[dyj  ~dy     dz  dy 


' [dx) • 


..(3). 


6  7^5"     "    OKDER  vara  thbee  vaeiables. 

i&gaiii,  suppose  that  by  means  of  the  given  differential  I 
batioa,  y  may  be  expressed  as  a  function  of  x,  y,  z,  ».     Re- 
rding  in  such  expression  z  as  a  fuuctioii  of  x,  y,  and  p  as  a   . 
:tion  of.  x,  y,  and  z,  we  have 


^ 


/dq\  „%  ,  ^  dz_     dqfdp     dp  d£\ 
\dx/      dx     dz  dx     dp  \dx     dz  dx) ' 

^^l  +  ^p  +  ^l^  +  '^l^j,, 
dx      dz"     dp  dx     dpds^' 


■tuting  these  values  in  (3),  we  have  on  transposition 

^iP  +  iP+(g-f,^.YP  =  ±+„^ (4V    ■ 

dpdx     dy     \'     '^  dpi  dz      dx    ■'^dz'  '* 

w  the  coefficients  ~j-,i  —p  t^  ,  and  the  second  member 

+j»^  being  known  functions  of  x,  y,  z,  p,  since  y  aa 

eimined  by  the  given  equation  is  such,  the  above  presents  I 
^  as  a  linear  partial  differential  equation  of  the  first  order  I 
which  p  is  the  dependent  and  x,  y,  s  the  independent  | 
dables. 

applying  therefore  Lagrange's  process,  Art.  6,  we  I 
B.auxlliary  system 

dx         ,  dz  dp 

iT5    "' 


1-r 


dp      {he 


+I>J 


Ada,  it  is  to  be  observed,  is  a  system  of  ordinary  differen- 
t  equations  between  x,  y,  z,  and  p.  It  may  further  be 
jed  that  while  it  has  been  formed  in  order  to  secure  the 
bgrability  of  the  ^uation  dz  =  iidx+qdy,  it  aJso  includes 
It  equation.     For  it  gives 


dt  =  {q_  -P-^  dy=2)dx+qdy. 


ia  by  the  equation  of 


the  first  and  second  members 


-dp 


dy  =  dx. 
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Accordingly  if  from  tbc  system  (5)  we  can  deduce  iii 
of  p  involving  an  arbitrary  coQGtant,  that  value  togetiwi 
the  corresponding  value  of  q  drawn  from  the  gma  emi 
will  render  the  equation  ds  =pdx  +  qdy  integrable.  Em 
the  integration  we  shall  obtain  an  equation  betwKaEI 
and  two  arbitrary  conetante  which  will  constitute  a  coup 
primitive. 

We  say  a  and  not  the  complete  primitive,  hecanse  tlef 
tern  (5)  may  furnish  more  than  one  value  of  p  invcJwi 
arbitrary  constant,  and  so  give  occasion  to  deduce  morel 
one  complete  primitive.  Lagrange  had  indeed  prnjw 
employ  the  general  value  of  p  involving  arbitrary  ftiMM 
furnished  by  the  solution  of  the  partial  differential equi 
(4).  The  sufficiency  of  a  value  involving  only  an  arlin 
constant  was  remarked  by  Charpit  and  subsequently « 
nised  by  Lagrange. 

The  practical  rule  for  the  discovery  of  a  complete  pMi 
of  the  equation  F  {x,  y,  z,  p,  j)  =  '^  '^  therefore  the  foUi" 
Express  q  in  terms  of  x,  y,  z,  p.  Substitute  this  vdvi 
auxiliary  system  (5),  and  deduce  by  integration,  a  tnlii 
involvitig  an  arbitrary  constant  Substitute  tkat  talnn 
with  the  corresponding  value  ofq  in  the  equation  dz-fk^ 
also  included  in  the  auxiliary  system  (5),  and  again  ii^ 

Ex.  1.     Required  a  complete  primitive  of  thfi^ 
s=pfi. 


Substituting  -  for  q,  the  system  (5)  hecomea 


--"ir 


pds 


The   equation  dp  =  dy  gives  p  =  y  +  a,  yiheWBS 

Therefore  dz={y-\-  a)  dx  +  -^—  djf, 

of  which  the  integral  is 

2={y  +  a){a;  +  &) I" 

o  and  6  being  arbitrary  constants.     This  then  iaaciBll 
primitive. 


tffiDBE  TCITH  THBKE  TAEIABLES, 
□other  will  be  found  by  employing  the  equation 


'S-'p-- 

Si 

;?■ 

which,  we  have 

1 

» 

1      '' 

J,  =  <!2',      }  =  -. 

nee 
grating, 

we  find 

d3  =  cs^dx  +  —  d!/. 

W 

1 

^i-cx  +  l'J  +  t, 

1 

1 

(c^l  +  e)- 

H^Tnew  arbitrary  constant.  It  will  be  found  on  trial 
Doth  (6)  and  (7)  satisfy  the  equation  z  =  P2- 

Pbop.  Given  a  complete  priinttive  of  a  partial  differ- 
d  equation  of  the  first  order,  to  deduce  the  general  primi- 
ana  the  singular  solution. 

xpressing  the  complete  primitive  in  the  form 

,=f(x,y,a,h) ...(8), 

d  h  being  ita  arbitrary  constant9,  the  partial  differential 
itioD  is  itself  obtained  by  eliminating  a  and  b  between  the 
'e  equation  and  the  derived  equations 

df{x,y.a.b)  J/(»..v.»,i.) 


dx 
Y  for  brevity  write, 


dy 


Jl 


dy' 


..(9). 


ing  as  in  Chap.  Vlll.,  the  effect  of  the  e 


e  elimination 

1  if  a,  aud  h,  instead  of  being  constants,  i 
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made  functions  of  a;  and  y,  so  determined  as  to  preserve  to  the 
equations  (9)  their  actual  form.  But  a  and  b  being  nude 
yariable,  we  have 


dfdh 


"     dy     da  dy     db  dy ' 


Hence  the  equations  for  determining  a  and  b  are 


dfia     J/db 
didi'^didi:' 

0 

d/da^dfdi_ 
da  dy     db  dy 

-0 

Now  this  eystem  may  be  satisfied  iu  two  distinct  ways, 
1st  by  assuming 

v^o  if=o 

da       '    db 


(IS). 


The  values  of  a  and  b  hence  found  lead,  on  aubstitutjon 
the  complete  primitive,  to  that  solution  which  Lagrange  tetM 
singular. 

2ndly,  Supposing  -^  and  ^  not  to  vanish,  we  hi 
elimination  of  them  from  (10),  (11), 


da  db     dadb  _ 
dx  dy     dy  dx 


..(13), 


Now  this  supposes  either,  1st,  that  a  and  h  are  constant,  whic^ 
leads  us  back  to  the  complete  primitive;  or,  2Ddly,  that  (fa 
an  arbitrary  function  of  a.  Chap.  ii.  Art,  1.  Ai^un,  molli 
plying  (10)  by  dx  and  (11)  by  dy,  and  adding,  we  have 


^/.7„^C 


da+yrdb-O.. 


,.(U], 


ORDBB  WITH  HTBEE  TAHIABLES, 

the  eyateni  (10),  {11)  ia  How  replaced  by  the  system 
3),  (U). 

Making  then,  in  accordance  with  (13),  5  =  0  (a),  the  exprea- 
■  1  (8)  becomes 

«=/Kj,,a,,f(a)l, 
lile  (14)  becomea 

nd  these  together  conatitnte  what  Lagrange  terms  the  gme- 
}i  primitive.  To  apply  them  it  in  only  necessary  to  give  a 
Uticular  form  to  ift  (o),  and  then  eliminate  a.  Hence  the  fol- 
■wing  theorem. 

Theorejl  a  Complete  primitive  of  a  partial  differential 
jvalion  ofthefirsi  order  being  en^reased  in  the  form 

2=/t3=,y.a,J) ,.(15), 

B  general  primitive  will  he  obtained  by  eliminating  a  between 

2=f[x,2/.a,<f>(o.)]-i 

^_df{x,?,.a,4,{a)]\ (16), 

da  J 

I  tingtdar  solvtion,  hy  eliminating  a  and  h  between  (15)  and 


1  msi 


'.ji_ 


dfjic,  y,  a,  h)  _ 
dS 


,.(17). 


n  inll  be  obseiTed  that  the  process  for  ohtaining  the  general 
■imitiTe  is  virtually  equivalent  to  that  by  which  we  should 
ik  the  envelope  of  the  surfaces  deKned  by  the  coiTesponding 
mplete  primitive,  the  constants  a  and  b  being  treated  as 
nmble  parameters  connected  by  an  arbitrary  relation,  while 
»roceas-for  obtaining  the  singular  solution  is  that  by 
I  we  should  seek  the  envelope  of  (15),  supposing  a  and 
to  be  independent  parameters. 


li 
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ThiiB,  of  the  system  of  solutions  wliich  consists  of  a.  comjJfli 
primitive,  a  general  primitive,  and  a  singular  solution,  fta 
pomplete  primitive  must  be  regarded  as  forming  the  ' 
and  the  system  itself  geometrically  interpreted  includea  tin 
surfaces  represented  by  the  complete  primitive  together  will 
the  whole  of  their  possible  envelopes. 

Ex.    To  deduce  the  general  primitive  and  singular  solutim 
of  the  equation  z  =_pg" 
A  complete  primitive  being 

s={y  +  a)(x  +  i) 

'  the  corresponding  general  primitive  will  be  expressed  by  tin 
tern 

.  =  {y  +  a){x  +  4.{o.)]  ) 

O  =  ir4-^{o)-f-{3/  +  a)0'(a)J  ■■■ 

from  which  a  must  he  eliminated  when  the  form  of  $  (a)  ii 
assigned.    Another  form  of  the  conipiete  primitive  being 

(cx  +  i  +  e)' 


..(i), 


the  corresponding  form  of  the  general  primitive  will  be 

0-«-|  +  ,f.'(c) 
'  from  which  c  must  be  ehminated  when  the  form  of  ■^  (c)  B 


..(« 


To  deduce  the  singular  solution,  we  have  from  (a). 


& 


l-J-0. 
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[ence,  b  =  —  x,  a  =  —y   whicb,   substituted  in  (a),  give*   1 
0,   a  singular  solatiuu.     TLe  same   result  is  deduciljlff    \ 

« (<.■). 

.  In  tbe  last  example,  two  complete  primitives,  two  cor- 
Kinding  forms  of  general  primitive,  and  one  common  form 
ingular  solution  are  presented.  Two  systems  of  solution 
lear,  and  the  question  arises :  Does  either  system  suffice 
le  ?    The  answer  is  given  in  the  following  theorem. 

Theorem.     All  possible  solutions  of  a  partial  differential  \ 
ation  of  the  first  order,  are  virtually  contained  in  the  system  , 
fitting  of  a  single  coviplete  ■primitive,  with,  ike  derived  gene- 
primitive  and  singular  solution.  I 

^  before,    we  shall  represent  the  proposed  differential 

rd  its  given  complete  jaimitive  in  the  forms, 
F(x,y,^,p,q)  =  0 (IS), 
z=fix.y,a,b) (10).        I 

Vii  shall  also  represent  in  the  form,  I 

"xi'.y) W, 

e  solution  of  (18),  of  which  nothing  more  is  known  than 
;  it  ts  a  solution.  We  are  to  shew  that  such  solution  is 
uded  ih  the  system  of  solutions  of  which  the  common" 
litive  (19)  constitutes  the  basis. 

'  we  represent  for  brevity  the  values  of  z  in  (19)  and  (20)    ] 
'and  X  respectively,  we  shall  have,  since  both  are  solu- 
s  of  (18), 

^.'•^|.D=» (^^. 

^    ^(-"•S.|)='' <^=)- 

iank  tbe  form  of  the  above  equations  it  appears  that  i£    I 
J  b  ore  so  determined  as  to  satisfy  two  of  the  conditions, 

'■  f_v    ^^-''^      '^''  =  ^^  P3)         I 

'     *  di:     dx-    dy     di/  '■    '• 
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they  will  satisfy  the  third.     For  suppose  tliey  satisfy  thefimt 
two,  then  the  system  (21),  (22)  may  be  expressed  ia  theform 


-». 


^['■y^'t'  |)-«- 


m. 


in  which  the  truth  of  the  third  equation  of  (23)  is  invoivwl 

Now,  as  (19)  satisfies  (18)  whatever  constant  value!  n 
assign  to  a  and  6,  it  still  will  do  so  if,  after  the  differentia^a 

by  which  4-  and  -;-  are  found,   we   substitute  for  a  and 

■'  dx  dij 

any  functions  of  x  and  y. 

But  a  and  b  can  bo  determined  so  aa  to  satisfy  two  oi 
ditions.  Hence  they  can  be  determined  so  as  to  satisfy  tl 
flystera  (23).  Differentiating  the  equation /=  p^  on  thehyjK 
thesis  that  a  and  i  are  functions  so  determined,  we  have 

it  ,§l^  ,^^ ^dx 
dx     diidx     dbdx      das' 


Henot 


df      dfda      dfdb      dx 
dydadijdbdif     dy- 

Here,  •£  ,   -4-  have  the  same  values  as  in  (23),  bei 

tained  by  differentiating  as  if  a  and  6  were  constant.    : 
reducing  by  (23),  we  have 

d/da^d^db^^^ 
da  dx      db  dx 

dfJa     dfdb 

da  dn'^dbdn        ' 

..(SS). 


But  these  are  the  equations  (10)  (11),  Art.  8,  by  which  thi 
system  of  solutions  founded  upon  the  complete  primitive: 
constructed. 

The  argument  then  is  briefly  this.  If  r  =  ^  (a:,  y)  is 
fiolution  of  the  given  partial  differential  equation,  it  is  possili 
to  determine  a  and  b  in  the  given  complete  primitive  soi 
to  satisfy  the  equations  (23) ;  therefore  so  as  to  satisfy  tl 


fcj 
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S4S 


itioiis  (2.5);  therefore  so  as  to  indicate  a  necessary  in- 
on  o£  a  =  X  {a;,  y)  in  the  sjstem  which  is  founded  upon 
jiven  complete  primitive, 

JR.  1.  Hence  the  connexion  of  a  given  solution  with  a 
a  complete  primitive  may  be  determined  in  the  following 
ner.  'Adopting  the  foregoing  notation,  determine  the 
B8  of  a  and  b  which  satisfy  the  system  (23).  If  those 
es  are  constant,  the  solution  is  a  particular  case  of  the 
plete  primitive ;  if  they  are  variable,  but  so  that  the  one 
function  of  the  other,  the  solution  is  a  particular  case  of 
general  primitive ;  if  they  are  variable  and  unconnected 
a  singular  solution. 

)R.  2.     Hence  also  any  two  systems  of  solutions  founded 
I  distinct  complete  primitives  are  equivalent.     For  each 
rtually  composed  of  all  possible  particular  solutions. 
E.     The  equation  s  —pq,  has  for  its  complete  primitive 
»  +  o)  (y  +  J),  and  for  a  particular  solution  s  =  -^—j — . 

\\,  is  the  connexion  of  this  solution  with  the  complete 
litive  t 


■©  have  by  (23), 


y  +  h  =  -^ 


MM  equations  are  not  independent,  the  first  being  the 
uct  of  the  last  two.     Any  two  of  them  give 


ice  h  =  —  a.  Thus,  the  values  of  a  and  b  being  variable, 
sach  that  £  is  a  function  of  a,  the  proposed  solution  Is 
rticular  case  of  the  general  primitive. 
>ino  general  questions,  but  of  minor  importance,  relating 
le  functional  connexion  of  different  forma  of  solution,  wiU 
oticcd  in  the  Exercises  at  the  end  of  this  Chapter, 
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In  quitting  this  part  of  tlie  subJRct,  we  may  obsen-eliat 

there  are  two  modes  ia  which  the  questions  it  involves  may 

be  considered.     The  first  consists  in  shewing  that  the  gwn 

of  generality,  which  in  Charpit's  procefia  accrues  in  the  tranK- 

ition  from  the  complete  to  the  general  primitive,  is  eqaal  U 

that  which  Lagrange's  original  but  far  more  difficult  procea 

eecurea  by  the  employment  of  the  general  value  of  /)  drawn 

I  from  (4),  instead  of  a  particular  value  drawn  from  its  auiiliary 

I  eystem.     The  proof  of  this  equivalence,  as  developed  wii 

1  more   or  less   of  completeness,   by   Lagrange    and  Poissm 

'  (Lacroii;  Tom.  ii.  p.  564,  Iir.  p.  705),  and  recently  by  Prci, 

'  i)e  Morgan  {Cambridge  Journal,  Vol.  vii.  p.  28),  ia,  from  itf 

'  complexity,  unsuitable  to  an  elementary  work.     The  olher 

mode  ia  that  developed  in  the  foregoing  sections. 


Derivation  of  Hie  singular  salutioii  from  the  differeM 
equation. 

10.  The  complete  primitive  expresses  z  in  terms  oCx,j 
a,  h.  Tlie  differential  equation  expresses  z  in  terms  of  o;ji 
p,  q.  Either  is  convertible  into  the  other  by  means  of  \M 
two  equations  derived  from  the  complete  primitive  by  differ 
entiating  with  respect  to  x  and  y  respectively.  Hence  il  is 
not  difficult  to  establish  the  two  following  equations, 

dz     d^z       dz     d'z 


dz 

da  dbdy      db  dody 

dp 

d'z   d-z    d-z   d-z 

dadx  dbdg     dadg  dbdx 

dz    d'z       dz    d'z 

di 

da  dbdx     db  dadx 

d, 

d:    A      A     d-i 

dadx  dbdy      dady  dbdx 

,.(861 


I  in  the  first  members  of  which  z  is  supposed  to  be  espressei 

in  terms  of  x,  y,  p,  q  by  means  of  the  differential  equatios, 

t  in  the  second  members,  in  terms  of  x,  y,  a,  b  by  means  of  Uri 

Lcomplete  primitive. 
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Now  tha  singular  solution  is  deduced  from  the  completai 
rimitive  by  means  of  the  equations  I 

|-».  fr" P"^  I 

id  it  ia  evident  from  the  form  of  (26),  that  this  will  gene- 
Uy  involve  the  conditions 

|-°.  -i-" (^«)-   -■ 

Such  then  will  generally  bo  the  conditions  for  determining,  1 
e  singular  solution  from  the  differential  equation.  '" 

The  conditions  (28)  will  not  present  themselves,  should  the 
anominator  of  the  right-hand  members  of  (26)  vanish  identi- 
illy.    Sut  it  may  be  shewn  that  in  this  case  the  conditions 
7)  do  not  lead  to  a  singular  solution.    And  analogy  renders 
probable  that  whenever  the  conditions  (28)  are  satisfied  the 
wult,  if  it  be  a  solution  at  all,  will  be  a  singular  solution. 
be  complete  investigation  of  this  point,  however,  would  in- 
live  inquiries  similar  to  those  of  Chapter  VIII.  J 
The  Rule  indicated  is  then  to  eliminate  p  avd  q  from  the  I 
ferential  equation  by  meajis  of  the  equations  (28)  thence  de-  I 
Mi.  I 
pee  the  Supplementary  Volume,  Chapter  XXIT.  Art.  8.]        I 

11.  The  following  geometrical  applications  are  intended! 
t  illustrate  the  preceding  sections.  fl 

Ex.  1.  Required  to  determine  the  general  equation  of  the  I 
mily  of  surfaces  in  which  the  length  of  that  portion  of  the- 1 
maal  which  is  intercepted  between  the  surface  and  the.'l 
ue  X,  y,  is  constant  and  equal  to  unity.  I 

As  the  length  of  the  intercept  above  described  in  any  sur-  I 

his  z  (1  +  J)'  +  2*)  >  ^®  have  to  solve  the  equation  I 

.-{l+y'  +  rt-I (o).      I 

|Eence  q  =  {z^—\—p^)^,  and  the  auxiliary  system  (a),  Art. 7,  I 
Lome)),  on  substitution  and  division  by  (a""-l— p'}*,  -I 

^^^^    <ic  _          dy          _     dx     _  _  e'dp  .,.        I 

^^ft  7  ~(^->_l_p»ji~a^-l~       p    ^^'      I 
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From  the  last  two  members  we  have  on  integratioii 

Substituting  this,  with  the  corresponding  value  otjflari 
firom  (a),  in  the  equation  dz  =  pdx  +  qdi/  we  have 


^^_e(l-.')lA. 


+  {l-e')l 


integrating  which  in  the  usual  way,  we  find 

(l-j^)4=_C3:-{l-G=)-i7,-c', 

or,  changing  the  signs  of  c  and  c', 

(l-z-ji-ra-a-c-jly  +  c' (c), 

which  is  a  complete  primitive.     The  corresponding  form 
the  general  primitive  will  be 

a=x  +  c{l-c')-hj  +  <f>'ic)i ^"'' 

from  which  c  must  be  eliminated. 

But  another  system  of  solutions  exists ;  for  from  the  fit 
third,  and  fourth  members  of  {b)  we  may  deduce 

pds  +  zdp  +  dx  =  0, 

whence  pz  +  x  =  a,  from  which,  and  from  the  given  equatn 
determining^  and  q,  wo  have  to  integrate 


-dx  + 


ll^zK 


-^ 


dy. 


The  result  is 

(a;-o)'  +  (y-J)'  +  j'  =  l (.), 

a  complete  primitive.   The  corresponding  general  primitive 
»-a  +  (y-t(a)|+'(«)-0J " 
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educe  the  singular  solution  from  the  differential  equa- 
)  we  have 

■-?(i+/+s')"'-».  Jj--5(i+p'+«r'=o, 

1^  =  0,  2  =  0;  suhatituliiig  which  in  (a)  we  find 

above  example  illustrates  the  importance  of  obtaining;, 
ble,  a  choice  of  forms  of  the  complete  primitives.  The 
of  those  above  obtained,  leads  to  the  more  interpret- 
aults.  It  represents  a  sphere  whose  radius  is  unity  and 
centre  is  in  the  plane  x,  y,  while  the  derived  general 
ve  repreaenta  the  tubular  surface  generated  by  that 
moving  but  not  ceasing  to  obey  the  same  conditions, 
igular  solution  represents  the  two  planes  between  which 
ition  would  be  confined.  All  these  surfaces  evidently 
the  conditions  of  the  problem, 

2.  Required  to  determine  a  system  of  surfaces  such 
ne  area  of  any  portion  shall  be  in  a  constant  lutio 
'  to  the  area  of  its  projection  on  the  plane  xy. 

differential  equation  is  evidently 

l  +  p'  +  2'  =  wi*, 

will  readily  be  found  that  it  baa  only  one  complete 

tz=ax  +  '/{m.'  -  a*  - 1)  s"  +  i. 
neral  primitive  is 
e  -  a»4- ^(m' -  a' - 1)  y  +  ^  (ff), 

crrfaees. 


iyatemsof  coaeaand  otler develop- 
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Similar  but  more  interesting  applications  may  be  ilrawi 
[  from  the  problem  of  the  determiuation  of  equaUy  attractiig 


l2.     Attention  has  already  been  directed  to  the  different 
I  forms  in  wbicb  the  Kolution  of  a  non-linear  equation 

Bometimes  be  presented.  It  may  be  added  that  linenr  djn*- 
'  tioDS  admit  generally  of  a-  duplex  form  of  solution.  The  ordi- 
nary method  gives  directly  the  equation  of  the  system  d 
surfaces  which  they  represent ;  Charpit's  method  leads  tc 
form  of  solution  which  exhibits  rather  the  mode  of  theil 
genesis. 

Ex.     Lagrange's  method  presents  the  solution  of  the  eqni" 

{viz-ny)  p+[nx-lz)<i  =  ly~mx (fl). 

in  the  form 

Tx-'riny  -k-  713  =  4>  {x^  +  y'  +  z^ (i), 

the  known  equation  of  surfaces  of  revolution  whoae  axes  pu 
through  the  origin  of  co-ordinates. 

Charpit's  method  presents  as  the  complete  primitive  f£  (a 
(>;-»i)'+(3— "»)•+('-«»)•  =  "^ ft 

\  €  and  r  being  arbitrary  constants,  Thia  is  the  equation  e 
I  the  generating  sphere.  Tlie  general  primitive  represeutail 
I  aystem  of  possible  envelopes. 

These  solutions  are  manifestly  equivalent. 


Symmetrical  and  more  gene)'al  solution  of  partial  diffe 
^eqiiatkyns  of  ike  first  order, 

13.  The  method  of  Gharpit  labours  under  two  defeet 
'1st,  It  supposes  that  from  the  given  equation  q  can  be  el 
pressed  as  a  function  of  a;,  y,  z,p\  2ndly,  It  throws  little  li^ 
of  analogy  on  the  solution  of  equations  involving  ntore  thl 
two  independent  variables — a  subject  of  fundamental  impoi 
ance  in  connexion  with  the  highest  class  of  researches 
Theoretical  Dynamics.     We  propose  to  supply  these  defect 
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Es  will  have  been  noted  that  Charpit's  method  consists  in  I 
j^nnining^  and  q  as  functions  of  x,  y,  s,  whicb  render  the  ' 
aation  dz  =  pdx  +  qdy  integrable.  l^ia  determination  pre- 
■poses  the  existence  of  two  algebraic  equations  between 
,  q;  viz.  1st,  the  equation  given,  2nd]y,  an  equation 
oined  by  integration  and  involving  an  arbitrary  constant. 
■as  represent  these  equations  by 


F{x,y,z,p,q)  =  Q,    *  (3:, 


''.P,q)- 


pectively.    And  let  us  now  endeavour  to  obtain  in  a  general  I 
mer  the  relation  between  the  functions  J"  and  5>. 

limply  differentiating  with  respect  to  x,  y,  z,p,  q,  and 

ienting  ^  by  A,   ^  by  A  ,   ^  by  P.    ^  by  F', 


■   dx 


dp 
=  0; 


have  Xdx  +  Ydy  4  Zdz  +  Pdp-\-  Qdq  = 

Xdx+  Tdy  +  Zd3  +  Fdp  +  ^dq  = 
substituting  ^rfj;  +  qdy  for  dz, 

{X+pZ)dx  +  {Y+qZ}dy  +  Fdp  +  Qdq  =  0  .. 
Z,X'+pZ'}dw+{r-i-qZ^dy  +  P'dp+Q-d2^0.. 
d^z 


.(30). 
,  (31). 

,  by  r,  s,  i^  I 


lat,  representing  for  brevity 
fjectively,  we  have 

dp  =  rdx^9dy\                                  _     . 
\  dq  =  sdx  +  tdy  | 

Substituting  these  values  in  (31)  we  have 

'+p2'-i-rF  +  aQ')dx  +  {r  +  qZ'+sF  +  tQ')dy  =  0, 

e  dx  and  dy  are  independent,  can  only  be  satisfied 

ately  equating  to  0  their  coefficients.     These  furnisli 
J  the  two  equatioa^ 


•  sP'  +  fQ'J 


(33).  ^J 
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Now  these  equations  are  of  the  same  form  as  (32).   Tlej 
estahliah  the  same  relations  between  the  functions 

-(Z'+_j.Z').  ~{T^q_Z).  F.q, {%% 

as  (32)  does  between  the  differentials  dp,  dq,  dx,  di/. 

It  follows  that  if  we  give  to  dx  and  dy,  which  aro  arbitnuj, 

the  ratio  of  the  last  two  of  the  functions  (34)  then  will  dp  and 

I  dg  have  the  ratio  of  the  first  two,  so  that  the  following  will  be 

[  a  consistent  scheme  of  relations,  viz. 


dx 


^pZ~ 


dq 


¥iZ-- 


..(35). 


Now  dividing  the  succeasiva  terms  of  (30)  by  the  succesavB 
members  of  (35)  we  have 


This  is  the  relation  sought.  It  might  be  obtained  by  dite 
elimination  by  multiplying  the  equations  of  (33)  by  Pand 
respectively,  and  the  corresponding  equations  derived  fra 
(30)  by  P'  and  Q'  respectively,  and  subtracting  the  sun  i 
the  former  from  the  sum  of  the  latter. 

It  is  obvious  too,  and  the  remark  is  important,  thatn 
toiight  pass  directly  from  (30)  to  (36)  by  substituting  for  in 
di/,  dp,  dq,  the  functions  of  (34),  and  that  this  suletituti« 
is  justified  by  the  identity  oif  relations  established  h 
and  (33). 

If  in  (36)  we  substitute  for  X,  Y,  &c.  their  values,  aoi 
transpose  the  second  and  third  terms,  we  have 

fdF  ,     dF\  d^     fd^  ,     d*\  dF     idF        dF\  d^ 

[d^^^^j^-Kd^+Pdzj-^-^K-d^  +  ^-^jii 


Kd-y-" 


f\dF 

is)   dq  ' 


I  Such  is  the  relation  which  connects  the  functions  F  and  ^■ 
When  F  is  given  it  iissi^njes  the  form  ^f  a  linear  partial  diffi^ 
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al  equation  of  the  first  order  for  determining  "!>.     If  from    B 
luxiliary  system  we  can  deduce  any  integral  involving  au     ■ 
trary  constant,  and  such  that  in  conjunction  with  the 
Bi  equation  it  enables  us  to  determine  jj  and  q  as  functions 
'i  y.  ^.  the  subsequent  integration  of  dz^pdx  +  qdy  will 
'■  to  a  form  of  the  complete  primitive.  H 

4.  Analogy  now  points  out  the  method  to  be  pursued  I 
ihe  solution  of  equations  Lnvolviug  more  than  two  inJe-  I 
ien.t  -variables.  H 

rTo  deduce  the  complete  primitive  of  the  p:irtial  H 

equation  H 

i^K,a-,...a-„z,j,„j,^..,pJ  =  0  (38),  I 
dz                 ds 

a  the  first  place  we  must  seek  to  determine  values  of 
Pf-Pn  i°  terms  of  the  primitive  variables  a;,,  jr,,.,.a:„,  a,    ■ 
a.s  will  render  iutegrable  the  equation  ■ 

dz=p^dx,+p,dx,...+p.,>lc^ (39).      H 

pose  one  of  the  equations  requisite  in  conjunction  witKM 
for  this  determination  to  bo  ■ 

*{ic„a;^,  ...a;,,  s,pj,p^,...p,)=a^ (40).      ■ 

I  representing  the  first  members  of  (38)  and  (40)  by  their 
acteristics  F  and  *,  differentiating,  and  substituting  for 
la  value  given  in  (39),  we  havo  results  which  may  be  thtM 
teesed,  ■ 

M(S--'^0^--f*}- ^-| 

re  Sj  represents  sutumation  from  i  =  1  to  i  =  «.  ^H 

Bt  since  p,  =  -^ — ,  vre  have  ^H 
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dxidxj 


dx^iXj 


...(«). 


Substituting  this  value  in  (42),  we  shall  be  permitted,  in 
sequence  of  the  independence  of  the  differentials  rfar,,rfx„,.,(^ 
to  equate  their  respective  coefficients  to  0. 

It  is  easy  to  see  that  the  coefficient  of  e?ic,  will  he 


SJ.-' 

^'-'dz-^^ 

'dpt  dxfix,' 

ting  this  to  0, 

we  have,  on  transposition. 

-^.f)= 

'd^afdp,' 

e,  changing  i  into  r  and  r 

into  i, 

d9\ 

'dx,dx,dp,  

comparing  tliis 

»itb  («) 

and  observing  that 

(«). 


we  see  tliat  the  systems  of  differentials  represented  byd 
and  dx,  respectively  are  connected  by  the  samo  relational 
the  systems  of  functions  represented  by 


fd^         d<^\ 


dp. 


rely. 


Hence,  by  the  reasoning  of  the  previous  example,  it  is 
mitted  to  substitute  in  (41),for  the  differentials,  the 

ing functions,  ™-  -Q,_  +P,j-)  >'•"  *;  ""i  ^  '« 

We  thus  find 


',!F  . 


_        dF\J'S^_ 
,dt,^  ^' di  )  dp, 


^.  G^+y. 


(*s).j 
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Bummatioii  extending  from  t  =  l  to  i'=n.  This  is  the 
lation  fiougbt,  and  it  is  Been  to  be  symmetrical  vith  respect 
F  and  t*.  Wlien  F  is  given,  it  becomes  a  linear  partial 
lereatial  equation  for  determiolDg  *.  From  its  auxiliary 
Item  of  ordinary  differential  equations  it  suffices  to  obtain 
-  1  integrals, 

^,  =  fl„     <S,  =  o,,  ...  <I>^,  =  a.., (46), 

•h  as,  in  conjunction  with  the  given  equation,  will  enable 
to  determine  J?,,  p,,  ...p,ia  terms  of  the  original  variables; 
3i  mtegrating  (39),  we  shall  obtain  the  complete  primitive 
the  form 

/{x^,  a:,, ...  ar„  2,  a,,  a,, ...  a.)  =0 (47). 

II  other  forms  of  solution  are  hence  deducible  by  regarding 
,  a,, ...  a,  as  parameters  varying,  independently  or  in  sub- 
itUou  to  connecting  relations,  but  so  as  to  leave  unaffected 

It  is  proper  to  observe  that  the  given  equation  F=  0  is 
1^  included  among  the  particular  integrals  of  (45).  In  fact 
^fc  one  of  the  forms  of  4>  which  make  ^  =  a  a  solution,  as 
U  be  found  on  trial.  The  given  equation  is  therefore  a 
ifticular  integral.  And  therefore  the  w  —  1  integrals  of  the 
Item  (46)  must  be  independent  of  it  in  order  to  render  the 
termination  of  p,,y,, ...  p,  possible. 

The  equation  (45)  may  be  expressed  as  follows : 

^(dFd<^     dFd<i-\     dF^     (7*     d^        rif_ 
•^  \dx,  dp, "  dp,  d^J'^dz  ^'^'  dp,     dl  ^'^'  dp",     "• 

3  under  this  elegant  form,  obtained  however  by  a  more 
iplex  analysLs,  the  solution  is  presented  by  Brioscbi  {Tor- 
m,  Tom.  VI.  p.  42(5,  Intomo  ad  una  proprietd,  delle  eji«(- 
it  alle  derivate parziali  delprijno  ordine). 

rhe  proljlem  of  the  integration  of  partial  differential  equa- 
ps  of  Uie  first  order,  irrespectively  of  the  number  of  the 
[iablet,  appears  to  have  been  first  solved  by  Pfaff,  biit  the 


most  complete  discussion  of  it  will  bo  foiind  in  a  memw  1 
Cauchy  {Exercices  d'A  nalyse,  Tom.  u.  p.  238.  Hw  txntfgm 
tion  des  Equations  aux  d^rivees  partielles  du  pi'emier  ordri),  i 
■which  the  determination  of  the  arbitrary  fiinctiom  o' 
general  primitive  so  as  to  satisfy  given  initial  conditions 
fully  considered.  The  connexion  of  the  subject  with  The 
retical  Dynamics  was  first  established  by  the  researches 
Sir  "W.  Hamilton  andJacobi.  The  tmth,  illustrated  aboi 
that  the  solution  of  a  partial  differential  equation  of  the  & 
order  is  reducible  to  that  of  a  system  of  ordinary  differe&li 
equations,  and  the  truth  that  the  solutions  of  certain  systei 
of  differential  equations  (including  that  of  dynamics)  miij 
reduced  to  the  discovery  of  a  single  function  defined  6 
partial  differential  equation,  are  correlative.  The  resesro 
above  referred  to,  together  with  those  of  Liouville,  BertiB 
and  Bour,  founded  partly  upon  their  results  and  partly  ii| 
the  aUied  diaeoveries  of  Lagrange  and  Poisson  concermiif  I 
variation  of  the  arbitrary  constants  in  dynamical  -ptoW 
contain  the  most  important  of  recent  additions  to  ourqK 
lative  knnwledge  of  Differential  Equations,  For  this  rea 
we  have  dwelt  upon  their  history.  Fuller  inforniatinn  will 
found  in  Mr  Cayley's  excellent  Report  on  the  recent  i 
gress  of  Theoretical  Dynamics,  {lleport  of  British  Assa 
tion,  1857.) 

[In  an  Appendix  to  the  first  edition  Professor  Boole] 
sented  Art.  14  in  the  following  form.] 

Art.  14,  The  most  important  form  of  the  problem  of ' 
Article  is  the  following,  and  the  reader  is  requested  to  Bul 
tute  it  for  the  one  in  the  text,  sufficient  account  not  beingd 
taken  of  the  conditions  among  the  constants. 

Required  a  value  of  a  as  a  function  of  x^,  x,,  ...x.t'. 
shall  satisfy  the  partial  differential  equation 

F(x„x„...x^,s,p^,p^,...p^  =  0.. (1 

and  shall,  when  x,=  Q,  assume  a  r/iven  form. 


Hepresenting  the  second  memlier   of  (2)  by  0,  and  "'^ 
0,,  &c.,  wc  almll  have,  when  a-„  —  0, 


,  p,  =  4;'...p^ 


-(3), 


Beekiijg  the  forms  which  -A,     ,—  ,... -r 
*  dx,     dx^       di. 

,  =  0,  wi)  are  permitted  to  make  a;^  =  0  in  tht;  general 
ue  of  «  before  differentiating. 

tfow  the  auxiliary  system  of  the  linear  -equation,  (45)  in 
text,  yields  2n  integrals  connecting  a:,,  ...a-,,,  e,  p,,  ..,;j, 
lb  2n  arbitrary  constants.  But  since  one  of  the  integrals 
F=c,  and  since  to  make  this  agree  with  (1)  we  must 
re  c  =  0,  the  2«  integrals  will  effectively  contain  2n  —  1 
ittary  constanta.  This  however  being  the  number  of 
variables  contained  in  (2),  (3),  namely  of  the  variables 
•■■ 'C.-i.  ^1  Pit  ■■■Pii-n  ^s  ii^y  express,  and  so  replace, 
se  arbitrary  constants  by  initial  values  of  the  above  vari- 
lee  corresponding  to  x,  =  0. 

Let  f,....f,.i,  X<  'r|,.--'T,_,  be  the  new  constants  in  question; 

ibstituting  these  for  the  variables  whose  initial  values 

Vf  represent  in  the  n  equations  (2),  (3),  we  obtain  n  con- 

~— —  connecting  the  above  constants. 

Thus  we  have  finally  3«  equations,  consistins  of  2n  inte- 

with  n  equations  of  condition  connecting  the  2/i  -  1 

Wtaata   which   those  integrals   contain.     From   these   3n 

Ltions  we  can  eliminate  the  above  2n  — 1  constants  toge- 

with  the  K  quantities  p,,  p,,  ..._p,.     The  result  will  be  a 

.  relation  between  z,  x^,  w^,  ...x„,  which  will  be  the  solu- 

BOUght. 

If  we  regard  the  function  "^(ir,,  J,,  ...ar,^,)  as  arbitrary,  the 
OYB  solution  will  constitute  a  general  primitive ;  but  if  we 
re  to  it  a  particular  form  involving  n  arbitrary  constants, 

shall  obtain  a  complete  primitive.     (Cauchy,  Emercicesi 
L  n.  p.  238} 
Pniportant  additions  on  partial  differential  equations  of 

fiprt  order  are  given  in  the  Siipplementar>/  Volume,  Chap- 

XXV.,  XXVI.,  and  xxvu.] 
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EXERCISES. 

1.  How  are  equations,  in  which  all  the  differential  co 
cients  have  reference  to  only  one  of  the  variables, 

2.  $=       y 


3.    $=    ^ 


dx     x-\-z' 

4.  The  partial  differential  equation  of  the  first  orderi 
results  from  a  primitive  of  the  form  u  ^fiv)^  where  «« 
are  determinate  functions  of  x,  y,  z^  is  necessarily  S 
Prove  this. 

« 

5.  ap  +  lq  =  1. 

6.  2?  +  ^  =  -. 

7.  yp  +  xq=  z. 

8.  a^p  —  xi/q  -\-y^  =0. 

9.  Integrate  the  equation  of  conical  surfaces 

{a  —  x)p  +  {b  —  y)q  =  c  —  z, 

10.  xzp  +  yzq  =  xy, 

11.  (y^  +  z^-  x^)p  -  2xyq  +  2x«  =  0. 

12.  Required  the  equation  of  the  surface  which  c 
right  angles  all  the  spheres  which  pass  through  the  or 
coordinates  and  have  their  centres  in  the  axis  of  x. 

It  wiU  be  found  that  this  leads  to  the  partial  differential  eqnaiio 
last  problem. 

13.  z-^xp  —  yq^a (o^ +y'  +  «*)^* 


14.  Find  the  equation  of  the  surface  which  cuts  at  right 
Dgles  the  system  of  ellipsoids  represented  by  the  equation 

'lere  D  is  the  variable  parameter.    Lacroix,  Tom.  ii.  p.  678, 

15.  Find  the  equation  of  a  surface  which  belongs  at  once 
3  surfaces  of  revolution  defined  by  the  equation  P!/  —  <lx  =  0, 
nd  to  conical  surfaces  defined  by  the  equation  jkc  +  yy  =  z. 

In  problems  like  the  above  we  most  regard  the  equations  as  simultaceDiis, 
e  p  and  q  as  fonctions  of  x,  y,  z,  and  Babstltute  their  values  in  the 
lU—pdr^qdij,  which.  wilJ  become  integrablo  by  a  single  Biiuntioa  i£ 

problem  is  a  posDible  oue^  but  not  otheriFise. 


16. 


,  ^.'/ 


1 7.  Explain  the  distinction  between  a  comjdete  primitive- 
id  a  general  primitive  of  a  partial  differential  equation  o£ 
le  first  order. 

Find  the  complete  and  the  geucral  primitive  of 

z=px  +  qy->rpq. 

19.  Deduce  a  singular  solution  of  the  above. 

20.  pq=l. 

21.  q  =  xp  +  p*. 

32.  Shew  from  the  form  of  its  integral  that  q=f{p) 
ilotigs  only  to  developable  surfaces. 

23.     Deduce  two  complete  primitives  of 

p<l  =  px-Vqy. 
2*.      Deduce  two  complete  primitives  of 

t/p  +  >Jq  =  '2x. 
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25.  Given  two  general  primitives  of  a  partial  differential 
equation  of  the  first  order,  in  the  forms, 

1st.     ,  =  F{x,y,a,<l>{a)},     0  =  ^^^^^^^^, 

2nd.    z=-^{x,y,c,ylr{c)},     0  = d^^^r 

stqw  that  the  dependence  of  the  functions  "^(c)  and  ^(a), 
when  the  two  primitives  lead  to  the  same  particular  integral, 
may  be  detennined  by  the  following  rule.  Eliminate  a?  and  j 
from  any  four  independent  equations  of  the  system 

J^=*     ^=^      dF^^      ^=0     —  =  0 
*     dx      dx^     dy      dy  '     da        '     dc 

The  two  resulting  equations  will  involve  the  relation  required, 
and  when  the  form  of  <^(a)  is  given,  the  elimination  of  a  fcom 
both  will  give  a  differential  equation  for  deteimining  the  fona 

of '>|r(c). 

26.  The  equation  z  =  pq  has  two  general  primitives, 
1st.     z={y  +  a){x  +  4>(a)},     0  =  -^l{y  +  a}{x  +  4>{a)]], 

2nd.    4:z  =  {cx+^  +  '>!f'(c)Y,    0  =  ^-{cx  +  ^  +  ir{c)]'; 

shew  hence  that  the  relation  between  ^  (a)  and  -^(c)  is  ei* 
pressed  by  the  equations 

^'(a)  +  -,  =  0,     ofr  (c)  -  cV'(c)  =  2a. 
c 

[An  interesting  problem  involving  partial  differential  e(p»- 1 
tions  of  the  first  order  is  discussed  in  the  Supplemeiiffrj  \ 
Volume^  Chapter  xxxiii.] 
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CHAPTER  XT. 


ARTIAL   DIFFERENTIAL   EQUATIONS    OV  THE   SECOND   ORDER.  | 

1.     The  general  form  of  a,  partial  differential  equation  of.l 
Waecond  order  is 


It  ie  only  in  particular  cases  that  the  equation  admits  i 
Hegration,  and  the  most  important  is  that  in  which  the  dif-1 
reotial  coefficients  of  the  second  order  present  themselves 
llyin  the  first  degree;  the  equation  thus  assuming  the  fore' 


F(x,  y,  z,  p,  q,  r,  s,  ()=()., 


fix' 


dx" 


_d^ 


Er  +  Sa+Tt^V... 


■■(2), 


which  a,  S,  T  and  V  are  functions  of  x,  y,  z,  p  and  jrj 
his  equation  we  propose  to  consider.  The  most  usual  methw^ 
'  solution,  due  to  Monge,  consists  in  a  certain  procedure  for 
Bcovering  either  one  or  two  first  integrals  of  the  form 


«./(»). 


..(3), 


and  V  being  determinate  functions  of  x,  y,  z,  p,  q,  and/ai 
rbitrary  functional  symhol.    From  these  first  integrals,  singlyj 
f  iti  combination,  the  second  integral  involving  two  arhitraiy^ 
Unctions  is  ohtained  by  a  subsequent  integration. 
An  important  remark  must  here  be  made.   Mongo's  methot 
Dvolves  the  assumption  that  the  equation  (2)  admits  of  a  fir* 
lUgml  of  the  form  (3).     Now  this  is  not  always  tlio  case. ' 
Wre  exist  primitive  equations,  involving  two  arlntrary  func- 
ion«,  from  which  by  proceeding  to  a  second  differentiation 
0th  ftinctiona  may  be  eUminated  and  an  equation  of  the  form 
obtained,  but  from  which  it  is  impossible  to  climinate'J 
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^m  one  function  onlj  so  aa  to  lead  to  an  intermediate  equatJon 
H  of  the  form  (3).  Especially  this  happens  if  the  primitive  in- 
H  volve  an  arbitrary  function  and  its  derived  fiinction  tngethtr, 
H  Thus  the  primitive 

H  Z  =  ^(J/  +  x)+^^(y-x)-x{>{>'^]/  +  x)-ir'{!/-x)]...{^). 

^M  leads  to  the  partial  differential  equation  of  the  second  order 

I  .-«-f a 

^1  but  not  through  an  intermediate  equation  of  tlie  form  (3), 
^1       It   is   necessary  therefore  not   only  to   explain  Monge'i 
^B  method,  but  also   to  give  some  account  of  methods  to  be 
^1  adopted  when  it  fails. 

H  [Part  of  the  present  Chapter  is  treated  on  a  larger  Ecaleb 
^B  Hie  Supplementary  Volume,  Chapters  xxvill,  and  xxis.] 

M  2.  It  is  not  only  not  true  that  the  equation  (2)  has  new*- 
sarily  a  fii-st  integral  of  the  form  (3),  but  neither  is  the  ca- 
verse  proposition  true.  We  propose  therefore,  1st,  to  inqaiw 
under  what  conditions  an  equation  of  the  first  order  of  th« 
form  (3)  does  lead  to  an  equation  of  tlie  second  order  of  tl« 
Ibrm  (2) ;  2ndly,  to  establish  upon  the  results  of  this  dired 
inquiry  the  inverse  method  of  solution.    And  this  prooedius 

I  though  somewhat  longer  than  that  usually  followi 
simple,  because  exact  and  thorough, 
: 
: 


Prop.  1.     A  partial  differential  equation  oftfie  first 
of  the  form  ii^—fiy)  can  only  lead  to  a  partial  differenti 
equation  of  the  second  order  of  the  form. 

Er-\'S8-\-Tt=V. (6). 

so  related  as  to  satisfy  identically  the  cot 

dit  dv     da  dv 


L  when  u  and 
I  ditiojt 


dp  dq     dq  dp 


=  0.. 


..(7). 


For,  differentiating  the  equation  u  =/(v)  with  respect  to  1 
'  and  observing  that  -j-  =p,    '/    —^i     "j 


i  have 


I  like  manaer  diff»«DdatiDg  u=f{v)  with  respect  toy, 
lave 

iininating_/"(pj  there  results 


fdu       du  _     du 


du\  /do        dv       da      .  dtA 


p  ,     (f B  ,     dv  ,     dv\  (du  ,     d«  ,     du  ,  ,dii\     .     ,„, 

1  reduction  it  will  be  found  that  the  only  terms  involving 
inti  ( in  a  degree  higher  than  the  first  will  be  those  which 
lin  ri  and  a*.    The  equation  will  in  fact  assume  the  form 

Rr  +  88  +  Tt-¥U{rt-r)=V (9), 

hich  U=  -r  -. ;-  -y-  .     The  forms  of  the  other  co- 

dp  dq      dq  dp 
ents  it  is  unnecessary  to  examine. 

jw  this  equation  assumes  the  form  (6)  when  the  con- 

Q  (7)  ia  satisfied — and  then  only. 

The  proposition  might  also  be  proved  in  the  following 
ler.  Since  u=j'{v)  we  have  du.=/"{v)di\  au  equation 
\j,  since  /(p)  ia  arbitrary,  involves  the  two  eiiuatious 
0,  do  =  0,     Hence 


rf«  ,     ,  da  J       da.  ,       du,  ,     ,  da  ,        ,.~\ 
do  ■,.'/«,       do  ,      do  ,       do  ,       _   f 


.(10). 
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But  ds^pdx  +  qdy,  dp  =  rdx-\-  ady,  dq  =  sdx  +  idi/. 
\  Whence  on  substitution 


d.^ 

dql 

--(1- 

Idz 

-^'^)*-' 

dv        dv 

<^ 

d,ii 

--(S- 

iv 
Id, 

-1-1)^'=' 

Whence 

eliminating  dx  and  di/. 

we  have  the 

same  result 

13  before. 

A  consequence,  which,  though  not  affecting  the  pre«Mil 
\  inquiry,  is  important,  may  here  be  noted.  It  is  that  it  would 
I  be  in  vain  to  seek  a  first  integral  of  the  form  u  =f{v)  for  itj 
[■partial  differential  equation  of  the  second  order  which  is  nol 
I  of  the  form  (9). 

Prop.  2.     To  deduce  when  possible  a  first  integral,  of  tin 
I  form  u=/{v),  for  the  partial  differential  eqnation  (6). 

By  the  last  proposition  u  and  v  must  satisfy  the  conJitiw 
I  (7),  which  is  expressible  in  the  form, 

du     du  _dv      dv  „., 


ai). 


I  and  we  are  to  remember  that  this  system,  being  equiv(»^ 
I  todu  =  0,dv  =  0  modified  by  the  condition  (7),  can  only 
an. integral  system  of  the  form, 


di 

■dp 

dq   ■   dp- 

Hence,  if  we 

reprcs 

ont  each  member  of  this 

equation 

we  have 

du 

du 

dv          dv 

dj- 

"•dp' 

d<i        dp" 



Substituting 

these  vahics 

m  (10),  we  have 

du  ,      du  , 

da  ,       du,. 

mdq) 

=  0| 

dii  -,  ,  dv  , 

4>'+|;(*+ 

^%) 

-J- 

01-"  'J  JiK  :-.\j  'tsij  oj'.i/jj'. 


;>..'.' 


'.       «..   ^ 


.i-.i_  r.j  =  //::.'.  -   '/' 


We  conclude  thcD,  tbat  if  the  equation  Hr  +  Ss  +  Tis  |^ 
result  from  an  equation  of  the  first  order  of  the  fonn  u=/{r„ 
the  system  (18),  together  with  the  equation, 

ds=pdx  +  qdy (19), 

must  admit  of  an  integral  system  determining  u  and  n  in 
equations  of  the  form  u  =  a,  v  =  b. 

To  eliminate  m  from  (18)  we  have,  on  determining  itSTttlne 
from  the  first  and  third  members,  substituting  it  in  the 
second  and  fourth,  and  reducing, 

Jldf-Sdj:iy+Tdj?  =  0 [201, 


Sdpdi/  +  Tdqdx  -  Vdxdy  =  0 . , 


..(21), 


andthesepwith  (19),  make  three  ordiuary  differentiiJ  equatioM 
among  the  five  variables  x,  y,  z,  p,  q.  But  among  five  v«ir- 
ables  there  ought  to  exist  four  ordinary  differential  equitiow 
in  order  to  render  the  final  relations  determinate.  And  fliii 
confirms  what  was  said  in  Art.  1,  of  the  hypothec 
character  of  Monge'a  method.  It  is  only  when  the  proposed 
equation  originates  in  an  equation  of  the  form  u  =/"("),  tiisSi 
the  above  system  admits  of  two  integrals  of  the  form, 

a  — a,  v  —  h. 
As  (20)  is  of  the  second  degree  it  will,  unless  it  is  a  com 
plete  square,  be  resolvable  into  two  equations  of  the  i 
degree,  and  either  of  these  in  conjunction  with  (21)  and  (19 
may  lead  to  a  final  integral  system  determining  u  and  v.  ] 
follows  that  when  the  given  equation  admits  of  a  first  integn 
at  all,  it  will  admit  of  two  such — excepting  the  case  in  whie 
(20)  is  a  complete  square. 

5.  As  yet  no  account  has  been  taken  of  the  quantity 
The  mode  in  which  it  is  involved  in  the  equation  (18),  lei 
however  to  a  remarkable  consequence  developed  in  the  folloi 
ing  Proposition. 

Pkop.     If  by  the  last  proposition  we  obtain  two  first 
tegrals  of  the  form 

«,-/(•■■,),   <;='H'0 (22). 


OF  THE   SECOND  ORDER. 

regarding  these  as  simultaneoua,  we  determine  p  and  q 
tions  of  X,  y,  z,  those  values  will  be  such  as  to  render 
aation  dz  =  pdx-\-qdy  integrable,  and  thus  to  lead  to 
ond  or  final  integral. 

simplicity,   we  shall  represent  ",  — /(I'J   hy  F,  and 
|uj  by  *.    Thua  the  supposed  first  integrals  are  simply 
F^O,     a»  =  0 (23). 

reverting  to  the  system  (18),  and  representing  the 
/  :  da:  by  n,  its  first  two  equations  assume  the  form, 


R        S         T' 
f  that  in  and  n  are  the  two  roots  of  the  equation 

:e,  the  value  of  the  ratio  d;i  :  dx  corresponding  to  one 


irst  integrals  (23),  is  the  same  as  the  valui 
ling  to  the  other. 


of  J] 


for   the  value   of  m   correspondin 
we  have  by  definition, 


to  the  integral 


da      dq 

du^~^^ 
dp       dj) 

rft.       ■'     ^"-^  f 


..(24). 


ting  the  value  of  tlie  ratio  dy  :  dx,  correspond- 
1  *  =  0,  we  have 
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Equating  the  value  ol  dy  :  dx  Lence  found  to  iliat  u(  n 
givt'U  in  (24),  we  have,  on  reduction. 


dp  dx 

dP  dt 

dF  dl' 

-di,di''  + 

dFd<l> 
di  ii'' 

dF  dH) 
dp   dp 

dFdt\ 
+  ^  dp) 

dFdt, 
•^di'k' 

In  like  manner  equating  tbe  values  of  m  correspondiog 
\  the  integral  •J?  =  0,  and  oi  dy  :  dx  correspouding  to  lli'i  in- 
I  tegral  F=  0,  we  have 


dx   dp 


dFd^ 
dy   dq 


dz   dp^      dz    dq 

dp  dp        \dq  dp      dp  dq)        dq  i 
Subtracting  (25)  from  (26),  there  results 


( =  0 ...  (2(1). 


dFd^ 
dx  dp 


dFd^     dJld0_dFd^ 
dp  dx      dy  dq       dq  dy 


/dF  d^     dF  d^\        idF  rf*     dF  d^\       .     ,-, 

^\dlTp-^pTz}P-^\-d^lq'^Tz)^=^-'^^ 

Now  this  is  identical  with  the  equation  (37).  Chap, 
Art  13,  expressing  the  very  condition  which  must  befilll 
in  order  that  the  values  of  p  and  q  given  hy  F=  0,  4=' 
may  render  the  equation  ds=pdic-{  qdy  an  exact  differentn 
Hence  the  proposition  is  estahliahed. 

It  is  interesting  to  observe  that  the  two  first  integrals  f 
in  a  certain  conjugate  relation.  Each  of  them  aatiafios 
partial  differential  equation  of  the  first  order  and  degree  w 


^ 
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6  should  have  to  constnict  in  attempting,  by  tlie  process  of  \ 
barpit,  to  integrate  the  other.  Hence  also,  although  the  ] 
Bowledge  of  both  is  desirable,  that  of  either  is  sufficient  to  ] 
kable  us  to  proceed  by  integration  to  the  final  solution.  | 

6.  The  statement  of  Monge's  method,  as  derived  from  tha  | 
bove  investigation,  is  contained  in  the  following  Rule.  I 

EULB.     The  equation  being  Iir+Ss  +  Tt=  V,  form  firsts  | 

be  equation  I 

Sd!/'-Sdxdi/+Tdx^  =  0 (28),       I 

id  resolve  it,  supposing  the  first  member  not  a  complete  m 
[uare,  into  two  equations  of  the  fomi  I 

rfy  —  m,(&  =  0,   dy  —  m^dx  =  0 (29}.      I 

From  the  first  of  these,  and  from  the  equation  | 

Bdpdy+Tdqdx-  Vdxdy=0 (30),        | 

mblned  if  needful  with  the  equation  dz=pdx  +  qdy,%st:]£. 
obtain  two  integrals  M,  =  a,  ti,  =  6.    Proceeding  in  the  same 
ly  with  the  second  equation  of  (29),  seek  two  other  integrals 
=  a,  B,  =j8,  then  the  two  first  integrals  of  the  proposed    , 
nation  will  be  J 

»,=/,(".).«.=/,« (31).      I 

To  deduce  the  second  integral,  we  must  either  integrate  1 

ift  of  these,  or,  determining  from  the  two  p  and  q  in  terms  I 

iie,^,  and  2,  substitute  those  values  in  the  equation  I 

dx=pdx  +  qdy,  1 

nicb  will  then  satisfy  the  condition  of  integrability.  Ita  I 
Intion  will  give  the  second  integral  sought.  I 

[if  the  values  of  m,  and  m,  are  equal,  only  one  first  integral  I 
Ul  be  obtained,  and  the  final  solution  must  be  sought  by  I 
I  integration,  1 

:When  it  is  not  poasible  so  to  combine  the  auxiliary  equa^'  1 
mu  aa  to  obtain  two  auxiliary  integrals  u  =  a,  v  =  b,no  first  1 
ftegral  of  the  proposed  equation  exists,  and  some  other  pro-  J 
pi  of  solution  must  be  sought,  ■ 

B.D.&  S4  I 


nsTO 
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We  may  observe  that  the  determination  of  p  and  jfrom' 
two  first  integrals  is  facilitated  by  the  fact  that  w  and  v  sati 
'the  condition  (7).  Interpreted  by  Chap.  ii.  Art,  1,  that  o 
dition  implies  that  p  and  q  enter,  in  some  single  definite  M 
bination,  in  both  u  and  v. 


Ex.  1.     Given 


dx' 


=  0. 


,  T  =  -a\   V-- 


Hence  we  hare 


Here  R=\,  S  = 

28)  and  (30), 

di/'  —  aVj;"  =  0,   djjdt/  —  a^dqda:  —  0 (o). 

The  former  of  these  is  resolvable  into  the  two  eqiiaticma 
d^  +  ad»:  =  0,   dy~ada!  =  0  (J), 

of  which  the  first  gives  2/  +  ax  =  c,  and  at  the  same  di 
reduces  the  second  equation  of  (a)  to  the  form  dji  +  adq  =0, 
which  the  integral  \sp-\-aq=  C.  Thus  a  first  integral  of  I 
given  equation  is 

i)  +  aig'  =  0(3f  +  ax) (e). 

Proceeding  in  like  manner  with  the  second  equation  of  ( 
we  fiud  as  another  first  integral 

p-aq=-f{y-aa:) {S\. 

,  From  these  two  equations  determining  j)  and  g,  the  eqnati 
dz  =  pdx  +  qdy  becomes 


-da:  + 


Hence 
We  have 


^{y  +  ax)  (di/ +  adx)  -  ^  (i/ —  ax)  [dy  —  adx) 
it~j<t>it)dt=<f>,{t)  and  ~~ffit)dt  =  ^,((l, 


2  =  01  (y  +  raa^)  +  if-,  (y  -  ax). 
Here  01,  i/^-j  are  arbitrary  functions  since  0  and  ■^  are  suAB 
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I  is  seen  that,  in  each  of  tlie  first  integrals,  the  condition 
s  satisfietl,  and  assuming 

p  +  aq  —  <li(>/  +  ax)  =  F,   p  -  aq  —  ijf  (y  —  ax)  =  fi>, 
easy  to  veriiy  the  condition  (27). 
X.  2.     Given  r  +  as  +  6i  =  0, 
roceeding  as  before,  we  find 
p  +  H2  =  </>{y-Jiij;),  J) 


+  mq  =  -s{r(y-,ix), 


he  two  iirst  integrals  of  the  proposed,  m  and  n  being  the 
B  of  the  e)]uation  i"  — a(  +  fc  =  0.  Hence,  determining  jj 
g,  substituting  in  the  equation  da  =yd3:  +  2£?^,  integrating 
reducing  we  nave 


i,C3/- 


■)+'>■.  (7- 1^)- 


ut  when  m  and 
al,  viz. 


i  are  equal  we  have  only  one  first  in- 


reating  this  by  Lagi^ange's  process,  we  have  the  auxiliary 


'rom  the   first  two  members  ^ 
|4eB  ua  to  reduce  the  equation  o 


'e  find  y  —  Tnx^c.    This 
'  ttie  first  and  third  to  the 


S  =  X(f>  (c)  +  0. 
"herefore,  restoring  to  c  its  value, 

x-x<p(,j-  mx)  -  c 
!kua  we  have  for  the  final  integral 


L 


mx). 
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Ex.  3,    Given 

(6  +  c^)V  -  2  (J  +  cj)  (a  +  cp)  «  +  (a  +  cp)'<=0. 

Here  the  auxiliary  equations  are 

(6  +  cqydy*  +  2  (6  +  cq)  {d  +  cp)  dydx  +  (a  +  cp)*dir?  =  0...(a). 

Q) -\- cqfdpdy  •{•  (a  +  cpfdqdx^d ...(6), 

The  first  of  these  equations  gives 

Q>+cg)dy  +  {a  +  cp)dx  =  0  (c), 

which  the  equation  dz  =pdx  +  qdy  reduces  to  the  form 

adx  +  hdy  +  cdz  =  0 ; 
whence 

ax  +  hy-^cz  =  a (d). 

Again^  eliminating  dy  and  dx  from  (h)  and  {c),  we  ha^ 

(6  +  cq)  dp  —  {a  +  cp)  dq  =  0, 
whence,  integrating 

^  =  ^ (.). 

b+  cq     ^  ^  ^ 

Thus  a  first  integral  of  the  proposed  equation  is 

r  > 

a  +  cp      .  .        -  , 

or 

cp  —  c0  (oa;  +  6y  +  c«)  J  =  6^  (oa?  +  Jy  +  c^)  —  a ; 

and  this  must  be  integra,ted  by  Lagrange's  process. 

The  auxiliary  system  is,  on  representing  0(aaj+Jy+c«)ljyf 

dx  __     dy  _      dz 
c         c<f>     b<l>--a* 

From  these  we  find  adx  +  hdy  +  cdz  =  0,  whence 

ax-^by  +  cz^  C7, 
andthus  ^  ^(ax  +  hy  +  cz)  ^^{C). 
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fence  substituting      dy  =  —  0  ( C)  dx, 

tience  y +  <j>{C)x=  C, 

y  +  xif)  (ax  +  £y  4*  cz)  =  C. 
Thus  the  final  integral  ia 

y  +  xif>{ax+  hy  +cz}  =  ^  (ax  +  hy  +  cz). 
This  Bohition  may  also  be  expressed  in  the  form 
s  =  x^^{aa:  +  hy  +  cz)  +  y^,  {ax  +  hy+cz), 
1  which  it  is  in  fact  presented  by  Mooge,  (Application  de 
Analyse  (i  la  Q^omitrie,  Liouville's  edition,  p.  79).    The 
juation  solved  is  that  of  surfaces  formed  by  the  motion  of  a 
night  line  which  is  always  parallel  to  a  given  plane,  and 
[ways  passes  through  two  given  curves. 

7.  In  the  above  exanaples  V  is  equal  to  0,  and  this  always 
dlitates  the  application  of  Monge's  method.  The  following 
■n  example  in  whioh  Vis  not  equal  to  0. 

Ex.  4.    Given  r-(  =  --*^-. 

x  +  y 

The  auxiliary  equations  being 

rf/-(ir'  =  0,  dpdy~dq^^-ir^-dxdy  =  0, 

B  of  the  systems  hence  derived  is 

-dx  =  (i,   dp-dq+^-^dx  =  0. 

There  ia  also  another  system,  but  it  is  not  integrable  in  the 
nau  =  a,v  =  b. 

From  the  first  of  the  above  equations  we  get 

e  latter  of  which  may,  since  dz  =pdx  +  qdx,  be  reduced  to 
d(^~a){p-q)  +  2dz  =  <i. 
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■whence  {2j/  —  a)(j)  —  q}  +  2s  =  l>, 

or,  replacing  ahy  y  —  x, 

Hence  a  first  integral  of  the  proposed  equation  wiD  In 

{a!  +  y)(p-9)+23=/(y-3T). 

Now  this  being  linear,  we  have^  by  Lagrange's  method,  tha 
auxiliary  syBtem 

dx    ^—dy _  dz 

x  +  y~x-\-y~f{y~x)-^s' 

The  equation  of  the  first  two  members  gives  y  ^-x  =  a, 
this  reduces  the  equation  of  the  second  and  third  to  the  fons 


a       f{^y-a)~'iz' 
dz_      2z_    ,n2y-a) 


fl' 


■■f{2y~a)dy  +  k 


The  final  integral  will  therefore  be  found  by  substituting  if^ 
the  above,  after  integration,  y  +  x  for  a,  and  F{y+a:)  fori.  | 

8.  Monge'a  method  fails  in  so  many  cases,  owing  l 
non-existence  of  a  first  integral  of  the  assumed  form  u  =/(ifl 
that  it  becomes  important  to  inquire  how  its  defects  m 
supplied.  And  various  methods,  all  of  limited  genen 
bave  been  discovered.  Thus  Laplace  has  developed  a  id 
applicable  to  all  equations  of  the  form 

Iir  +  S8+n  +  Pp+  Qq-=fZs  =  U; 

S,  8,  T,  P,  Q,  Z,  and  XJ  being  functions  of  x  and  y  onlj,-j 
1  which  consists  in  a  series  of  transform ationa,  each  of  ffliw^ 
I  has  the  effect  of  reducing  the  equation  to  the  form 
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',  Q,  Z  and  JJ  being  functions  of  x  and  y,  to  which  each 
■ftiisformatiou  gives  new  forms.  It  may  be  that  among 
'leae  successiye  forms,  some  one  will  be  found  which  will 
Iffiit  of  resolution  into  two  linear  equations  of  the  first 
But  there  are  probably  no  inHtancea  in  which  this  me- 
a  been  applied  in  which  the  solution  may  not  be 
■with  far  greater  elegance,  and  with  far  greater  aim- 
the  symbolical  methods  of  the  following  Ohaptera.' 
Laplace's  method  is  better  exhibited  in  a  symbolical 
nn.     The  subject  will  be  resumed.     See  Chap.  xvii.  Art.  14. 

The  following  sections  contain  miscellaneous  but  important 
dditioQs. 


MisceUaneovs  Theorems. 

9.  Foisson  has  shewn  how  to  deduce  a  particular  integral 
any  partial  difierential  equation  of  the  form 

P={rl-,yQ (15), 

'here  P  is  a  function  of ^,  q,  r,  s,  t,  homogeneous  with  respect, 
t  the  three  last,  n  a  positive  index,  and  Q  any  function  of 
,  y,  z,  and  the  differential  coefficients  of  a  of  any  order,  which 
>eB  not  become  infinite  when  rt  —  s^=  0. 

Aasmning  q  =  tft  (p),  we  have 

.  =  f  (p)n  l  =  f  (?)»  =  (*■  (rijV (16), 

dues  which  make  ri  —  s"  =  0.    Hence,  substituting  in  (45),  the 

Wood  member  vanishes,  while  in  the  first,  which  is  homoge- 

Hifl  with  respect  to  r,  s,  (,  some  power  of  r  only  will  remain 

a  ooTuraon  factor.     Dividing  by  that  factor,  we  shall  have 

equation  involving  only  p,  ^  {p),  and  ij)  (p),  i.e.  p,  q,  and 

?.    Integrating  this  as  an  ordinary  differential  equation  we 

btain  a  relation  between  p,  q  and  an  arbitrary  constant ;  and 
integmted  as  a  partial  differential  equation  of  the  first 
ider,  givca  the  solution  in  question. 
Ex.     Given  »•'  —  ('  =  r(-s'. 
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Proceeding  as  aboTO,  we  find  1  —  (i^'  {p)\*  =  f 
therefore  1  -  {<^'  (p)]'  =  0, 

dq_ 


[OLBi 


■whence 


2=  +  i,   ?=+?+=; 


therefore  s  —  cy 

a  particular  integral. 

The  ahove  method  is  applicable  to  all  equations  of  tin 
second  order  which  are  homogeneous  with  respect  to  )■,»,' 
for  then  we  have  only  to  suppose  Q  =  0. 

10.  There  exists  in  partial  differential  equations  a  remaik' 
able  duality,  in  virtue  of  which  each  equation  staads  am 
nected  with  some  other  equation  of  the  same  order  by  relatiw 
of  a  perfectly  reciprocal  character.  As  respecte  equations  i 
the  first  order  the  principle  may  be  thus  stated. 
Appose  that  in  the  given  equation 

'f>i^,y.^,P,  ?)  =  0 W 

I   we  interchange  xand p,y  and  q,  and  cka7jge  z  into  px+g^-^ 
I  giving 

^(^,q,px  +  qy-e,x,y)  =  0 (*8)l 

then,  if  either  of  tliese  equations  can  be  integrated  in  the/on^ 
«  =  ■^  (a;,  y).  the  solution  of  the  other  will  he  found  by  fiii* 
nating  X  and  Y  between  the  equations 

df(X.Y)  d-KX.Y) 

dX       ■"-       dt       • 

t~Xi+Yy-^{X,Y) ((9). 

For.  since  ds  =pdx  +  qdt/,  we  Lave 


=px  +  ^ 


-j  [xdp+ydq).. 


..(30). 


Hence  xdp+ydq  is  an  exact  differentiaL     Represent  '\i\ 
dZ,  and  assume  Z  for  dependent  variable.     Assume  also  ti 
now  independent  variables  X  and  Y,  connected  with  the  ft 
mer  ones  by  the  relations  X=p,  F^y.     Then 
dZ=xdp  +  ydq  =  xdX + ydX- 
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-r  dZ  dZ 

lence  ^=a.,      ^=y, 

Z=  j  (ar(?^  +  ycZj)  =px  +  jy  -  «  by  (50) ; 

refore  z  =px  +  qy''  Z=  xX-\-yY—  Z. 

examining  the  above  equations  we  see  that  x,  y,  z,  and 
y,  Z  are  reciprocally  related.  Writing,  side  by  side,  the 
lations  which  are  conjugate  to  each  other,  we  have 


3!  = 

dZ 
dX' 

y- 

dZ 
dY' 

y_dz 

dy' 

Z^Xx  +  Yy-z,    z=^xX+yY-Z 

¥e  see  too  that  the  equations  (49)  which  express  one  set 
he  relations  suffice  to  convert  any  relation  found  by  inte- 
tion  between  X,  Y,  Z,  where  Z  stands  for  -^  (Z,  Y),  into 
)rresponding  relation  between  x,  y,  z. 

Hz.    Given  z=:pq. 

re  the  transformed  equation  is 

px  +  qy  —  z  =  xy, 
'hich  the  integral  is  z  =  xy  +  ^f[-)  •     Hence 

f  (X,  F)=xr+z/(D, 

we  have  to  eliminate  X,  Y,  between  the  equations 
s~XY. 
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Each  particular  form  assigned  to  /  gives  a  distinct  pa 

/Y\        Y 
ticular  integral.     If  we  assume  /(yJ  —  ^v+^j^®  ^^ 

05=1^+6,    y  —  X+a,    z  =  XY, 

from  which,  eliminating  Xand  Y,  we  have  z=  {x  —  l){y-i 
and  this  is  one  form  of  the  complete  primitive  a&signed 
Chap.  XIV.  Art.  7.     We  may  observe  that  the  eliimnatii 
may  be  so  eflfected  as  to  lead  to  general  primitives. 

11.    In  equations  of  the  second  order  we  should  hi% 
addition  to  the  above  transformations,  to  change 

t  — •  s  r 

r  into  — 2>     s  into  — — o,     t  into  -- — ; (51), 

rt-s^  rt-s^  rt  —  8^        ^ 

in  order  to  form  the  reciprocal  equation.  Then  the  sm 
integral  of  either  being  foum,d  in  the  form  z  =  ylr{xy  y),  th 
of  the  other  will  be  found  as  before  by  eliminating  X  ad 
from  (49).     For  since 

_dZ  _dZ 

therefore    dx  :=  EdX  +  SdY,    dy  ^  SdX  +  TdY, 
whence      tZX---— "^^  .y_''8dx  +  Edy 

But  X  =  p,   Y=q,  therefore 

,         ,         ,       Tdx  —  Sdu 
dp  =  rdx  +  sdy=^   jlji_g%   > 

J         J7    .  .  7       —  Sdx  +  Rdy 
dq  =  sdx-\-  tdy  =     ^^ _  ^,  ^  , 

whence,  equating  coefficients, 

T  -8         ,_      R 


1T.1J.] 
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Ih«  extension  of  the  theorem  to  higher  orders  involves  no  f 
^fficulty. 

1 12.     It  b  an  immediate  eonseqitenco  of  the  above,  that  J 
By  equation  of  the  form 

't>{p.q)r  +  f(p,q)s  +  xip,q)t  =  0 (52) 

■n  be  reduced  to  an  equation  of  the  form 

I  x(^.y)'--f  («^.y)s  +  *{'^.!/)'=0 (53). 

BUally  more  convenient  for  solution.     Legendre's  solution  of 
|ie  equation 

I  (l  +  ^)r-2pq3  +  il+p'}t  =  0, 

^  the  aid  of  the  ahove  transformation,  will  he  found  in 

Eix  (Tom.  II.  p.  623). 
J  same  transformation  makes  the  solution  of  any  equ*- 
f  the  form  Mr-i-  Ss  +  2't  =  V  {rt  -  s*)  dependent  on  that 
(  an  equation  of  the  form 


Rr+Ss  +  Tt=V, 


ni  with  different  coefficients.  The  subject  of  theae  trans- 
hrmations  has  been  most  fully  treated  by  Prof.  De  Morgan 
pifftimf^e  Philosophical  IVansactCons,  Vol.  vin.  p.  60G). 

I  13.  Legendre  also  shews  how,  by  a  transformation  for- 
Bally  resembling  the  above,  to  integrate  the  equation 

'=/(«.')■ 

lUsuininga  and  t  aa  independent  variables,  and  v  =  a;r+ti/— 
p  dependent  variable,  the  equation  is  reduced  to  the  form 


,.(54), 


*here  S  and  T  are  the  values  of  -,-  and  -r  furnished  by  the  I 
as  at  •"  J 

PVdii  equation.     Lacroix,  Tom,  ii.  p,  631. 
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EXERCISES. 

1.  To  what  condition  must  u  and  v  be  subject,  in  on 
that  u=f{v)  may  be  a  first  integral  of  an  equation  of  1 
form  Er  +  S8  +  Tt  =  ri 

Integrate  by  Monge's  method  the  following  equations : 

2.  a?r  +  2xys  +  y't  =  0. 

3.  ^r  -  2pqs  +  pH  =  0. 

4.  Integrate  ps  —  qr  =  0. 

5.  Integrate  by  Mongers  method  the  equation 

q(l+^)r'-(p  +  q  +  2pq)  s+p(l+p)t  =  0. 

6.  The  solution  of  Ex.  3  may,  by  the  law  of  reciproc 
be  made  to  depend  on  that  of  Ex.  2. 

7.  Mono:e*s  method  would  not  enable  us  to  solve 


equation  r  —  t 


X 

S.    Deduce  by  Poisson's  method  a  particular  integral  ol 
(1  +  2')  r  -  2pqs  +  (l+p^)t  =  0. 

9.  Shew  that  the  equations 

rt  -  «'  =/(p,  q),  and  r«  -  «'  =  [f(x,  y)}'\ 

are  connected  by  the  law  of  reciprocity. 

10.  The  solution  of  the   equation  r  — <  = (rt- 

maybe  derived  from  that  of  the  equation  r  —  t-i — ^' 
Art.  7.  Ex.  4. 
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CHAPTER  XVI. 

SYMBOLICAL   METHODS. 


1.  The  term  symbolical  is,  by  a  lestriction  of  Its  wider  1 
eaning,  applied  more  peculiarly  to  tbose  methods  in  Ana-  T 
lis  in  which  operations,  separated  by  a  mental  abstraction  ' 
km  the  subjects  upon  which  they  are  performed,  are  ex- 
essed  by  symbols  in  whose  laws  tbe  laws  of  the  operations  . 
emselves  are  represented. 

ll  T-  denoting  an  operation  of  which  u  is  the  subject.     In 

Ills  expressing  an  operation  by  a  symbol,  in  studying  the 
m  of  that  symbol,  and  in  founding  processes  and  methods 
Bon  tbose  laws,  we  introduce  no  strange  or  novel  principle 
'Language ;  for  it  is  the  very  office  of  Language  to  expresB  | 
t  symbois  the  procedure  of  Thought. 

!TliUB  also  we  may  write 


Id  BO  on. 


d'u        du 


dso  on.     It  will  be  observed  that  the  symbol  precedes  the 
llgect  on  which  it  operates. 


"otMtba 


ms  may  be  performed  in  succession.     Thua 


(e +  »)(■£ 


£-• 


that  we  first  perform  on  the  subject  « the  operation  ] 
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denoted  by  4^  +  J,  and  then  on  the  r^isult  effect  the 

denoted  by  -*-  +  tt.     Thus  a  and  6  being  constant,  we  Tawt 
■'ax  ° 

„  (8). 

"When  an  operation  is  repeated,  the  number  of  times 
it  is  understood  to  be  performed  is  expressed  by  an  indl 
attaclied  to  the  symbol  of  operation.     Thua 


_  d^  fdii 
dx\dx 


(s+»)'»-(I+'')(e+°)" 


\dx  '' 
_d'u 
"dx-'^ 


If  in  the  second  member  of  (3),  as  in  the  first,  we  sepul 
the  symbols  from  their  subject,  we  have 

Now  the  Bymbolio  expressions  for  the  equivalent 
performed  upon  u  Jn  the  two  members  of  this  equation 
I  formal  analogy  with  the  algebraic  equation 

(wi  +  a)  (m  +  i) «  =  (m'  +  (o  +  fc)  m  +  ah] «. 

and  this  is  a  particular  illustration  of  a  general  theorem  ta 
statement  and  demonstration  of  which  we  shall  now 

2.     If  we  compare  the  symbolical  expressions 


(a.+")(i= 


£  +  (»+')s+°^" 


r.^^ 
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borrow  the  language  of  a 

>—  and  constant  quantities,  or  more  I 


iose  equivalence  is  stated  in  (5),  we  see  that  each  involves   i 
•  together  with  constant  t[uautitiea.     Each  might  therefore, 
[y,  be  described  aa  a  function 
iefly  as  a  function   ( 

,  and  expressed  in  the  form  /[-/-)•  -Agaitii  each  ei- 
i  system  of  operations  in  the  performance  of  which 
e  presence  of  the  symbol  -j-  only  indicates  differentiation, 
A  integration.  We  may  with  propriety  term  any  function 
-j-  possessing  this  character  a  direct  function  of  3- ,  The 
feorem  in  question  is  then  the  following. 

Theorem.     Any  direct  function  of  ,  ■  and  constant  quan- 


lies  may  be  transformed  as  if  j- 


dx 


i  itself  a  quantity. 


ibi  the  first  place  it  is  evident  that  any  direct  function  of  I 
A  symbol  -j-  according  to  the  above  definition  is,  in  formj 

tut  we  should  term  a  rational  and  intesral  fimction  of  -;- , 

ax 
ire  that  symbol  merely  algebraic, 

Kow  the  laws,  according  to  which  algebraic  symbols  com- 
te  with  each  other  in  the  composition  of  ail  rational  and 
egntl  eKprcssions,  are  the  following,  viz. 

3  distributive,  expressed  by  the  equation 


m{u  +  v)  =  MiM  +  mv . . 


■  m. 


S  commutative,  expressed  by  the  equatio 


■  index  law,  expressed  by  the  equatioi 
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I'  These  determine,  and  alone  determine,  the  forma,  or,  to  speeL 
}  more  precisely,  the  permitted  variety  of  form,  of  algeboie 
'expressions  of  the  above  class. 


But  the  symbol   -,- ,  when  employed  in  combination wiA 

constant  quantities  to  operate  on  subjects  which  are  not 
stant,  is  subject  to  laws  formally  agreeing  with  the  aboT^ 
L  For  we  have 


;(»  +  •) 


©"©■»  =  ©■"" « 

the  laat  of  these,  however,  Qxpresalug,  not  any  distinctive  pi 

perty  of  tlie  operation  -j-_,  but  only  the  fact  that  it  b 

operation  capable  of  repetition.     These  laws,  in  like  manM 
determine  the  possible  fonns  of  symbolic  expressions  invol 

ing  -j-  with   constants,  and  representing  direct  systema 

I  operations. 

Hence  the  variety  of  form  permitted  in  the  one  case  ia ' 
same  as  that  permitted  in  the  other.     In  other  words, 
L  same  transformations  are  valid. 

Among  the  consequences  of  the  above  theorem  the  folli 
I  ing  may  be  noted. 

1st,  We  can  reduce  any  symboUcal  expression  o£  the  fc 
(f  d"-'    ,       d"^       ^        .        , .  , 

-ri  +  tt, -;-■-•;  + a,  j-s^"-  +  g«.  in  wJiicn  a,,  a.,...a_  are  0 

stants,  to  an'  equivalent  expression  of  the  form 

(s-'"')(5" 


•(^-)' 
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here  m,,  m,,  .■.m„  are  tlie  roots  of  the  equation 
'  m'  +  o,m""'  +  OjM"^  . . .  +  Ob  =  0. 

'  2ndly,  The  order,  in  which  the  component  operationa 

I  'i-        i._        A- 

dx        "     dx       """rfflj        " 
B  written,  is  indifferent. 
d'u 


Ex.     Thus 
ans 


dx' 


0  may  he  reduced  to  either  of  tha  J 
d 


(s-)(|-«)»-.  (|-»)(l-)»-- 


iSrdly,  The  complex  operation 


-.  +  A: 


i=-.  +  A3-s=l-  +  ^. 


L 

Itaelf,  like  the  elementary  operation  ~ ,  distributive ;  i.e.  I 
presenting  that  complex  operation  by  /(t-J  >  we  have 

/(l)(»-)=/(a)«+/(l)" (")^   , 

I  oondusioQ  may  be  verified,  by  substituting  for/[T-l  J 

I  expression  for  which   it   stands,   and    performing   the  1 
ntione. 


Inverse  Forms. 

8.  All  that  is  said  above  relates  to  the  performance  of 
erations,  definite  in  character,  upon  subjects  supposed  to  be 
ren.  But  an  inverse  problem  is  euggested,  in  which  it  la 
[uired  to  determine,  not  what  will  be  the  result  of  perfonn- 
I  a  certain  operation  upon  a  given  subject,  but  upoa  what 
[     B.  s.  E.  25 
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subject  a  certain  operation  must  "be  performed  in  onler  lo 
lead  to  a  given  result     Thus,  in  the  equation 
fd 


(!-)« 


-n 


if  tt  be  given,  the  performance  of  the  operation  -j-+(zdeta- 

mines  w ;  but  if  v  be  given,  then  the  inquiry  arises,  wlat  ii 
■tJiat  unknown  subject  m,  the  performance  of  the  opera&n 

-y-  +  a  upon  which  will  lead  to  the  result  u  ? 

As  any  procedure  for  determining  u  from  v  is  inveoe  fl 
the  procedure  by  which  «  is  determined  from  u,  analogyaif 
gests  the  notation 

(T--i-a]     representing  the  inverse  procedure  in  quesHonr 

but  representiDg  that  procedure  only  in  its  inverse  chanicWfl 
i.  e.  conveying  no  information  as  to  how  it  is  to  be  perfomwi 
but  only  telUng  us  that  it  must  be  such,  that  if,  liavingpei 

formed  it  on  v,  we  perform  on  the  result  the  operation  j-+( 

to  which  it  is  inverse,  we  shall  reproduce  v.  For,  substilutbq 
in  (14)  the  expression  for  u  given  in  (15),  we  ' 


=  (|h 


(i-)(i-r"^ 


The  inverse  procedure  is  thus  presented  as  one,  theeSeXA 
which  the  direct  operation  simply  annuls.  This  is  its  d«fHUfifl| 

Thus  in  Arithmetic,  division  is  inverse  to  multiphca 
What  is  meant  by  dividing  a  by  6  is  the  seeking  of  a  tl 
number  c,  which  when  multiplied  by  b  will  produce  a,    i. 
the  very  procedure  by  which  this  is  effected  consists  not  it 
any  new  and  distinct  operation  for  determining  the  sulgectfl 
but  in  a  scries  of  guesses,  suggested  by  our  prior  gm 
knowledge  of  the  results  of  multiplication,  and  tested  1( 
multiplication. 
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lAnd  generally,  if  ir  represent  any  operation  or  series  ( 
leratione  poesible  when  their  subject  ia  given,  and  then 
rmed  direct,  and  if,  in  the  equation  ttu  =  w,  the  subject  u  be 
>t  given  but  only  the  re'iult  v,  then  we  may  write 


nd  the  problem  or  inquiry  contained  in  the  inverse  notation 
I  the  second  member  will  be  answered,  when  we  have,  by  ' 
hatsoever  process,  so  determined  the  function  m  as  to  satisfy 
ke  ecjUiition  ttu  =  «  or  •7nr"'u  =  v.  By  the  latter  equation 
te  inverse  symbol  ir"'  is  defined.  Thus  it  is  the  office  of 
^  inverse  symbol  to  propose  a  question,  not  to  describe  an 
Deration,  II  is,  in  its  primary  meaning,  interrogative,  not 
bective, 

'  Suppose  the  given  equation  to  be  ^ 

(£+a£^.-+^-)»- w 

BCD  on  the  above  principle  of  notation  we  should  have 


V(te" 


+  A 


dat"'' 


',  with  not  less  propriety  of  expression, 


dx         '  ax 

It  lost  two  equations  differing  in  iutei^pretation  from  (16),  ■' 
«  at  all  as  touching  the  relation,  between  «  and  «,  hut  only  J 
lore  distinctly  presenting  u  aa  the  object  of  search. 

[Of  what  avail  tlien,  it  may  be  asked,  ia  that  analogy  upon 
"  \  the  expression  of  the  last  two  equations  is  founded  ? 

(If  a  convention,  it  is  at  least  a  very  natural  one,  that  we 
Bid  express  an  operation  performed  upon  a  subject,  by 
iching,  in  some  way,  the  symbol  denoting  the  operation 
\  tlie  symbol  denoting  the  subject.  The  order  of  writing, 
\  that  family  of  languages  to  which  our  own  belongs,  has 
2.5-3 
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f  doubtless  determined  the  mode  of  connexion  actnally  adopted, 

I  and  -which  is  the  samo  as  if  the  symbol  of  operation  were  a 

I  symbol  of  quantity  employed  aa  a  coefficient  or  multiplier. 

I  It  cornea  to  pass,  moreover,  that  the  formal  laws  of  comhina- 

I  tion  in  the  direct  cases  investigated  in  Art.  2  prove  to  be  He 

I  same  for  the  symbol  j-  as  for  a  coefficient  or  midtiplier.  But 

inverse  symbols  derive  their  meaning  from  the  direct  cpov 
tions  to  which  they  stand  related :  they  are  forms  of  i  " 
rogation,  the  answers  to  which  are  to  be  tested  by  the 
formance  of  the  direct  operations.     Hence  it  may  be  inft 
that  the  laws  for  the  transformation  of  inverse 

I  involving  -,-  with  constants  will  be  the  same  as  for  tlie 

l  responding  forms  of  ordinary  algebra.  The  analogy  coIui!t^ 
I  not  in  the  mere  adoption  of  a  common  notation,  but,  as  sS 
I  true  analogy  does,  in  a  similitude  of  relations. 

f       4.     Solution  of  Linear  Equati<ms  with  constant  Coe^kitM, 

If  the  equation  (t —  trlM=Xbe  given,  -we  have 

but,  the  known  general  solution  of  the  given  equation  being 


^  =  £"je-°'Xdj 


..M 


an  arbitrary  constant  being  introduced  by  the  iutegratioo  m 
the  second  member. 


K  X  =  0,  webave 


U  V 


-«j^=^" 

e  shall  have  occasion  to  refer  to. 


...» 


ft}*'  'WITH  COHSTAHT  COEFFICIENTS. 

■     Now  suppose  the  given  equation  to  be 


WQ,  on  separating  the  symbols, 


{|.-(-^) 


"-(&-')  (a 


X.. 


..(19). 


..(20). 


imparing  this  with  (19)  we  see  that,  in  inverting  a  ayatem 
oBed  of  two  operations  performed  in  succession,  the  order 
e  operations  themselves  is  inverted.  This  is  evidently 
whatever  may  be  the  number  of  successive  operations, 
ist  to  be  performed  being  always  the  firet  to  be  inverted. 
)jn  (20)  we  might  deduce  the  actual  value  of  w  by  suc- 
■e  applications  of  (17).  Such  was  the  method  once  em- 
d.     But  it  is  better  to  proceed  as  follows. 

om  (19)  we  have 


[\dx 


'){i-^f-- 


,.(21). 
by  the  known  theory  of  the  decomposition  of  rational 


l(».-o)(m-S)r.»,(»-a)-  +  A-,(m-{)-...(22), 

f.  being  functions  of  a  and  b,  which  may  be  determined 
iTious  ways,  hut  most  directly  by  multiplying  both  sides 
e  (Kjuation  by  (vi  —  a)  (m  - b),  and  equating coefGcients, 
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Now  the  snggested  transformation  of  the  expresMoa  f«  t 
given  in  (21)  is 

Aud,  from  the  very  definition  of  inverse  forma,  the  propertest 
of  the  validity  of  this  transformation  is,  that  the  perforraaaceof 

the  direct  operation  I-j ")  ( j 6  loutheaeconilinemlw 

shall  reduce  it  to  X 

Effecting  this  operationj  and  remembering  in  so  ^oingtiat 

', —  oaod-, —  b  are  commutative,  and  that  by  definitiffl 
dx  ax 

[- a  ]  {-, a\  X=  X,  the  secoDd  meml>er  becomes 


{N^  +  JVJ  ^  -  (6^;  +  aiYJ  X . . 


-m 


and  this  reduces  to  X  if 

iv;+A;=o,   6.v.+aiv;=-i [25]. 

But  these  equations  for  the  determination  of  N^  and  !f,  W 
the  same,  and  necessarily  the  same,  as  we  should  have  found 
by  multiplying,  as  above  indicated,  (22),  by  (m  — a)  («-(]■ 
and  equating  coefficients.     The  two  series  of  operationa  osij 

I   differ  in  that  j-  occupies  in  Die  one  the  place  which  m  Ott*" 

pies  in  the  other.     Determining  JV^,  JN'^,  we  see  that  HiuJ 
be  expressed  in  the  form 


-i^6E-»r^-(i-'H- 


..» 


WITH  CONSTANT   COEFFICIENTS. 


^nce,  by  (17), 


."[.-"JA;}.. 


■•-(27), 


lul  as,  on  effecting  tbe  iategrations,  two  arbitrary  constants  I 
[ill  be  introduced,  this  is  the  most  general  value  of  u, 

..  5.     In  like  manner  if  there  be  given  the  general  linet 
ifferential  t^quation  with  constant  coefficients 

(£+^.f-+^.£i-+^-)»=^ p* 

Bdif  wa  represent  by  ti,,a,,...a,tbe  roots,  supposed  alldif*] 
sreut,  of  the  aigebraic  equation 

I  m'  +  A,m'''  +  A^m''~'  ...+A.  =  0 (29), 

len  the  given  equation  may  be  expressed  in  the  form 

fhence 

■(^.  (i-".r+^.(i-«.)"-+^.(i--)>'- M. 

pe  decomposition  in  the  second  member  formally  r 

it  of  the  rational  fraction. 
I  If  the  equation  (29)  have  r  roots  equal  to  a,  there  will  I 

'  t  in  the  resolved  expression  for  u  a  series  of  terms  of  the  ] 


+N,, 


.dx 


--(i-)> 


..(31), 


'  Tills  theotem  was  firat  publiahed  in  the  Cambridge  Mathematical  Jour- 
j*  (111  BBrieB,  Vol.  n.  p.  114],  ia  a  memoir  written  by  the  late  D.  F.  OrBgory, 
Ita  BdltoT  ot  the  JooTDal,  Iroia  notes  famislied  by  the  Buthor  of  thu  work, 
•■»•*  nuns  tho  memoir  bearB.  Tho  iUnatraliona  were  mpplieJ  by  Mr 
nCDiy.  lu  montiooing  these  ciroumBtanccs  the  anCbar  recalls  to  mamoiy 
■ri«t  but  TiUtied  (riendBhip.  [See  a  note  on  page  lOS  o(  Boole's  Finite  IMJ. 
iTewM,  1860.J 
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or,  which  is  preferable,  a  single  term  of  the  fonn 

A,  B,..,R  being  detenmnate  coostants. 
Now  since,  by  (17),  (^  -  «)  ^=  e^je^Xdx; 

therefore         (^  -  aVx = (^  -  aj^^je^ldx 

=  e"  jje-^Xda?. 
Proceeding  thus,  we  have 

(~-ayX=e'"j...e-"Xd3r {% 

This  equation  gives,  on  decomposing  the  complex  opent* 
performed  on  y, 

therefore        ,=  |(^  4- 2)^(^4- 1)  (£ -l)}'x 

Now  — J— __  =  i!!^±lL ^+J' 

(m+2)''(m+l)(»j-l)      9(m+2)»     2  (m+1)  "^  18{)»-1. 
Therefore 


Ex.  2.     Given  ^+i»V=X 


<P 


Here  ti  =  (^+ii«J  X 

Now  i^'  +  nT=^J^_^^ [{—- ^'(-l)^->+»•^•(-l)n. 

But        €-V(-"/€-«VH)Xdi 

••{coBfiaj+V(— l)8inna;}]|cosfia;X(ir  — V(— l)/sui»«  J<i»  f 

•  {cos  naj—V(— 1)  sin na:]-!  |cosna:X(iF  +  V(— l)|sinna;Xdx[, 
I,  on  substitution  and  reduction, 

-it 
«1 

6.      When  the  second  member  X  is  a  rational  and  inte^fral 
Ibnctioii  of  X,  the  final  integration  may  be  avoided.    For, 

inting  the  pven  equation  in  the  form  f.(-f)^  =  ■^+  0, 

"""''  -Ks^-Ws)r° • '»*)■ 

^  imrticular  value  of  the  first  term  will  be  obtained  by  de- 
felopisfi^  V  (i7")l'    ^^  ascending  powers  (so  to  speak)  of  -,  , 

ynd  ihen  performing  the  differentiations  on  X,  while  tho 
value  of  the  second  term  will  introduce  the  requisito 
of  arbitrary  constants. 


u  ^-ismnxj  cosnx  Xdx  —  cos  na:  I  sin  nx  XdxY . 
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(£--)■ 


+  C7,  COS  na;  +  O,  ain  raa; 
=  n"*  (1  +  a;  +  a:*)  —  2«"*  +  <7,  cos  naj  +  Cj  sin  nx. 


The  validity  of  the  transformation  of  the  inverse  font  I 
I  j-j  +  »')  Ijy  development,  as  of  its  other  transformation  byl 
decomposition^  is  tested  by  performing  on  the  result  tlie  direct  I 
operation  ,-,  +  n'.     We  take  occafiion  to  notice  that  different  I 

tranaformations,  while  equally  valid,  do  not  of  necessity  coa- 1 
duct  ns  to  solutions  equally  general,  nor  have  we  any  right  to  I 
expect  that  they  should.  Each  solution  is  an  answer  to  tbe  I 
question  contained  in  the  given  inverse  form,  but  that  question  I 
may  admit  of  different  answers,  and  no  solution  is 
which  does  not  include  them  all. 

The  final  integrations  may  also  be  avoided  when  X  conali 
of  a  series  of  exponentials  of  the  form  ^  with  coefBciei 
which  are  either  constants,  or  rational  and  integral  fimctiona| 


Since  f 


=  Mi"e"",  we  have,  for  all  interpve  table  forn 


of /[  J-),  the  relation 


{dx, 


f(£) 


=/(»)•■ 


.(35), 


the  second  member  expressing  the  complete,  because  the  onljj 
valueof  the  first  member  when /[j-l  is  rational  and  id 


we 
as 
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et  particular  value  of  the  first  member  when  /  (-r- ]  is 
rse,  the  test  being  as  before. 

jnce,  if  the  given  equation  be /( -r-l  w  =  ^A^e^',  we  have 

=  S^.{/(m)re~+|/(^)}"0 (36). 

3Cond  term  introducing  the  requisite  number  of  arbitrary 
onta 

•ain,  if,  in  any  expression  of  the  form  fi-j-j  e'^X, 

^rt  -^  into  ;p  +  ^  >  where  j-  operates  on  x  only 

ined  in  e^,  and  -~  operates  on  x  only  as  contained  in  X, 

=/(m+^)6~'X,by(35) 

3,   dropping  the  suffix  which  is  no  longer  necessary, 
X  alone  follows  the  operative  symbol,  we  have 

/(|)^X-^/(^+».)x (37). 

L  therefore  X  is  a  rational  and  integral  function  of  x,  a 
^llar  value  of  the  first  member  may  be  found  from  the 
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second,  by  developing  the  functional  symbol  and  efifecting  the 
diflferentiations.  And  that  particular  value  may  be  made 
general,  as  in  the  following  example. 

Ex.    GivenS-3f^  +  2t^  =  a:€^. 
oar        ax 

KTO-l)(m-2)     [{m-l){m-2)Ydx^     ) 

+  C/  +  Cf 

^e'^ (2m- 3)6'"       ,  ^y^  ,    pj. 

~  {m-l){m- 2)      {{m - l)(m - 2)}" "*"  ^'    "^  ^'^  ' 

•  ■ 

Again,  the  theorem  (37)  relieves  us  from  any  difficulty  arising 
from  cases  of  failure  referred  to  in  Chap.  ix.  Art.  9. 


Ex.     Given      (^  -  aj  u  =  e"*. 


Here  «  =  (£-a)^---'(^J    1  by  (37) 

When  the  second  member  X  involves  terms  of  the  foni 
AcosmXy  BsinmXy  &c.,  we  may  either  substitute  for  then 
their  exponential  values,  or  we  may  employ  directly  the  easil; 
demonstrated  theorem 


KS) 


(?*  \  sm  ^ ,       «.  sm 

mx  =  f  (—  m)       mx. 
cos  "^  ^       .  cos 
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Ex.    Given  -,-j  +  n*i*  =  2a«cos(wa;  + J). 

^  +  n'J    2a^cos(wia;  +  J)  +  f^a  +  nM    0 
^  a-,  cos  (ma?  +  &)      /^  ,  n   - 


71   —  Wl 


In  this  example,  however,  the  failing  case  which  presents 
itself  when  m  =  n,  is  most  simply,  though  not  most  satis- 
fSfiU^rily,  treated  by  the  methods  of  Chap.  ix.  Art.  11. 

The  reduction  of  an  integral  of  the  n^  order  by  the  fore- 
going theory  is  not  devoid  of  elegance. 

We  have 

Now  let  X  =  6*,  then 

dX      J  die 
dx~^   Id' 


d*X 


--'i^-'f^-^d-OdV'^^^^^- 


Z-.-«*(^^-„  +  l)(|-„  +  2)..4x...(38), 


i- 


da? 
Proceeding  thus,  we  have 

•ad  therefore  the  operation  denoted  by  In- 1  >  and  the  com- 
poood  operation  denoted  by 

•-(l-+>)(|-»+^)-s- 

tf6  alMoluiely  equivalent.  Hence  inverting  both,  and  ob^ 
Mnring  that  the  inversion  of  the  latter  involves  the  inversion 
of  tlie  order  of  its  component  symbolsi  we  have 


i 
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=ndj=i){'"""(^^)"'''-t"-''''^"(®r''*l 

-  OTTi^PTjf  ""'/'■^■''■'  "  (»  - 1)^""'/-^''"'^ 

+  ii:z}\ip3  ,.-.J.v.v....±Jav-4 

the  result  i]i  question. 
1        From  (38)  we  have  the  theorem 

I  '  '''d^"dd[dd~V-\dd~'"'^V 

■which  is  important   in   the   transformation    of   differentia 
I  equations. 

I  Forms  purely  symbolical. 

7.     In  any  system  in  which  thought  is  expresseil  by  syBk. 

bob,  the  laws  of  combination  of  the  symbols  are  detemuoH! 

from  the  study  of  the  coiTesponding  operations  in  thoii^ 

But  it  may  be  that  the  latter  are  subject  to  Cf»uJitwMI' 

,  possibility  as  well  as  to  laws  when  possible.    And  thus  it  nu 

[  be  that  two  systems  of  symbols,  differing  in  interpretuioi 

I  may  agree  as  to  thek  formal  laws  whenever  they  both  eipial 

.operations  possible  in  thought,  while  at  the  same  time  that 

may  exist  combinations  which  reaUy  represent  thought  in  t' 

one  but  do  not  in  the  other.     For  instance,  there  exist  for 

k  of  the  functional  symbol/,  for  which  ive  can  attach  a  meani 

I  to  the  expression /'(m),  but  cannot  directly  attach  a  measil 
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the  symbol  fi-j-]-    And  the  question  arises  ;  Does  tl 
ffercDce  restrict  our  freedom  in  the  use  of  that  principle  I 
pich  permits  us  to  treat  expressions  of  the  formyf-j-J  as  if  I 

■Wffla  a  symhol  of  quantity  ?     For  instance,  wo  can  attach  I 

\  direct  meaning  to  the  expression  e  ^/(ib),  but  if  we  de-l 
fdope  the  exponential  as  if  -^  were  quantitative,  we  have 


=f{x  +  h)  by  Taylor's  theorem. 

(fl  permitted,  on  the  above  principle,  to  make  u 
(lie  language ;  always  supposing  that  we  can,  by  the 
otiuuod  application  of  the  same  principle,  obtain  a  final 
lult  of  intcrpretable  form? 

Now  all  special  instances  point  to  the  conclusion  that  this 
permis^bte,  and  seem  to  indicate,  as  a  general  principle,  that 
*  mere  processes  of  symbolical  reasoning  are  independent  of 
conditions  of  their  interpretation.  In  the  few  instances 
may  have  occasion  to  employ,  verification  will  be  easy. 
Te  take  occasion  to  notice  that,  whatever  view  may  be  taken 
'tiiis  principle,  whether  it  be  contemplated  as  belonging  to 
m  of  «  priori  truth,  or  whether  it  be  regarded  as  a 
UeniUzatiou  from  experience,  it  would  be  an  error  to  regard 
U  in  any  peculiar  sense  a  mathematical  principle.  It 
tims  a  place  among  the  general  rehitiona  of  Thought  and 
mguage. 

9  principle  above  stated  we  should  have 


*/(».j)-«'-<*/C^.s) 

-fl,x  +  h,3-Hi]. 


J 
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^d        d 


And  here,  the  expression  e  *«+*<«r^  which  is  without  mea 
in  itself,  is  to  be  regarded  simply  as  the  representative  rft 
expression 

which  has  meaning.  And  the  proper  test  of  the  yalidi^' 
the  symbolic  equation 


consists  in  substituting  for  each  exponential  form  the  «< 
it  represents,  and  comparing  the  finally  developed  reafc 
just  as  we  should,  by  developing  the  exponentials,  veii^i 
algebraic  equation,  | 


^m+tn  __  Jkm  Jbt 


It  must  be  noted  that  -7-  and  -5-  are  commutative,  ■ 

ctx  ay 

combine,  in  all  respects,  like  symbols  of  quantity.  Wei 

4-—  —  (L 

not  permitted  to  write  €*<**  =  ^^^  because  x  and -r^'^ 
commutative. 

8.     The  above  principle  is  illustrated  in  the  soluto' 
the  following  partial  diflferential  equations. 

Ex.     Given  ^-a"^=^(a?,y). 

=(-ir{(i-ir-(i-i)><-' 
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he  forms  of  'I",  and  "Jij  being  given  by  tlie  equations 

i»  {y)  and  ;^  {y)  being  arbitrary  functions  of  y. 
If  ^  {x,  y)  =  0,  we  hence  find 


"4/f 


■^{y  +  ax)-x{y-ax)\ 


~j^(y)dyhy 


^i  {y)'  3Jid : 


-Jx(s)dy 


6(y}. 


=  i/r.  (y  +  ax)+x,(i/-aa;). 


_^  and  x  ^e  arbitrary,  t/t^  and  ^  are  so  too.     Thia  agrees 
ritli  the  result  on  p.  S70. 

Ex.     Given  t^  +  t-,  +  xi  =  <*■ 
did'     dy'     az* 

"W^e  may  put  tMa  in  the  form  j--^  +  aw  =  0,  where  a  stands 

r    j-j  +  -T", ,  and  integrate  with,  respect  to  a;,  as  if  a  were  a 

instaat  quantity,     Eemembering  that  the  two  arbitrary  con- 
of  the  complete  integral  must  then  be  replaced  by  two 


'bitrary  functions  of  y,  z,  we  get  the  symbolical  solution 


and  replacing 
new  arbitrary  function  x  (y>  ^)'  ^'■^  ^'^^^ 


Developing  the  cosine  and  the  s 


0EIirEIlAXIZATI<»T  OP  THE 


Under  this  form,  the  solution  is  presented  by  LagrangcfflB 
M^canigue  Analytlque,  Tom.  u.  p.  320, 


GeTieralizatian  of  the  foregoing  theory- 

9.     All  equations,   whatsoever   their  nature  or  M 
which  are  expreasible  in  the  form 


(■7r"  +  ^.7r-'  +  ^.7r"-'...+^.)«.=  X H] 

where  tf  ia  an  operative  symhol  subject  to  the  laws 

7rOU  =  «7m,      TT  (U  +  v)  =  TTU  4- TTtf,      7r"w'u=iT'"i'i 

a  being  a  constant  and  w  and  v  functions  of  x,  adnutaft 
formations  analogous  to  those  of  Art,  5. 

Thus,  since  w=  (-k" +  A,-n^'' +  Ay^.-.  +  A^y^X 

■we  shall  have,  when  the  roots  a,,  «,,...«,  of  the  «bI 
equation 

are  real  and  unequal,  the  transformation 

u  =  ^;(7r-o,)-'X+A;(7r-«.)-'Z...+iV„{7r-(i,)''J-' 

the  coefficients  JV^,  N^i-.-N^  being  determined  as  in  Art* 


The  fe^id'mnc!/ of  this  transformation  Is  proved  by  op^ 
on  both  sides  of  (2)  -mth  tt"  +  Jl,7r"^ . .. +.4,,  aod  ^ 
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408:4 


At  (1)  is  reproduced  with  the  same  conditions  for  deter- 
initig  N ,  N^, ...  W,  as  if  TT  were  a  symbol  of  quantity.  But 
(B  question  of  its  completeness,  of  its  conducting,  through  the 
ffformance  of  the  inverse  operations  (tt  —  Oj)"',  &c.,  to  the 
Dst  general  solution  of  (1),  ie  one  that  we  are  not  called  upon 
■  determine  a  priori.  In  all  the  cases  we  shall  have  to  con- 
ler,  its  completeness  will  be  obvious. 


Ex. 


The    equation  ~-(2a:  +  l)^+ (ar'  + a; -1)m  =  0 


reducible  to  the  form  tt  (tt 
ence 


■  1)  «  =  0  where  ti 


K  =  (7r-l)-'0-w"'O, 
Let  {it  ~- 1)"'  0  =  ?/,  then,  since  {tt  —  1)  ^  =  0,  we  have 

if  ■n-"^0  =  s,  WD  find 

!»  „  f 

ix 


Therefore  w  = 

,A  very  interesting  application  of  the  same  theory  to  the 
iDtion  of  partial  differential  equations  is  afforded  by  what 
r  Carmichael  haa  termed  the  index  symbol  of  homogeneous 
hctions.     Cambridge  and  Dublin  Math,  Jovmal,  Vol.  Tl. 

iJ77. 

Since,  if  «,  represent  a  homogeneous  function  of  the  a** 
' — e  of  the  variables  a;,,  ar,,... a;,,  we  have 


■s. 


:+'.-. 


'"d^n 


Mowa  that,  if  we  represent  the  symbol  a-,  - 

Kill  have 
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and  therefore,  in  accordance  with  the  reaaoniag  of  Mi 
and  4, 

/««.-/(")". w 

an  equation  of  which  the  second  membor  espresse*  iba 
plete,  because  ttie  only,  value  of  the  first  member wbijfi 
18  rational  and  integral,  but  a  particular  value  whentlfl 
member  contains  inverse  factors. 


Hence,  if  we  have  any  equation  /(ir)  w  =  X,  where /!^ 
of  the  form  tT  +  A^l^'-'  +  Ay^.. .  +  A^,  and  J  la  a leof 
liomogeneous  functtona  of  the  variables,  suppose 

we  get 

o-i/wi-x+i/wr-o 
-i/wrj.+i/w)-'.T....+i/w!-o 

-|/(a)r'X.  +  l/CJ)]-jL....  +  l/Wl-'0,brl 

To  find  the  value  of  the  last  term,  we  proceed,  as  in 
to  reduce  it  to  a  series  of  terms  of  the  form  j(({T-rf 
t  being  the  number  of  roots  equal  to  a  of  the  equation /("J 
Now  it  may,  by  an  induction  founded  on  successive  ^ 
tiona  of  Lagrange's  method  for  the  solution  of  lineup'' 
differential  equations  of  the  first  order,  be  sheim  thit  | 


(^  -a)-<0  =  «,  tloga:0'-'+i<,  [hgx^y^ 


.».....« 


Wfl,  f„, w„    being   arbitrary    homogeneous   iaiu^ 

iCj,  a;,, ir„  of  the  a*  degree. 

To  this  result  we  may  give  the  Bymmetrical  &nn 

{■JT  -  a)'*0  =  «^'"' +  ii„.lf ". . . + w„ 

L,  M,  &c.  being  logarithraa  of  any  homogeneooa  id 
which  are  not  of  the  degree  0. 

It  remains  to  shew  bow  it  may  be  ascertjuned  wlw^ 
proposed  partial  differential  equation  can  be  reduced  B 
form  /  (tt)  u  =  X, 
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let  T—  represent  3—  as  operating  on  X(  only  as  entering 


t,  and  -J-  only  as  entering  into  tt. 


=  ir',  and  a:,  J-  +ie^-j-+  &c.  = 


easily  seen  then  that  ir  =  tt'  +  tt".    "We  have  therefore 
(tt  —  ir")  M  =  iTK ; 


r")  TTK  .. 


..(C). 


fore  tt"*!* 

la  n",  in  (t7),  operates  on  the  variables  only  as  entering 
r,  which  is  a  homogeneous  function  of  those  variables  of 
rst  degree,  we  may  replace  it  by  unity.  We  have  there- 
t"u  =  {tr  —  1)  Tni.  In  the  same  way  it  may  be  shewn 
jr""«  =  (Tr  — r +  1)  (tt  — r  +  2}  ...ttu.  And  thus  it  is  seen 
any  partial  differential  equation  which  ia  expressible  in 

orm /(-n^u^X,  on  the  hypothesis  that  -j- ,  -3—,  &c. 

.te  on  the  variables  only  as  entering  into  w,  is  reducible 
,e  form  ip{Tr)u  =  X,  iudependently  of  such  restriction. 
rediiction  having  been  effected,  the  solution  can  be  found 
eans  of  (A)  and  (B),  whenever  the  second  member  con- 
cf  one  or  more  homogeneous  functions  of  a;,,  3;,,  ...a;,, 


•     *  (fa- 


"dxdy^ 


=  a!'+y  +  a^. 


lave  {■rr'-nw  +n)v.  =  a?  +  y*-\-a?. 
sfore     {tt  (x  —  1)  -  JiTT  4- 1]  w  =  a:'  +  y"  +  « 


Cx-n)(x-l)« 


='  +  y  +  aj", 


m 
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whence 

_        a^  +  f         ,  a? 


-«)(2-l)^,(3-n)C3-l) 


+  w.  +  i'i 


«„,  V,  denoting  arbitrary  homogeneoas  functions  of  the «( 
n  and  1  respectively. 

10.  We  may,  by  simple  transformationB,  redusM' 
above  case  various  other  classes  of  equations  difiaiiijt 
the  above  only  as  to  the  form  of  w;  e.g.  thedassis'i 

•JT  =  ajCe^-r-  +a^,;j— •..  +  a,^,  J— ;  but,  passing  oW 
special  forms,  we  shall  consider  the  general  equatioD/(ff)* 
■where 

,.x,^+x.^...+X.J-, 

'  ax^       '  ax,  dx„ 

and  each  of  the  coefficients  X^,  X„...X^,  as  weUs^X' 
be  any  function  whatever  of  the  independent  varinbla 
we  design  to  shew,  first,  how  it  may  be  determined  "rii* 
given  equation  aiimits  of  reduction  to  the  more  geiieW' 
above  proposed;  secondly,  how,  then,  to  integrate  it. 

Suppose  tlie  given  equation  of  the  n'"  order;  tb* 
symbohcal  form  in  question,  should  the  proposed  reducM 
possible,  wUl  be 


Now  the  highest  differential  coefficients  ia  the  g^ven  ^ 
will  arise  solely  from  the  symbol  ir",  and  the  terms  is"- 
they  occur  will  enable  us  to  determine  the  form  of  »r.  " 
for  two  variables,  we  have 


K+^|)° 


A^%--%' 


(?S+^1 


whicn  the  terms  containme  -j-i,  ,    ,  ,  ^-j  are  the  same 
°  dir   dxdy    ay 

they  would  be,  if,  in  the  first  member,  -7- ,  -y-  were  eym- 

ds   of  quantity.     And  this  law  is  general  for  the  highest 
ifFerential  coemcients. 

Again,  the  form  of  tt  being  deterrdined,  the  values   of 

A^, ...  will,  whenever  the  proposed  reduction  is  possible, 

found  by  effecting  the   operatious  implied  in  the   first 

ember  of  (4),  and  comparing  with  the  first  member  of  the 

[nation  given. 

Suppose  the  equation  reduced  to  the  form  (4).     Then,  if 
auxiliary  equation 


m""'+J,TO"^...+^,: 


>ve  Its  roots  all  unequal,  we  have  a  series  of  terms  of  the 
no  (ir  —  o)~'X;  and  each  such  term  involves  the  solution  of 
partial  differential  equation  of  the  first  order  of  the  form 

ut,  if  the  auxiliary  equation  (5)  have  equal  roots,  partial 
fferential  equations  of  higher  orders  will  present  themselves, 
e  deem  it  therefore  important  to  shew  how  this  difficulty 
By  be  avoided,  or,  to  apeak  more  precisely,  how  its  solution 
By  be  made  to  flow  from  that  of  the  corresponding  case  of 
lear  differential  equations  with  constant  coefficients. 

Introduce  a  new  system  of  independent  variables  y,,y„,..y,, 

r  conditioned  as  to  give  ■7r=  t—  .    To  prove  that  such  a  eys- 

exists,  and  to  discover  it,  let  us  assume  y^,  y„...y^,  in 
tccession,  as  subjects  of  the  above  symbolical  equation,  and 
Amine  whether  the  results  arc  consistent.  And  first,  assum- 
g  y,  as  subject,  we  have 

X,^+Z,f^' +J.$'=i («)• 


0EI3!BAI.IZATI0N  OF  IKE 


Secondly,  assuming  y„  representative  of  any  of  tbe  Teman- 
log  variables  y^,  y^, ...  y„,  as  subject,  we  have  tbe  eqtiation 


+x. 


■■0). 


lb. 

It  follows  from  tbe  above  tbat,  if  we  integrate  the  aualinj 
dfB,     dx,  dx,  ... 

x^'X-^x: ''■ 

the  values  of  y,,  Jfs,...yn  will  he  the  first  members  di 

integrals  of  that  system  expressed  in  the  form 

y.  =  a..  J^  =  «.■■■?,.  =  o- (9)- 

And  it  follows  from  (6}  that  if,  from  the  system 

dx,     dx,  dx^      ,  „., 

3f-5^--  =  27-*' m 

■difFering  from  (8)  only  in  tbat  it  contains  one  additionaln 
her  dy^,  we  deduce  an  additional  integral  equation  connectil 
y,  with  the  original  variables  x^,  as,,  ...35„,  that  equation T; 
give  the  value  of  y^.  We  see  that  tbe  number  of  distin 
auxiliary  equations  is  precisely  equal  to  the  number  of  qua 
tities  to  be  determined,  so  tbat  the  scheme  is  a  cousistentoi 
The  solution  of  the  problem  is  therefore  virtually  depcwJe 
on  the  partial  differential  equation  (C),  from  the  auxilia 
system  of  which,  {10),  it  suffices  to  deduce  n  integrals,  oi 
expressing  y^  in  terms  of  a;,,  x,, ...  a,,  tbe  others  detemiinii 
yi.  Ji.  ■■■  2/«i  as  functions  of  3!„  a^,  ...a!„,  in  tbe  forms  (9), 
the  arbitrary  constant  in  the  value  of  y,  we  may  give  a 
value  we  please. 

,    Introducing  the  new  variables,  the  equation  given  now 
sumes  tbe  form 


/(^)«=*Cy..3'.,...yJ. 


which  must  be  integrated  as  if  M  and  y,  were  the  only  .  _ 
bles,  an  arbitrary  ftuiction  of  y^,  y^, ...  y„  being  introduced 
the  place  of  an  arbitrary  constant,  finally,  we  must  resi 
■'"  "  ■■Jn  their  values  in  terms  of  ic,,  x^,  ...a^. 


rOREPOING  THBOBT. 


«.    Given  (l-»^)'||  +  2(I-««)(l-«2,)|^ 

«  ti  a^U      _     „         -,  du       .  „   o  ,  ait        „ 

■Cl-=^)^-2a;(l-!c')^-(a!4-3»-2a;V)^  +  n'«  =  0. 

.ere,  the  form  of  the  firat  three  terms  shews  that  wo  must 
J  IT  =  (1  —  cb")  -J-  +  (1  —  xy)  ■-,- ,  and  the  equation  assumes 

form 

(7r'+«')»  =  0. 

0  avoid  the  difficulty  arising  from  the  imaginaiy  factors 
'*+n*j  let  us  assume  two  dqw  variables,  x  and  y',  such 

■we  may  have  7r=  -r-, .     Then  ty  (10) 

l-flT*        1-XlJ 

SBpondiug  to  which  we  have  tiie  integral  systems 


v(i-^)   "■  ■"   "*VV 

T^^l 

'"   ' 

oe,  if  we  assume 

^-'»V(i^:)'  '■= 

y- 

X 

"W^ 

^' 

et  the  transformed  equation 

(£.-•)"-= 

fore          «  =  cos  nx'<^  {>/)  +  sin  ni 

'■•yw 

, 

■storing  to  x'  and  y'  theu-  values, 

»— {"■V(m' 

=^ 

H     *AnUo,.J(\±H. 

(•* 

■JC 

i^va-^)' 
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exercises/ 

«      .      • 

3.    Determine  the  solution  ai  the  above  equation  wh( 

m  =  2. 

^'    ^  +  ^^  +  2«  =  coswc. 

6.    Solve  the  equation  (^ —  a\  t*  =  cos  mar. 

In  the  abova dzample  it  will  be  most  cohyen^ent  to  proceed  thus: 
fd     f\-*  fd       \-*« 


n 

■cosmiB+c** 


7.    Solve  the  equation  ( ^ —  a  1  %  =  e"  cos  mao, 

Q     ^^'^  .  o       cP«^    ,    i^^       /   du  ,     du       \     ^ 

9.   «^^  +  2a2^^^+3^^=(«?+y^'.  :- 


10,  Solve,  by  the  method  of  Art.  10,  the  equation 

11.  The  solution  of  any  equation  of  the  form 

xoay  be  reduced  to  that  of  two  linear  equations  of  the  first 
order. 


(  412  )  [mm 


CHAPTER  SVII. 

SYMBOLICAL  METHODS,  CONTUrtlED. 

,       1.     The  classes  of  equations  considered  in  the  last  Aapkr 
I  might  all  be  gathered  up  into  the  one  larger  clasa  repi^ 


I   seated  by 


/(-: 


r  being  a  synibol  combining  with  constant  qnantitles  as  if 
it  were  itself  a  ajmhol  of  quantity.  But  linear  difFerentid 
equations  do  not,  except  under  particular  conditions,  ndnBi 
of  expression  in  this  form.  T^ose  which  are  of  the  ordiruuT 
Bpeciea  involve  in  their  general  expression  two  symbols,  x  ana 


1  combination  on  the  sought  and  dependent 
no  substituted  form  of  Buch  equations  it 


■j-,  operating 

variable  y;   a 

general  which  introduces  fewer  than  two  symbols  in  the  plflffl 

of  X  and  -,- .     We  propose  in  this  chapter  to  employ  a, 

formation  which  is  general,  and  which  is  adapted  in  a  vei; 
remarkable  degree  to  the  development  of  general  methods 
solution.  A  somewhat  fiiller  account  of  it  will  be  found 
a  memoir  on  a  General  Method  in  Analysis  (Philosopkiai 
Transiictions  for  1R44,  Part  li.).  Other  principles  and  othi 
methods  will  also  be  noticed, 

The  following  theorems,  demonstrated  in  Chap,  svi, 
frequently  recur. 


If  a 


if  -Jj,  be  represented  by  D,  then 


a.-^:  =  D(2)-l)...(a-»+l)» (Ill 

while  the  relations  connecting  -ig  and  ^  become 
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f{D)^-^=f{m)^^ (2), 

f{p)^u  =  e^'>f{D  +  m)u (3). 

The  latter  of  these  relations  enables  us  to  transfer  the  ex- 
onential  e^  froni  one  side  of  the  espresaioii/(i?)  to  the  other, 
J  changing  D  into  D  ±m,  according  as  the  transference  ia 

)m  right  to  left  or  from  left  to  right.     Thus,  as  anotlier  form 

(3j,  we  should  have 

t^f{p)u=f{D-vi)6-^v, (4). 

It  is  an  immediate  consequence  of  the  above  theorem  that 
wry  linear  differential  eq'uation  which  can  be  expressed  in 
form, 

Hi3!-Vc^...)^^-¥{a'+h'x--rda?...)^,  +  &<i.  =  X...{5\ 

Be  reduced  to  the  symbolical  form, 

f,{D)u^f,{D)i'u^f^{D)^u  +  Sic.  =  T ((J), 

jftere  T  is  a  function  of  9. 

For  multiplying  the  given  equation  by  x",  and  assuming 
■«■,  the  first  terra  of  the  left-hand  member  becomes,  by  (1), 

{a->rb^-\-c^  +  kc.)D{p-l)  ...{D-n  +  r)u, 

4  this  18  reducible,  by  (4),  to  the  form 

\D{I}'\)...{D~n^l)u  +  h(,D-l){D-2)...{D-n)^u. 

+  c(-D-2)(Z)-3)...C2>-n-l)e^M  +  &c., 

term  of  which  is  of  the  general  form  ^  (D)  e%.  The 
ther  terms  of  the  first  member  of  (5)  admitting  of  a  similar 
iduction,  while  the  second  member  Ijecomes  a  function  of  6, 
le  equation  itself  assumes  the  symbolical  form  (ti). 


Given  t— ,  —  n*!t  =  0. 


Ex.  1. 

Mttltiplying  by  t^,  and  transforming  as  above,  we  get 


D{D-\)u-u^^K  =  0. 
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I,  t^'*  , 


du 


-^(e-). 


Ex.  2.     Given  (l  +  ffic") -^  +  02:^- ±)iV=i^  (a:), 

Multiplying  by  a;*,  we  have,  by  (1), 

(1  +  a^  D(D-l)u  +  a^2)u±n 

But 

^>D{D-l)u  =  {D-2){D-3)e^'>u;  and  ^l)u=(.D-i)^ 

whence,  substituting,  and  collecting  together  terms  like  vritii 
respect  to  the  exponentials,  we  have 

D  {D-1)  u+  [a  [D  -  2)'+  n'j  ^u  =  ^^  {^) 
as  the  symbolical  form. 

To  return  from  the  Byinbolical  to  the  ordinary  form  o(l 
differential  equation,  we  must,  by  (3),  transfer  the  exponentiik 
to  the  left  of  each  symbolic  function /■{/>),  convert  the  laiWi 
into  a  series  of  factorials  of  the  form  Z>  (i)  —  1)  ...  (i)  — n-j-l), 
and  then  apply  the  transformation  (1). 

Ex.3.     Giveni)(O-l)w  +  i>(l>+l)e«!(  =  0. 
We  have  in  succession, 


,(fu 


.d*!* 


du  . 


-,  +  a:  (ic'  -5-,  +  43!  -,--  +  2m)  =  0. 
'        ^    ax  ax 


Therefore,  dividing  by  a. 


'da:* 


dx' 


-  2w  =  0. 


A  symbolical  equation  which  has  only  two  terras  in  its  I 
member  may  be  termed  a  binomial  equation ;  one  which 
three  terms  a  trinomial  equation,  and  ao  on.  We  may  detfi 
mine  by  inspection  to  which  of  these  classes  an  ordini) 
differential  equation  is  reducible.  For  multiplying  it  by 
a  power  of  a  as  to  permit  its  expression  in  the  form 


Ax' 


^ODS,    CONTTKUED. 


fiere  A,  S,  &c.  are  algebraic  poljnomiala  with  respect  to  x, 
he  number  of  distinct  powers  of  x  involved  in  those  polyno- 
lials  will  determine  the  number  of  terms  in  the  reduced 
pnbolical  equation. 

Ex,  4,     Thus  the  equation 


ting  expressed  in  the  form 

is  seen  that  its  symbolical  form  will  be  trinomial^  since 
&  terms  within  the  brackets  involve  x  in  the  degrees  0, 
and  2. 
[See  the  Supplementary  Volume,  Chapter  sxx.  Art.  1.] 


Finite  solutioti  of  differential  etj[uaiions  expressed  in 
the  symbolical  form. 

I.    If  we  affect  both  sides  of  the  symbolical  equation  (6) 
lith  [/oCD))"*,  then  for  f.iDVfiD)  write  ^,(D)  &c.  and  for 
^.(Zt)]"'!*  write  U,  we  shall  have 
«  +  ^.(i))e*u  +  .^,C0)€^w...+<^.(-Z))€^«=?7 (7); 

id  under  thia  form  the  equation  will  be  discussed  in  the  fol- 
nring  section. 

Pbop,  L     Tlie  equation 

+  a,<t>{D)^,i  +  a,<f>(D)4>{D-l)^^>i... 

+  a,0(7))0(i>-l)...^(i)-n  +  l)e"»»=J7'...  (8) 

tjetolved  into  a  system,  of  equations  oftliefomi 
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the  values  of  q  being  determined  hy  the  equaiim 

2*  +  «i2*~^  +  ^aJ*"*  • . .  +  Oil  s=  0. 

For 

and  in  general 

So  that,  if  we  represent  the  symbol  ^  (2?)  ^  by  p,  the  ^ 
in  question  becomes 

therefore  w  ==  (1  +  a^p  +  a^p' . . .  +  a^*)"^  U 

provided  that  j^,  j^.-jn  are  roots  of  the  equation 

2*  +  a,2""^  +  a,2*'*...+ai,=  0, 

*  and  that  N^y  N^^.-N^  are  of  the  forms 

_  n-l 

K^  ^ 


(?i-3.)(2'i-?»)— (?i-3-) 


A 


Let  (1  -  j,p)"'  Z7=  i^„    (1  -  2^)-'  Z7=  te„  and  so  od, 

where,  in  general,  Ui  is  given  by  the  solution  of  the  eqw 

Ui-qi<l>{D)^Ui=U P 

The  solution  of  the  general  equation  (8)  is  therefore  dej^ 
on  that  of  the  binomial  equation  (9). 

When  (j)  (D)  is  of  the  form  D~'  the  equation  (8)  coneS| 
to  the  ordinary  linear  differential  equation  with  conste* 
efficients. 
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Thus  the  equation  t^-^  .^_     6^^^  =  0,  which  may  he 

nte^ated  hy  the  above  process,  is  only  the  symbolical  form 

d  u 
if  the   equation  ^-j  —  jV  =  0  (see  Ex.  1) ;  and  its  solution, 

sxpressed  in  terms  of  x,  is 

In  like  manner  the  equation  u  +     ^ — -r  e^u  =  0  has  for 

te  Bolution,  expressed  in  terms  of  x, 

t«  =  (7  cos  jic  +  C  sin  qx. 

Sut,  "when  ^  {JD)  is  not  of  the  form  D"\  the  equation  (8) 
iHll  represent  an  ordinary  equation  with  variable  coeflScients. 

Ex.  6.     Given 

The  symbolical  form  of  this  equation  is 
(2>+l)(i)  +  2)w-3(Z)  +  l)(2>-2)€*z^ 

+  2(Z)-2)(Z)-3)€%  =  a6'^, 


ae^ 


t* 


_35::|^«+2l5ii|i(5^^«=,-.- 


•.patting        ;d:p2^  =  '''    (n+2)(n  +  l)  =  ^' 

(i-3p+2p')M=r. 

1  rp_  (       2        .  1     \  y 

**"l-3/>  +  2p»         U-2/J     !-/>/ 

«2«i-w, (a), 

^        B.ixk  27 
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From  the  former  we  have  I 

2)  —  2  d^ 

(l-2p)«.  =  T,  or  „,^2^-p^e««,  =  ^j^:j^^j^, 

whence-         (Z)  +  2)  m,  -  2  (D  -  2)  6»m,  =  ^^— j ; 

and  this  gives  (a;  -  2a^)  ^  +  (2  +  2*)  m.  = -^ (i). 

In  like  maimer  we  find,  for  u^, 

I 

(.-x«)^+(2  +  .)«,  =  ^^. .,(4 

The  values  of  u^  and  w,,  determined  from  (h)  and  (c),  aol 
substituted  in  (a),  will  give  the  complete  solution. 

If  a  =  0,  we  find  u  =  -^-^^ ^—^ — ^ — . 

X 

3.    We  proceed  to  consider  more  fully  the  theory  of  the 
binomial  equation 

u  +  ^{D)e^u=U. (10). 

Prop.  II.     The  equation  u  +  <f>  (D)  e^u  =  Uvrill  he  converUi 
into  V  +  ^(-D  +  w)  €^v  =  V,  by  the  relations 

For  assume  u  =  e^v,  and,  substituting  in  the  original  eqitt 
tion,  we  have 

therefore  e^v  +  e^^  {D  +  n)  e'^v  =  CT,  by  (3), 

v  +  ^{D+n)  e^v  =  €-«^[7. 
Let  Z7=  €*^  F;  then  the  above  becomes 

as  was  to  be  shewn. 

Thus  in  any  binomial  equation  we  can  convert  ^  {D)  iM 
^  (Z)  +  n),  n  being  any  constants 
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lOP.  in.   The  equation  u  +  4>  (^)  ^^^  =  ^  '^^  i^  converted 
V  +  '^{D)  €^v  =^V,by  the  relations, 

e  P,  .  ijJ.  denotes  the  symbolical  product 

(i>{D)4>{D-r)4>{D-2r)... 
f(I))f{I)-r)^lD-2r)...' 

)T,  assume  u=/{D)v,  and,  substituting  in  the  original 
tion,  we  have 

jfore        f(Uf)  v  +  ^  {D)f{D  -  r)  ^v  =  U,  by  (4), 

,^mm^^,^{f^B)ru (n). 

>mpariiig  this  with  the  equation  v  +  i|r(jD)€'^t;=  V,  we 


ce 


ffp-'^-^^in^-^)- 


so  on ;  wherefore  the  value  of  /(D)  will  be  represented 

le  infinite  product  ^(^j^(^_^j^^^_a,j...-    Hence 
becomes 

the  relations 

27—2 


As  this  proposition  is  of  great  importance  in  the  snli 
of  differential  equations,  it  will  be  proper  to  eiraiiwi' 
conditions  which  its   application   involves.    Evidentlj  tlfl 
consist  in  Buch  a  choice  »f  the  form  of  ^jr{D)  aswH' 

the  Hymbolical  product  P,  ^  ^  ^r  finite,  and  the  transfon" 
equation  (11)  integrable. 

t(D)  , 

ficient  that  for  every  elementary  factor  xi^  oocomH 
the  numerator  there  should  correspond  a  similar  B 
X  (/)  ±  iV)  in  the  denominator,  t  being  any  integer  ur  0; 
vice  versa ;  for 

p       Xm         XmX(l>-r)x(D-ir)... 


which  is  a  finite  expression.     Again 

p     xm    -         xmxlB-'-)- 

-xmxi"-')  -XW-V-U 

■which  is  also  finite ;  the  product  of  any  number  of  s^ 
pressioDB  is  finite  also. 

Hence,  if  xi^)  ^^  ^^1  elementary  factor  of  0(i)),ill 
be  converted  into  y (i>  ±  tV) ;  for  let  ^(iJ)  =  x(-^*'* 
and  let  ^{-0)  =x(-^±  »''')  Xi  (-^)>  "herein  ^,(/))denoW< 
product  of  the  remaining  factors,  then 

X-^J     'x(-»±»>)' 

■which  IS  finite.  i 

Hence  also,  if  <p  (D)  involve  any  factor  of  the  form  -aja 

it  may  be  made  to  disappear ;  for  let  ^  {D)  =  — ^^^a'J 
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llet^(-0}  =  ;(;,(i?),thea 


bich  is  finite. 
[See  ttie  Supplementary  Volume,  Chapter  XXX.  Art.  3.] 

4.  We  see,  tben,  that  there  are  two  distinct  kinds  of  trans- 
:mation  to  which  the  Proposition  may  he  applied.  In  the 
Bt  kind  <^(0)  is  converted  into  another  symbolic  function 
{P)  without  any  loss  of  component  factors,  whether  of  nu- 
HSMr  or  of  denominator,  hut  only  with  such  change  as 
^^|b  in  the  conversion  of  D  into  D  ±  ir.  And  here  the 
^^^Hr  the  transformed  equation  is  the  same  as  that  of  the 
HHBm  ^veo,  and,  its  solution  introducing  a  sufficient  num- 
F'of  arbitrary  constants,  no  others  need  to  be  introduced, 
the  prior  determination  of  F  or  in  the  subsequent 
ivation  of  u.     But  in  the  second  species  of  transformation 

le  component  factor  of  t(>{D)  (usually  of  the  form  >jxx 

lore  a  —  b  is  a  multiple  of  r)  is  lost,  and  the  transformed 

lion  being  of  an  onier  lower  tlian  that  of  the  equation 

the  deficient  constants  of  its  solution  must  he  suppUed, 

beforehand  in  the  determination  of  V,  or  subsequently 

the  derivation  of  u.     If  in  the   former,  any  constants, 

fieient    in    number,   introduced   by   the    performance   of 

,^^«;|-   Pwill  serve  the  purpose.     If  in  the  latter,  all 

ti^  „ 

t  be  retained,  but  their  subsequent  relation  must  be  de- 
1  by  means  of  the  differential  equation. 
lie  Supplenientary  Volume,  Chapter  xxx.  Art.  4.] 

ison  why  the  constants  connected  with  the  disap- 
2  fectora  are  arbitrary  in  F  alone,  is,  that  F  enters  into 
other  equation  than  the  one  in  whose  solution  those  con- 
I  Ate  are  found.     If,  however,  the  entire  series  of  constants 
V  be  retained,  they  will  be  reduced  by  the  subsequent 
I  lerentiations  in  passing  to  the  value  of  u. 


constants  introduced  by  the  performance  of  P, 
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All  that  may  seem  obscure  in  the  above  statement  will  be 
made  clear  by  the  following  examples. 

Ex.  6.    Given  ;j-9  +  3*«*"";^  =  0»  ^^  equation  occuraDg 
in  the  theory  of  the  earth's  figure. 

The  symbolical  form  is 

Now  we  may,  by  Prop.  Ill,  directly  reduce  this  equation  to 
the  form 

which,  by  Prop,  i,  is  resolvable  into  two  equations  of  tie 
first  order.  But  it  is  better  to  assume  as  the  transformed 
equation 

«+^cti)^^=« (^)' 

the  solution  of  which  is  known  already.     Art.  2. 
By  Prop.  II,  assuming  u  =  €'^^w,  we  have 

«'  +  i7cJ^^«'  =  « W- 

Again,  by  Prop,  ill,  we  can  pass  from  (c)  to  (b)  by  assumii^ 
Hence       m  =  €-*'(I>-1)  (Z>-3)t> 

on  restoring  x  and  putting  for  v  its  value  in  terms  of  ar. 


5.]       EQTTATIOSS   IK  THE  BTMBOLTCAL   FOHM.  423 

g  the  differentiationa,  we  finil 
■u  =  c  U^g,- q'j  sin  {(IX -i-c')--^ cos  (qx  +  c^ (rf). 

We  might  have  proceeded  directly  from  (a)  to  (6)  by  Prop, 

[J ;  but,  had  we  done  so,  the  final  reductions  would  not  have 

epended  on  differentiationa  atone.    Thus  we  should  have  had 

_p      DjD-l)        _D-\ 

"     ^*{D  +  -2){D--Af     D  +  z" 

=  [1  -  3  (D  +  2)-']  v  =  (l~  3e-^«D-'e^  V 

bence,  restoring  x  and  giving  to  v  its  previous  value,  we 
loald  be  led  to  the  same  solution  as  before. 

S.  The  two  forms  of  solution  above  presented  illustrate  an 
tiportant  observation,  viz.  that  when  in  the  transition  from 
(i>)  to  f^  (/*),  by  Prop.  Ill,  the  reductions  consist  in  aug- 
lenting,  if  we  may  be  allowed  the  expression,  D  in  factors 
f  the  denominator  of  <f>  (Z>),  or  in  diminishing  D  in  factors 
r  the  numerator,  they  will  be  effected  by  differentiationa ; 
■bile  those  reductions  which  consist  in  augmenting  D  in 
ictors  of  the  numerator  of  <j>  (D),  or  diminishing  it  in  factors 
"  the  denominator,  involve  integrations.  And  it  is  one  use 
'  Prop.  II,  that  it  enables  us,  in  many  cases,  so  to  prepare 
le  given  symbolical  equation  that  the  final  reductions  shall 
tpend  on  differentiations. 

Er.  7.  It  is  required  to  determine  the  symbolical  form 
id  character  of  those  differential  equations  of  the  ji""  order, 
iie  solution  of  which  depends  on  that  of  the  equation 

The  symbolical  form  of  this  equation  is 


''~i>(Z>-l}...(^-»  +  l)' 
ihere  V  is  the  symbolical  form  of  [V"J   X,  Le.  the  resi 


nib 
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obtaiaeil  by  writing  e*  for  x  in  the  n""  inteOTal  ^ 
conataiits  being  added  in  the  integration.  TroiB 
of  (a),  it  is  evident  tliftt  the  claBs  of  equations  sc 
on  aueumiiig  a;  =  e*,  be  expressible  in  the  form 


-(i;  +  «J(i;  +  <.J...(i>  +  aj' 


in  which  we  shall  suppose  the  quantities  a„  a,. 
ranged  in  the  order  of  decreasing  magnitude.  Put 
then  by  Prop,  ll, 


a,»l 


- />  C/>  +  o,- a,)...(fl +  a, -aj 


The  first  factor  of  the  denominator  of  (f>  (D)  m  (c) : 
agrees  with  the  first  factor  in  that  of -^(JJ)  in  (a).  In"! 
the  remaining  factors  we  may,  by  Prop.  Ill,  convert  J? 
D  ±  m,  i  being  any  integer, — hence,  that  they  may  ll 
respond  with  the  factors  of  i^(-O),  it  is  necessary  thatew 
the  quantities 


o.-«.  +  l     ffl,-ff|  +  2 


i,+n-I 


should  be  equal  to  a  negative  integer  or  to  0.    Ani** 
statement  the  conditions  of  finite  solution  are  invobed- 


The  value  of  u  will  be  deduced  from  that  of 
tiation,  for  since  o  —  a  <  — 1 


and  80  on  for  the  remaining  factors  to  which  P,  isB' 
apphed. 


Ex.  ( 


Given   -=- 


dx' 


-  M  +  o"«  =  0,   where  i  is 


integer. 

This  equation,  which  includes  that  of  Ex.  6,  presenUiH 
in  various  physical  problems  (Poisaon,  Tkiorie  Matfthiii 
(ie  la  Chalear,  p.  15a,    "SJViKacW^v,  qq  Mof«<Mj[mr  Action,it- 
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Its  symbolical  form  is 
Seiice>  by  the  last  example, 

=  6-*^(Z?-l)(D-3)...(Z?-2i  +  l)t; (S), 

*wliere  v  is  given  by        -r-^  ±  q^v  =  0. 

The  expression  (S)  may  be  reduced  to  a  more  convenient 
tonn,  as  follows. 

[        Since  f{D-a)^  ^f  {D)  e-«*,  we  have 

Hence,  according  as  the  upper  or  lower  sign  is  taken  in  the 
•original  equation,  we  have 

,.-  1    /  .  d  y  c,  cos  ya;  +  c,  sin  y.r  ,, 


"=^-ri^j    o:^--   ('^• 

9.    Given  g-a'^^-i-(*>^^  =  0. 

Cbmparing  this  equation  with  the  last,  we  see  that  its 
■olution  may  be  derived  from  (d)  by  changing  therein  q  into 

It;,  and  Cj,  c,  into  arbitrary  functions  of  y  following  the 

KponentiaLs.    Hence  we  shall  have 
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ox, 


^  dx)  a^^ 


The  reason  why  the  arbitrary  function  ^(y)iniistl)epW 
d 

after  c"^  and  not  before  it,  is  that,  in  the  derivation  of  4 
exemplar  form,  the  arbitrary  constant  takes  its  place  M 
and  not  before  €**. 

For  (a-j)"'o-<-(^ro-^. 

I 

Here  indeed  we  may  transpose  the  constant,  but  when  f< 

converted  into  a  :^  we  have 

dy 


-1  d    ,  J  K-l 


and  here  the  arbitrary  function  cannot  be  transposed,  atf 

y  and  -7-  are  not  commutative. 
^  dy 

The  principle  here  illustrated,  and  which  is  a  veiv* 
portant  one,  is  that  all  conclusions  founded  on  commuiu? 
formal  laws  should  stop  short  of  interpretation.   1^^ 
should  be  kept  distinct  from  the  matter.    There  is  I** 
analogy  between  the  theorems 


but  not  between  the  theorems 

because  in  tlve  fotinaAioTL  of  th.e  latter  interpretation  lia^l 
employed. 
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4»r< 


he  above  example  is  one  ia  which  Monge's  method  of  ' 
tion  would  fail,  except  for  the  particular  case  of  t  =  0. 

this  gives  occasion  to  the  remark  that  sjmbotical  methods 
Qot,  as  they  have  sometimes  been  supposed  to  be,  valuable 

as  abbreviating  the  processes  of  analysis.  There  are  in- 
lerable  cases  in  which  they  afford  the  only  proper  mode 
rocedure. 

X.  10.     Given 


equation  occurs  in  some  researches  of  Poisson  on  definite 
rfois.    The  symbolical  form  is 

-2)(0-> 


equation  ia  integrable  in  seveial  distinct  cases, 
1  examine  liere  the   particular   case  in  wliicli  i 


tsuming  as  the  transformed  equation, 
D  +  ln-i-p 

' zi+]r^'  '-' '*'■ 

jing  necesffary  to  introduce  V  because  the  transformed 
itioQ  is  of  an  order  lower  than  that  of  the  equation  given. 


,D+2, 


-(2)+2n-2)(Z)  +  Sn-4)...(i)  +  2)» (c), 

0-{Zl  +  2n-2)(C  +  2»-4)...{-O  +  2)F. 
le  latter  equation  gives  for  F  the  general  value, 

r-  c.e-"  +  c,.-"...  +tl._,t-l*""', 
lich  it  suffices  to  retain  one  term.     Retaining  tile  first. 


M28 
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'SubBtituting  in  (5),  and  operating  on  both  sides  with  -Dfp, 
we  get 

Restoring  x,  and  integrating,  a  value  of  v  is  found,  involv- 
ing two  arbitrary  constants,  whence  u  will  be  given  by 


" dx"^ ^"'       J\    dx 


-  +  2?!,  - 


+  2)1- 


•K+^)-- 


(4 


The  proposed  equation  is  also  integrable  whenp  is  an  odi 
integer,  and  when  ^n—p  is  an  even  integer.  In  the  fonna 
case  we  may  assume  as  the  transformed  equation, 

(Z?  +  2w-l-p)(.P  +  2w-l-p-l)   ,, 
"  Ci>+i>}CZ>+p-l) 


=  0, 


which  must  be  integrated  by  Prop.  i.  In  the  latter  case  i 
must  assume 

but  in  this  case  two  constants  must  be  retained  in  V;  viz.  o) 
from  each  set  of  the  reducing  operations  by  which  the  feetc 
of  ^  (Z>)  are  made  to  disappear. 

6.  It  will  be  observed  that,  in  the  foregoing  example^. 
we  reduce  the  proposed  symbolical  equation  by  Proposition 
II.  and  HI,  either  directly  to  an  equation  of  the  first  order,  a 
to  a  form  which  by  Prop.  i.  ia  resolvable  into  a  system  q 
eauations  of  the  first  order.  But  there  exist  other  equatioQ 
auraitting  of  finite  solution ;  for  example  such  as  by  Props.  I' 
and  III.  are  reducible  to  either  of  the  primary  forms, 


a{D- 


i°  +  n' 


^.^(J-l)(-P-2)^, 


e='i)  =  0 (13). 

(1*). 

The  fonner  of  these  is  the  symbolical  form  of  the  equatid 


Am.  6.]     EQUATIONS  IN  THE  SYMBOLICAL  FORM.  429 

cPu 
^hich  is  reducible  to  -r^  ±  n^u  =  0,  by  the  assumption 

t 


f da 

iV(l  + 


V(l  +  CO?)  ' 

The  latter  is  the  symbolical  form  of  the  equation 
(a;' +  o)  «' ^  +  (2x*  +  o)  a!  ^  +  «»«  =  0, 

which  is  reducible  to  -i^  +  n'w  =  0,  by  the  assumption 

t  ■    ^ 


'! 


Xfi/{x^  +  a) ' 


Hence,  the  ordinary  solutions  of  (13)  and  (14)  will  be  ob- 
tained by  substituting 

/  —  f       ^  f  _  [       ^^ 

J  ^{l  +  ax')'  Jx^{a?+a)' 

in  the  solution  of  the  equation  -r^  ±  n'u  =  0. 

It  may  be  added  that  the  forms  (13)  and  (14)  are  allied, 
the  one  being  convertible  into  the  other  by  changing  ^  to  —  ^. 

Ex.  11.    Given 

(l-a^)g-(2m  +  l)a:g+(2»-m>  =  0. 

The  symbolical  form  is 

(i>-fm^2)»-g' 

^         i>(Z>-l)      ^"^    "• 

If  we  apply  Prop.  IL  so  as  to  convert  D  into  D-^m,  and 
then  by  rrop.  Iii.  reduce  the  equation  to  the  general  form 
(18),  we  shall  obtain  the  final  solution  in  the  form 
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7.    Pfdff's  Equation,    The  differential  equation, 
(a  +  6a?")aj»^  +  (c  +  6a:-)a;^+(/+flrx*)tt=X K 

which  includes  all  binomial  equations  of  the  second  ^ 
has  been  discussed  by  Euler,  and,  with  greater  generality,!? 
Pfaff  {Disquisitiones  Analyticce).  We  propose  to  investij* 
the  conditions  under  which  it  admits  of  finite  solution. 

It  suffices  for  this  purpose  to  consider  the  case  in  itt 
.Y=0. 

The  symbolical  form  is  then 

"*+  a/>(i>-l)  +  cZ>+/  ^  """ ' 

If  n  is  not  equal  to  2,  it  is  convenient  to  change  theinit 
pendent  variable  by  assuming  n6  =  26",  whence 

d      n   d 

dO^lW' 

So  that  changing  nO  into  20',  we  must  change  D  into^* 
The  result  may  be  expressed  in  the  form, 

where  a^  and  a^  are  roots  of  the  equation, 
and  /8j,  /8j  are  roots  of  the  equation, 

^T  VT  "  V  "^   "2  '^^    ^ '^ 

1st,  By  Prop.  Ill,  (c)  can  be  immediately  reduced  to  ^ 
form 

6(J-a.)(2)-,.-l) 


•^ 
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mi  then  resolved  into  two  equations  of  the  first  order,  if  we  . 
ave  at  the  same  time  a,  —  a,,  and  ;3,  —  ^,  odd  integers. 

2ndly,  The  equation  can,  by  Prop,  in,  be  reduced  to  an  ] 
Juation  of  the  first  order  if  any  one  of  tlie  four  quautitiea 


jSrdly,  It  ia  easily  shewn  that  by  Props,  ii,  and  iii.  (c)  is  I 
ducible  to  the  integrable  form  (13)  if  the  quantities 


-  /9j   and   a,  - 


"c  both  odd  integ' 


4tldy,  It  is  in  like  manner  reducible  to  (14)  if  the  quan- 
ties 

a,  — ff,   and  Oi  +  Oj  — ^,-(9, 

p  boUi  odd  integers. 

[These  results  may  be  coHectod  into  the  following  theorem.  J 

be  equation  (c)  is  integrable  in  finite  terms,  Ist,  if  any  o 

[the  four  quantities  represented  by  a  — ;9  is  an  even  integer  j^ 
Jdly,  if  any  two  of  the  quantities 

re  odd  integers. 

;  In  this  theorem  the  integral  values  are  supposed  to  bel 
ether  positive  or  negative,  and  the  even  ones  to  include  thoJ 
■due  0. 

The  above  results  are  equivalent  to  those  of  Pfaff,  as  pre- 1 
batwl  with  some  slight  increase  of  generality  in  a  memoir  J 
y  Sftuer  (CreUe,  Vol  ii.  p.  93).     Pfaff 'a  conditions  are  how- 
fter  exhibited  in  so  complex  a  form  as  to  render  the  com- 
niison  difficult.     His  method,  it  ia  needless  to  say,  is  wholly 
lifferent  from  the  above. 

[See  the  Supplementary  Vulume,  Chapter  IXX.  Art  5,] 
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Symbolical  equations  which  are  not  binomial 

8.  Althouffh  processes  of  greater  or  less  generality  wf 
be  established  for  the  treatment  of  equations  which,  wIa 
symbolically  expressed,  involve  more  than  two  terms  in  tb 
first  member,  yet  their  reduction  if  possible  by  some  pii 
minary  transformation  to  the  binomial  form  should  alwaysk 
our  first  object.  We  purpose  here  to  illustrate  this  oh» 
vation. 

Ex.12.    Given  g  =  a-p^^^,. 
Writing  this  equation  in  the  form 

we  see  at  once  that  its  symbolical  form  will  not  be  binomii 
Assuming  y  =  (2c  —  ar)"*  w,  we  have  on  reduction 

Now  let  m  be  so  determined  as  to  make  the  numeralxf ' 
the  third  term  divisible  by  its  denominator.  This  invob« 
the  condition 

^(^-i)  +  ^=o («!' 

while  the  differential  equation  becomes 

(2c  —  x)  x^  j-jT  —  ^''^^^  -J —  m  (771  —  1)  (2c  +  a?)  M  —  rz — ;;?i' 
^  '      ax^  ax         ^  ^        (2c-^i 

of  which  the  symbolical  form  is 

•whence,  operating  on  both  sides  with  (!)  +  »»  —  l)"*, 


c  by  J, 


'  mnCH  ABE  NOT  BIKOHUT^ 

d  solving  the  equation,  we  have,  on  representing 


^ch  integration  by  parts  reduces  to  the  form 


2c  (2m  - 1) 
i~X'^\x—X'dx  -  a 


"A-L-X" 


'-    » 2c{2m-l) ■ 

,tegTal  required.  It  is  to  be  noted  that  each  integration 
troduces  an  arbitrary  constant.  It  is  also  seen  that  each 
lue  of  m  derived  from  (a)  leads  to  the  same  result 
The  above  equation  occurs  in  the  problem  of  determining 
e  tendency  of  an  elastic  bridge  to  break,  when  a  heavy  body, 
a  railway  train,  passes  rapidly  over  it.  The  equation 
reen  y  and  x  is,  on  a  certain  hypothesis,  that  of  the  tra- 
tory  described.  See  an  interestiug  paper  by  Prof.  Stokes 
m&ridge  Phil.  TraneactioiiB,  Vol.  vui.  p.  708). 


Bx.13.    Giv 


HHtbi 


'dfi'^ 


>dtL^ 


P'biown  equation  of  Laplace's  functions. 

V(— 1)  by  a,  the  equation  may 
Based  in  the  form 


<i->*T, 


l)(l-/.')-a'Jw  =  0, 
assuming  ^  =  t*  take 


d  it  is  evident  that  it  would  not,  i 

B  binomial  form. 

Let  then  u  =  (1  —  fj^'v.    We  find,  on  substitution,  and 

FisioQ  of  the  result  by  (1  —  ^')'*', 

JLD.E.  23 
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a 


Let  4r'  —  a'  =*=  0/  Then  r  —  ±-.  Either  sigtf  may  be  taken. 
Choosing  the  lower,  we  have 

(l-/.*)|j  +  2(a-l)4^+{n(n  +  l)-a<a-l)lt;=0, 

an  equation  which,  on  making  /t  =  e",  assumes  the  symbolical 
form' 

*'— i)  (i>  - 1) -—««'«'- 0 (6). 

To  integrate  this,  assume 

«,_  (^z:^- --iK^-p^ii2)  ^,^0 (.). 

Then  by  Prop,  in., 

t;=(i>-a  +  n-l)  (Z)  -  o-f  w  -  S)  ...  (ZT-a-Ti  +  ljir 

='*"il^)>«' •••■•••• ••••- •••••('^' 

while  (c),  resolved  by  Prop.  I.  and  integrated,  gives  the  solutioa 

«;  =  (l  +  /*r"tW  +  (l-A*)"*°X(«- W. 

'<^  and  ;^  being  arbitrary  functional  signs.  This  expresao* 
for  w  having  been  substituted  in  (d),  we  must  write  tt  V(^I) 
for  a,  ^nd  interpret  the  result.  .       . 

Now  if,  instead  of  '^  (^)  and  x  W)^  ^^  write  -^  [e^VC-Dj  aal 
2^{€*V(-i)},  a^  ^e  aj.^  evidently  permitted  to  4o,  and  if  t» 
observe  that  generally  .....         .ij 


s 


T.  8,]  '        .       IWHtCH  ARE  NOT  BINOMIAL,  •  W5 


(f), 


-    =n~r\ • 

3  shall  ultimately  find 

„  =  ir|^,V(l^^v(-i..|, 
bere  ^{;.,  e*V<-«}  = ;.-  (|^  1)"  {(^  +  ^T^  {^)         ] 

•.+(M-/*rx(xi7*)| (15)' 

hich  is  the  complete  integral. 

Eor  a  discussion  of  this  result,  and  for  the  finite  expression. 
)r  Laplace's  functions  to  which  it  leads,  the  reader  is  referred 
0  a  paper  on  the  Equation  of  Laplace^s  functions  in  the 
Tambridge  Mathematical  Journal.    (New  Series,  Vol.  I.  p.  10.) 

K  in  the  equation  (a)  we  make  the  third  instead  of  the 
borth  term  to  vanish,  which  gives  for  r  the  values  ^  and 

*— 25 — »  aiid  then  assume  —rrr— — «n=^,  we  shall  obtain, 

2  V(1-/^V   . 

taking  the  second  value  of  r,  the  symbolical  equation 

i^ow  by  Proportions  II.  and  iii.  this  is  reducible  to  the  Jute* 
tMe  form  ' 


{p-2y-a*,         . 

gr  the  rolation 

28— a 


.  J 
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,=  ,-'"'"Z)  (Z)-l)  ...(i)-n)» 

\dt/     "■ 
Hence  we  find  } 

0  -  (I,)"'  [«,!'  +  V(i  +  Ol-  +  c.  (<  +  V(i  +  fipl 

whence  w  is  known. 

Let  U8  examine  the  form  of  the  solution,  when.asiifli 
mon  in  the  expression  of  Laplace's  equation,  we  replaa(|l 
cos^.    We  find  j 

(  =  cot  6,    T,  =  —  sin*0  TT, , 
at  ail 

■whence  t  +  'J{l-i-t')  =  cot\  6. 

Substituting,  anil  observing  that  u  =  (sin  Oy'v,  wc  bn :[ 


.(me)--(.m'e^j 


,   Mj 


And  hence,  restoring  to  a  its  meaning,  introducing  •i'*' 
functions  for  constants,  and  effecting  one  of  the  difew 
tions,  we  may  deduce  the  following  solution  of  hp 
equation,  viz.: 

«  =  (sin5r(Bin^^siner[i^.|e*^'-nan^ 

+  if;J6-*%'l-»taii| 

Under  this  singularly  elegant  form  the  solutitij 
a  different  method,  was  given  by  Frofeaaor  T 
sophiccU  Transactions,  for  1857.) 
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•TO 


..(18), 


Solution  of  linear  eqvationa  hy  series. 


Pkop.  IV,    If  a  linear  differential  equation 
her  isOhe  reduced  to  the  symbolical  form 

;(C)«+/.(i)).'»+/,(0) .»«... +/.(;))«"•»= 

,  1),  then  a  particular  solution  will  be 

«=2u„e'^ 

alue  of  the  index  m  in  the  first  term  being  any  root  of  the 
Honf{m)  =  0,  the  corresponding  value  ofu„  an  arbitrary 
ant,  and  the  law  of  the  succeeding  constants  being  expressed 
ifi  equaiioii, 

H«.+/.W».^. +/.(»>)»..-.■••+/.(•»)«—=»  -  (19)- 

jr  tbe  form  of  w  assigned  in  (18)  will  coaatitute  a  solution 
7)  if.  OQ  substituting  that  form  for  u  in  the  first  member 
7)  and  arranging  the  result  in  ascending  powers  of  6*, 
.  coefficient  should  vanish.  And  this,  as  we  shall  see, 
take  place  if  the  coefficients  are  subject  to  the  relation 
eBsed  by  (19). 

isaming  then  w  =  2i(„e™',  we  find, 

/,(2))u  =  S/;(i>)w„€'^  =  2/;(m)w„e™»,  by  (2), 

/,  (i))  6*  u  =  S/,  (™  + 1 )  w-.e''""*. 

/,  [D)  e"u  =  S/,  (m  +  2)  uj-^'*, 

BO  on.  In  the  first  of  these,  we  see  that  the  coefficient  of 
particular  term  e™*  is  f{m)  «„.  In  the  second,  the  co- 
leat  of  e*""'*  ia  /,(»»  +  l)w„.  and  therefore  the  coefficient 
■*  is  j^(wi)u»a.  In  the  third,  the  coefficient  of  c^  ia 
)«,  If  and  BO  on.    Thus  the  aggregate  coefficient  of  e"*  ts 

this,  equated  to  0,  expresses  the  law  (19). 
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Let  w,e'*  be  the  first  tenn  in  the  developed  value  of  u;  li 

must  wu  suppose  u,_i  =  0,  w^j  =  0,  &c.  and  (lil)  Ifttxiina 

/.W".-o. 

Ab,  Ity  liypothesis,  u,  is  not  equal  to  0.  this  ^vea /,('}■ 
for  the  determiaation  of  i-,  and  leaves  u,  arbitraij.  & 
the  proposition  is  established. 

Thus  there  will,  except  in  particular  cases  of  failroli 
after  to  be  considered,  be  as  many  distinct  solatioiici 
form  (IH),  each  involving  an  arbitrary  constant,  as  th« 
units  in  the  degree  of  'fj.m). 

Ex.  U.    Given  ^"  -  ^^  f '*  -  rru  =  U. 

The  symbolical  form  is 


Hence,  we  have  m  = 
coefficients  being 


,  the  law   of  formation  lif  ( 


m(m  — o)w„-m'w„^=0,   or  u„  = 


mim-a)- 


while  the  iDitial  exponent  is  0  or  a.  There  are  therefinl 
ascending  scries,  one  beginning  W-ith  C,  the  otlier  wili  O 
Thus  we  have 

^ ,       Ch*        ,  Cw' 


^0 


«H4— ) 
C'nV 


^i)  •2,l.(o+4)(«+2)^  — 

10.  When  the  equation  y^(ni}  =  0,  has  equal  or  iw?" 
roots,  the  fjUowiog  procedure  must  be  adopted.  W 
solution  of  the  equation  f„(D)  u  =  0,  be 

u  =  AP+£Q+  CE  +  &C I^*- 

A,  jS,  C,  &C.  being  \\i-e  s.tVivUot'j  cjj\«ftaM,V^     Sufetiwie* 


lue  in  the  given  differential  equation,  regarding  J,  B,  C,  &c; 
variable,  and  the  result  will  assume  the  furiu 

,;"  .  .    .     A'P  +  £'Q+C'B  +  &c^O .-..(21), 

id  will  be  satisfied  if  we  have 

J'  =  0,    £'  =  0,     C'  =  0,&c C22). 

Tliia  will  indeed  become  a  systein  of  linear  Kimultatieous 
jiialionafor  delerminiug  A,  B,  C,  &c.  And  the  solution  of 
lis  system  in  a  series  will  be  of  the  form 

e  law  of  formation  of  the  coefficients  o„,  b^,  c„,  &c.  being 
ipressed  by  a  system  of  simultaneous  et]Uati<jiis  formed  from 
'*),  by  changiug  therein  every  term  of  the  forin  ^  [D)  e'*  A 
ta0(n»)a„_j,  &;c.     (Philosophical  Trajisaclioiis.) 

There  ia  a  particidar  case  of  exception  to  the  above  rule. 
Tien  two  of  the  roots  of/,  (m)  =  0  d  ifl'er  by  a  multiple  of  the 
lon  difference  of  the  indices  of  the  ascending  develop- 
eat,  the  equation  /  (D)  =  0,  must  be  replaced  hy  what  that 
ination  woukl  become  were  the  roots  in  queatiou  equal. 

,;.£-'"-»■ 

The  symbolical  form  is 

i)'«  +  /f^«  =  U (a). 

Now  2?u  =  0  gives  u  =  A+B0.  Substituting  this  value 
(o),  regarding  A  and  jB  as  variable,  we  have 

J^A+^'^A  +  2DB  +  eiD'B  +  q\'^B)  =  0, 

!uch  furnishes  the  two  equations, 

2>'4  +  q\-'A  +  2DB  =  0,    JrB+  j'e^-ZJ  =  0, 

E=2fi„e"'*,    B='Zb„t'"^,  with  the  relations 


^ 
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from  which  we  have 

Thus  we  find,  on  substitution,  and  restoration  ol 

+  log  a:  (6,  +  &jX*  +  6^«*+  &c.), 

wliere  a,,  S,  are  arbitrary,  and  the  succeeding  raln»4l 
mined  by  (6),  — -" 

Were  the  symbolical  equation  of  the  form 

it  would  still  be  necessary  to  determine  the  form'B 
primary  assumption  by  solving  the  equation  £hi='i,i»l>% 
I){I>  +  2iju^  0.    We  should  therefore  still  have  u=Am 
in  which  A  and  B  are  series  to  be  determined  as  befgtt  T 


,<fM 


</k  , 


Ex.  16.     Given  x^  ■-—_  +  x  j-  +in'-l-x*)u  =  0. 

The  symbolical  equation  is 

(D'+n*)«  +  6»«=0 

Now  the  equation  (Z)'  +  n";  w  =  0  gives 

«  =  ^  cos  n8  +  !Ssin  n8 

substituting  which  in  fa),  and  equating  to  G  the.coeffiiia' 
cos  nB  and  sin  nQ  in  the  result,  we  have 

i)M  +  ^nDB  +  ^'*A  =  0,  ^ 

l?B  -  2nDA  +  £"B  =  0,  S 

whence  ^  =  So„e»»,   _B=SJ„«'"*   with  the  relations, 

»»'«„  +  2fljw5„  +  o„.,=  0, 


if.  II.] 

d  therefore, 
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ia^,~2nh^ 


K  =  ~ 


mJ^ 


.If). 


1^^^  solution  assumes  the  form, 

^^^K  tt  =  C08  (ft  log  a;)  (a^  +  oj^  +  a^x*  +  &c.) 

^^r      +Bin  (nloga)  {b,  +  h^  +  b^^'  +  &Q.), 

lerein  a,  and  J„  are  arbitrary,  and  the  succeeiling  coefficients 
tennined  by  (c). 

The  fundamental  equation  (19),  written  in  a  reversed  order, 
termincs  the  law  of  the  formation  of  the  coefficients  in 
086  solutions  of  (17)  which  are  expressible  in  descending 
ifoTS  of  X.  The  number  of  such  solutions  will  be  equal  to 
e  degree  of  the  equation  /,  (m)  =  0,  but  their  respective  first  i 
poncnts  will  be  i^  roots  severally  diminished  by  n. 

For  the  extension  of  the  above  theory  to  the  case  in  which 
e  given  differential  equation  has  a  second  member  X,  the 
ider  ia  referred  to  the  original  memoir. 


Tfteorij  of  Series. 

11.  The  relations  which  enable  us  to  express  the  integrals 
differential  equations  in  eeries,  enable  ua  also  to  reduce  the 
umation  of  series  to  the  solutloii  of  differential  equations. 
OS,  from  Proposition  IV.  it  appears  that  if  m  =  Sm„x",  where 
I  law  of  formation  of  the  successive  coefficients,  is 

/.H».+/.W«„-+/.(»>""-0 (23). 

value  of  u  will  be  obtained  by  the  solution  of  the  diffijr- 
ial  equation, 

f,{D)u+/,(D)  ^u ..,  +f.{D)e''u=0 (24). 

Ve  suppose  here  f„(m),  f,{m).../^{m),  to  be  polynomials, 
that  the  series  is  complete;  i.e.  contains  all  the  terms 
ch  can  be  formed  in  subjection  to  it«  law  expressed  by 
),  the  first  exponent  being  therefore  a  root  of  _^  (m)  =  0. 


■THEOH-Y   OF'SfiRtES.-'  •  [CH.  Sm 

3  the  series  le  incomplete,  the  first  member  of  tlie  diiier- 

l  equation  will  bo  the  same  as  for  the  complete  Berits. 

while  tho.Bccond  member  will  be  formed  by  substituting  in 

the  first  member,  in  the  place  of  w,  the  series  which  it  repr^ 

Bents.     It  is  obvious  that  all  the  terms  will  disappear,  euMjit 

L-a  few  derived  from  that  end  of  the  series  where  the  defect irf 

I  completeness  exists,  ao  that  the  second  member  of  the  difierea- 

I  tial  equation  will  be  finite. 


Ex.  17.     Let 


K^  + 


1.2.3.4 


»M»'-g)f«'-41., 


Or, 


"1.2      ^1.2.3.4  1.2.3,4.5 

\i  =  'S,u,„x",  with  the  relation, 
,_»■-(..- 2)- 

m(j7i  —  1)  «„—  [(m  — 2)°  — n')  n 


and  we  observe  that  the  seriea  is  complete,  the  first  iudeift 
,  being  a  root  of  m  (ni  —  IJ  =  0, 

Hence^,  the  differential  equation  will  be 

Z}{D-l)u-{{D-  2)'  -  «'}  ^u  =  0, 

gf  which  the  solution,  expressed  in  terms  of  x,  is 

K  =  c,  COS  (n  sif'j;)  +  c,  sin  («  sin"'^:). 

The  constants  must  be  deterinined  hy  comparison  with  i 
original  series.     We  thus  find  c,=  1,  c,  =  0. 

The  following  is  a  species  of  application  which  ia  of  fre<[\H 
ise  in  t^e  tlj^qry  of  probabilities. 


.  IS.     The  series 


H)...i.  +  i~J) 
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icurs  as  tlip  expression  of  tlie  probability  that  an  event 
bose  probability  of  occurrence  in  a  aiDgle  trial  is  ^(,  and  of 
ilure  q,  will  occur  at  least  o.  times  Ih  a  +  6  trials. 


Represeiiting  tbe    series  witbin    tbe    brackets  by  u 
auming  q  =  ^,vie  liave  u  =  S«„e"'*,  where 

'.  and 

.    ,       ...»,«„-{™  +  «-l)«^,  =  0. 

Hence,  we  ehall  have 

i).-(z.+»-a,...—--<!L+i)-->i')  ,...„, 

',  restoring  q. 

dq     1-3                     1.2. ..6          l-s' 

Integrating  which,  we  have 

.=(i-,)-io-°'»t'l-'f+"fV(i-,r', 

i^nl 

1.1. ..b 

ow  the  first  term  of  tbe  development  of  this  expression  in  1 
joeiuling  powers  of  q  will  be  G\  whence,  comparing  with  the  1 
seketed  fieriee,  we  have  0=1.  Substituting,  and  obsen*ing  j 
lat  p  =  1  —  5,  the  expression  for  tbe  probability  in  qiiestioa  T 
loomes 


1- 


.  fg -f  1)  ...  (a  +  h) 


lyU-qr'dq [;«). 


To  this  we  may  however  give  a  more  symmetrica!  form, 
r 

Rr  f/  (l  -  qr  dq  =  (j'^-fj  q'  (1  -  g)""'  dq 
aown  theorem  of  definite  integration, 
tubatituting  in  (a),  and  observing  that 

n(a  +  1)...(a  +  b)_    r(fl-ff)-fl) 
i.-2...(,.      .-Fib  +  ljVio)- 


THEORY  OF  SERIES, 
sfind 
Prob.bmty  =  ilfe±^j!^|V  ll-q)"dq, 

lor,  as  it  may  be  othenvise  expressed, 


[cH.  xvn, 


ProbaHIity : 


U<f{l-q)-'dq 

'l.'i'ii-qr'''q" 


-» 


The  peculiar  advantage  of  this  form  of  expression  is  tlrnt, 
I  precisely  in  those  cases  in  which  the  series  becomes  imman^ 
I  able  from  the  largeness  of  a  and  b,  the  integrals  admit,  as 
1  Laplace  haa  shewn,  of  a  rapid  approximation  [Thiorie  jlno- 
I  lytique  des  Probability), 

Ex.  19.  The  function  (t  -  21-  cos  m  + 1^"*  being  expanded 
I'in  a  series  of  the  form  A^-^1  {A^  cos  m  +  Jf,  cos  2(a  ...  +&c), 
I  it  is  required  to  determine  A^. 


We  have 
(1  -  2vco 


»  +  vT  =  [1  -  ^e-V(-il]-  X  {1  -  V6-V(-i 


I  Expanding  each  factor,  and  seeking  the  common  coefficient  rf 
I  e™Vi-i)  and  e-™%'(-i)  in  the  product,  we  find,  putting  t  =  v\ 


I  Tfhere  generally, 
m  (m +  »■)««  ■ 


(m  +  n-l)(m  +  n  +  j--l)u_,  =  0, 
n(7i+l)...(w  +  r-l) 


while  U(, 

Hence  the  differential  equation  will  be, 

/)  {2>  +  r)  u  -  Ci>  +  «  - 1 )  (i>  +  7»  +  r- 1 )  €»M  =  0, 
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y  the  relatioDs, 

•  =  {D  +  n-l)...{D-^l){D  +  n  +  r-l)...iD  +  r  +  l)v, 

'■^{{D  +  n~l)...(2)+l){I)  +  n  +  r-l)...iD  +  r-^-l)pU:  | 

In  determining  Ffrom  the  latter  equation,  it  suffices  to  ii 
Iroduce  two  arbitrary  constants,  one  from  each  of  the  two  sets 
f  inverse  operations.     The  final  solution,  in  the  obtaining  a' 
rbicb  the  only  difficulty  consists  in.  the  reductions,  is 

'.  12,  When,  in  the  series  Su„.t"',  the  coefficient  u„  is  i 
ktional  function  of  m  invariable  in  form,  the  summation  ii 
ttost  readily  effected  in  the  following  manner. 

Let  the  aeries  be  %i^  (m)  x" ;  then  putting  a;  =  e*, 

u  =  Si^  (m)  e"*  =  S^  (D)  e"* 

=  'f>iD)t.'^ (25). 

iniimtv 


1  Hence,  if  the  summation  is  from  m  =  0  to 
<Hi  have 


M-O) 


hit  if  the  summation  is  froi 


pm 


m  =  a  to  m  =  h  inclusive, 
l-e»      ■ 


Ex.  20.     Let  M  = 


4a;' 


5x' 


htefore 


1.2.3     2.3.4 
Here  ip  (m) : 


3.4.5"^ 


"  i)  (il  - 1)  (ZJ 

=  j^_zr-2(z) 


« (».-!)(». -2)' 
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The  final  result  is 

Generalization  of  the  foregoing  theory. 

1 3.  As  Propositions  i,  ii,  in,  are  founded  solely  on  the 
l^rticular  law  of  combination  of  the  symbols  D  and  ^,  ei- 
T  pressed  by  the  equatinn 

/  (D)  e-»M  =  e'-^f{D  +  m)  u. 

I  they  remain  true  for  auy  symbols  w  and  p,  whatever  ffieif 
I  interpretation,  which  combine  according  to  the  same  fonml 
}  law ;  viz. 

/Wp-^  =  p-/(,r  +  m)« (26). 

Thus,  supposing  the  law  obeyed,  the  symbolical  equation, 

«  +  4,Mp-u=U. ra 

can,  by  Prop.  iii.  considered  in  its  purely  formal  character, 
k  be  transformed  into 


f  ■^(7r)p"i'=  V... 


I  by  the  assumption, 


>tM„ 


U=F, 


Hi) 


V. 


The  corresponding  transformations  flowing  from  Proposi 
I  tions  I.  and  ii,  it  is  unnecessary  to  state. 

Now  the  law  (26)  is  obeyed,  not  alone  by  the  pure  symboU 
I  J)  and  e',  but  by  certain  combinations  of  those  symbols.  TbiB, 
f.if  we  assume 

■n-  =  I>-7i<},{I))t'>,    p  =  <f..{D)^ 

the  law  will  still  be  obeyed.  And  the  importance  of  ths 
remark  consists  in  this,  that  an  equation  which,  when  a 
pressed  by  means  of  the  symbols  D  and  e*,  is  not  a  binomia^ 
may  assume  the  binomial  form  for  some  other  determinatiiffl 


>If  io  (26>,  we  make  ■1  =  1.  we  kiTe/[r]p*  =  p^;'w  + Vk.  ^ 
^icb  shews  tJbat  p  nuiv  be  txaA^etned  iram  Uk  i^ftt  to  tlw   ' 
ft  cify(w),  if  we,  so  b>  speak,  add  to  w  tlie  tnostut  iacrc^ 
eat  1.    lliu  tiiefi  suggests  the  Hiore  general  law, 

/Wf  -rf('-+  A')  ■ (29). 

here  /\t  . represents  any  cortstant  qoantitT  reganled  as  an 
jerement  of  v.  In  coDtKxion  with  tiua  theoiy,  the  fi^lowing 
toposttion  is  itnportant. 

Prop.  Supposiayfix)  to  represent  a/mtetum  wiic^  admits 
'  expanaion  in  amending  poailire  and  tnfe^ra/  ptMrers  of  tr^ 
it  required  to  deveiope  /(ir+  p)  in  axefidiiig  poKW  of  p, 
and  p  being  syi^oU  tcAicA  eoatbiite  in  sabjet^uMt  to  the 

1  Bjr  RnccessiTe  applications  of  (29)  we  have,  m  being  a 
juitive  integer, 

/iTi)p'u=p''/[ir  +  m\ir)u (30). 


which  another  form  is  p'/iv)  u  =/{ir  —  m Air)  p~u.    Agaiorl 
/(tt  +  p)  is,  bj  bypothesis,  expressible  in  a  series  of  ihttl 

I  J ,  +  .4,  (tt  +  p)  +  J,  (tt  +  p)'  +  &c. 

*«  shall  have 

(,r  +  p)/(»  +  p) -/(»  +  ,)  (^  +  p) (31). 

either  member  becomes,  on  substituting  fory(w  +  p)  thi 
wve  form, 

A,  (tt  +  p)  +  ^,  (it  +  p)*  +  &c. 

JTow,  let  the  form  of  the  untnawn  and  sought  expanaioi 
/iir  +  p)  in  aacemling  powers  of  p,  be 

/("■  +  p)=/.M+/.(t)P+/.Hp'  +  ^ (32). 

B  subject  «  being  understood  though  not  expressed. 
hy  (31), 

("■ + p)  S/,  W  f "  -  ^/»  W  />■■("+/')• 
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But 

(tt  +  p)  2/„  (tt)  p-  =  Stt/.  (tt)  p"  +  Xpf,  H  ^- 

in  which  the  coeiEcient  of  p"  is 

'-/.M+/„(''-A'r) C 

Again, 

=  S/-  (,ir){ir-mA-ir)p'  +  If, {-r) f", 
in  wliich  the  aggregate  coefficient  of  p"  is 

f,  (tt)  (tt  -  wiAtt)  +/^,  (w). 
Equating  this  with  (33),  we  have 

't/.  H  +/„  i-r  -  A't)  =  (tt  -  .»Ax)  /.  W  +/.,  (t), 
whence 


/.w- 


.lA/^,« 


..(M), 


if  we  define  4^{7r),  not,  as  is  usual,  byy{7r  +  Air)  — /(ir).  'm' 
'^y  y('^)  ''/{'''' "  '^'''■)-  '^he  above  equation  determints  tin 
law  of  derivation  of  the  coefficients  f^  (tt),  /^  (tt),  &c.  It  onlj 
remains  to  determine/,  (ir). 

That  /,  (tt)  =/(v)  may  be  shewn  by  induction  from  lli* 
particular  cases  iu  which 

/(tt  +  p)  =  tt  +  p,     (x  +  py,  &c. 
or,  with  more  formal  propriety,  thus : 
Let  /)j  =  jtp,  where  »i  is  a  constant, 

/{7r)p.=/(x)iip  =  «/(7r)/) 
=  np/ {it -Air) 
=  pJiyr-ATr). 


^M 

IMife^                       rOHEGOINQ  THBOBT. 

Companng  the  first  and  last  members,  we  see  that 

Trand^,  ^^^| 

mbine  according  to  the  same  law  as  tt  and  p. 

^^^1 

Thus  we  have 

^^1 

/(t  +  pj  =/„  (tt)  +/.  (tt)  p,  +/,  (iv)  /,.'  -!-  &c. 

.      ■ 

M>  /i  M'  &c.  heing  the  same  aa  in  (32). 

Or, 

^^H 

/(t  +  np)  =/,  (tt)  +/.  (tt)  np  +/,  (tt)  «V  +  &c 

that,  njakmgn  =  0,  wehave/.  (7r)=/CTr). 

Determining  then  the  successive  coefEcients  by  (34),  wo  ^^^^ 

iiVe  finally. 

^^^M 

/(...)=/(.).^{-^..i^/^/ 

■ 

-r^f^'""-- 

.  (35),       ^H 

iierein  it  is  to  be  remembered,  that 

.     ■ 

1                      A/Ctt)     /(,r)-/(7r-A7r) 

■ 

Att                      Att 

'MThen  Aw  =  0,  the  symbols  tt  ami  p  become  commutative,    ^^^| 

Id  (35)  assumes  the  form  of  Taylor's  theorem. 

^^H 

ijAfl  a  pai-ticiilar  apphcation  of  the  above,  suppose 

that  we  ^^H 

pre  given  the  trinomial  equation 

^^H 

{D'-yaP+h)it+{cD-Ve)eH+fe^u  =  0... 

....«».  ■ 

A  that  we  desire  to  ascertain  whether  this  can  be  trana-   ^^^| 

nied  into  a  binomial  equation  by  assuming 

^^1 

7r  =  i)-mt».     p  =  6*, 

^^H 

fcuraptiona  which  satisfy  the  law 

^^1 

/Wp=p/(^+i). 

^^1 

lere  we  have                    D  =  -ir  +  mp, 

^^1 

*~      /(Z),=/M  +  ^„,  +  |^W'}„y 

....    ■ 

B.D.E. 
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where  ATr  =  l,  and 

A/W. 


^/W-/(^-i). 


Hence       D'-i-aD  +  b 
cD  +  e 
TLus  (a)  becomes 


+  J  +  (27r  —l  +  a)mp-i-vt 

h  CMZp. 


{tt'  +  ATT  +  &  +  (Stt  - 1+  a)  mp  +  m V'}  « 
+  (CTT  +  e  +  on/))  pw  +//)V  =  0, 
or  ■7r'  +  air  +  h  +  li2m+c)Tr+m(a-l)+e]p+{m'+cm+/)fi'=n, 

and  this  reduces  to  a  binomial  equation,  1st,  if  m  be  a  root  rf 
the  quadratic  equation 

vi'  +  cm+f=0; 
2ndly,  if  it  be  possible  to  satisfy  simultaneously  the  equation 

2m  +  c  =  0,     m(a-  l)4-c  =  0, 
equations  which  imply  the  condition 

2e-c(a-l)  =  0. 
The  discussion  of  the  binomial  equation  when  obtiuned  in 
volves  no  difficulty. 

For  a  discussion  of  the  general  trinomial  equation  of  tb 
second  degree,  the  reader  is  referred  to  the  original  Memoir. 

Laplace's  iransforination  of  partial  differential  equatiojia. 

14.     Laplace  has  developed  a  method  for  the  reduction  c 
the  partial  differential  equation 


Hr+Ss+Tt+Pp+Qq  +  Zz^  U.. 


■(36). 


k 


R,  S,   T„..XT  being  functions  of  x  and  y,  ■which  is  deserving 
of  attention  from  ita  great  generahty. 

One  of  the  auxiliary  equations  in  Monge's  method  ia 

Mdy"  -  Sdxdy  +  Tdx^  ~  0. 


.  14.]        PAHTIAL  DITFEHENTIAL  EQUATIONS,  451 

X<et  two  integrals  of  this  eiiuation  be 

and  assume  two  new  variables,  ^  and  ij,  connected  with  a:  and 
y  by  the  equations 

^=^{x,y\     7=-f(ar,y). 

The  student  will  have  no  difficulty  in  proving  that  the  given 
equation  will  assume  the  form 


(Pz        ^dz      ,,dz      ,, 


..(37), 


Zt,  M,  iV,  V  being  functions  of  f  and  r}.  The  theory  of  the 
reduction  of  this  equation  ia  then  contained  in  the  following 
propositions : 

1st,  The  equation  (37)  may  be  presented  in  the  form 

d   .   ,>,{d      ,\        f„     r„     dL\ 


Hence,  if  the  condition 


dil 


--  v...{m). 


..(39) 


i  be  satisfied,  and  wo  assume  f  ,-  +  i/  )a=s',  we  shall  hare 


(4+^)^'=' 


I  The  solution  of  the  given  equation  is  then  dependent  on  that 
I  of  two  partial  differential  equations  of  the  first  order. 

dly.  Inverting  the  order  of  the   symbolic   factors,  the 
Ition  is  also  solvable  if  we  liave 


N-LM- 


dM__ 
'  dr, 


.(40). 


By,  The  equation  (37)  can  be  transformed  into  a  series 

het  equations  of  the  same  form,  and  therefore  integrated, 

br  any  of  those  equations,  the  condition  (39)  or  (40)  is 

ftatisfied.  ■ 

29—2 
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For,  expressing  it  in  the  form  (38),  let,  as  brfore, 


Q^+i).=/ 


: »'^ 

I  which  13  of  the  form 


TII^- 


I  -4,  5,  C  being  functions  of  f  and  tf  Snbstitntiiig:  tiiisei- 
?  pression  for  z  in  (41),  we  have^  result  of  the  form 

w 

I  ThuB  the  form  (37)  is  reproduced,  hut  with  changed  coeffi 
I  cients.  Hence  the  equation  is  integrahle  if  either  of  tlie  fb^ 
I  lowing  conditions  is  satisfied,  viz. 


df- 


drj 


If  neither  be  satisfied,  the  process  of  tranaforraation  may  be 
j  indefinitely  repeated,  and  should  an  equation  be  obtained  ia 
I  which  either  of  the  relations  (43)  is  satisfied,  tlie  solution  mij 
I  be  found.  It  has  indeed  been  asserted  that  "  if  the  giv« 
i  equation  be  integrable,  we  shall  finally  get  aa  equation  il 
I  ■which  this  essential  condition  is  satisfied"  (Peacock's  Em» 
I  pies,  p.  464).  The  state  of  our  knowledge  of  the  conditinnsw 
,  fii^te  integration  does  not  however  warrant  this  confidence 


A  discussion  of  the  equatio 


a—^  +  b  -^  4 
dx'        dxdy 


dz        dz 


hx  +  ky        {hx-\-ki/Y 


=  3f ...(.)  j 


114] 
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y  Laplace's  method  is  given  in  Lacroix  (Tom.  ii.  pp.  611— !j 
111),  but  it  is  iar  too  long  and  too  complex  to  find  a  place  ■ 
iere.  The  best  mode  of  treating  the  equation  is  probably  the  I 
Bllowing,  Let  s  and  t  be  two  new  variaWea-  connected  witit  | 
f  laid  y  by  the  linear  relations 


IlX  +  kll  =  8, 


=  t, 


tf  wliicli  one  is  suggested  by  the' form  of  the  given  equation»J 

rhile  the  other  ia  adopted  in  owler  to  put  us  in  possession  o^fl 

disposable  constant  m.    Transforming,  and  making  in  the.V 

BSidt  <  =  e*,  we  obtain  the  symbolical  equation 


dt*- 


which 


dif 


■■(6)*l 


B  =  2ahm  +  J  (A  +  im)  +  2ck, 
E=eh+fk,      F'^em+f. 
^e  equation  will  be  a  binomial  one,  if  m  be  detennined  so:! 
to  make  0  =  0.     We  have  then 

am'  +  hm  +  c  =  0, 
'bile  the  symbolical  equation  (S)  becomes 
B(D-1)+F 


dtAD{0~\)  +  EIJ^g 
od  is  integrable  if  the  following  condition 
B-F    A-E  +  >J\{A-EY~4g] 


satisfied,  viz. 


an  integer  or  0. 

hu  condition  will  be  found  to  include  the  one  to  wIoIcIl-^ 
iplace's  method  leads. 

At  the  same  time  it  is  seen  that  the  equation  (6)  assumes 
e  binomial  form  under  other  conditions  than  the  above; 
gf.  if  we  have  simultaneously 

5=0,    F=<i, 
which,  by  elimination  of  m,  ws  find 
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I  This  condition  being  satisfied,  and  m  determined,  tlie  ajm- 
1  bolical  equation  becomes 

Land  is  integrable  if  the  two  roots  of  the  equation 
Amim-l)+Eni+g  =  0 
differ  by  an  odd  integer.     There  are  probably  other  caw 
dependent  on  the  reduction  of  Art.  (13). 

In  one  respect  Laplace's  transformation  possesses  a  _ 
rality  superior  to  that  of  all  others.  For  its  tentative  ap^iis- 
tioo  fewer  restrictions  on  the  coefficients  of  the  given  eqiuitiai 
are  necessary.  But,  thtit  the  application  may  succeed,  other 
conditions  seem  to  he  demanded  which  render  the  estimatico 
of  the  true  measure  of  its  generality  difficult.     And.  in  pi- 

I  ticular  instances,  it  is  seen  that  it  is  less  general  than  tbf 

I  method  of  the  foregoing  sections. 

Miscellaneom  Notices. 

15.  Of  special  additions  to  the  theory  of  the  solution  rf 
I  differential  equations  by  symbolical  methods,  the  foUowiBg 
I  may  he  noticed, 

lat.  Professor  Donkin  baa  shewn  that,  \i  f{x)  be  anyfifflfr 

)  tion  capable  of  development  in  powers  of  x,  then  wlwteviir 

may  be  the  interpretations  of  the  symbols  n-  and  p,  we  bave 

f(p-'Trp)?i  =  p''/{ir)pu («). 

This  is  evident  from  the  consideration  of  such  cases  as  lii* 
f  following: 

(/)~V^)*  =  p'^TTpp'^-TTp  =  p~V"/?, 

(p"V;))"'  =  p"V"' (/>"')■'  =  J3"V" 
I  We  are  thus  enabled  to  generalize  many  important  thocseat 

Thus,  since  J-i- 4-^'{3^)[  w  =  e-*W -r-e*'"'!/,  we  have 
I  (Cambridge  Mathematical  Journal,  2nd  Series,  Vol.  T.  p.  K-) 
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a  are  connected  by  the  same  laws  as  x  and  -j-   (the   proof 

r  this  will  afford  an  exercise  for  the  Btudent),  has  remarked 
|at  if  in  any  diScreDtial  equation  and  its  symbolic  solution  w«  J 

Iwnge  X  into  j-,  and  -5-  into  —x,  we  shall  obtain  another! 

(m  accompanied  by  its  symbolic  solution.  (PhilosophicedM 
'ansactions  for  1848,  Part  i.) 
Applying  this  law  of  duality  to  the  known  solution  of  the  1 
War  differential  equation  of  the  first  order,  it  is  easy  to  shew  ^ 
at  the  equation 

w(f>(D)ii  +  -^;r(D)u  =  X 
U  for  its  sj-rabolic  solution, 

(i^jj-V^'j^-^e-ff^X (46), 

^)rm  which  had  before  been  established  on  other  grounda  J 
niloaophical  Magazine,  Feb.  1847).  Many  other  illustrationa  ' 
I  the  same  law  will  be  found  in  the  memoir  of  Mr  flargreave'  I 
pfctred  to. 

I  Srdly.  The  metliod  by  which  the  development  of  /(7r  +  p) 
\  obtained  in  Art.  13,  lead.i  to  other  and  similar  results,  of  \ 
ftileh  the  following  is  among  the  most  interesting,  viz. 

'(,+|).-lfW+Fw|  +  jL^-(.)^+fc)„,..(47), 

•e  coefiScients  of  the  expansion  in  the  second  member  follow- 
Ig  the  law  of  Taylor's  theorem,  and  the  function  F{x)  being 

tUa]  to  e^^*"  f{x).  {Cambridge  Ma&ematical  Journal,  lat  j 
IrieB,  VoL  IV.  p.  214.) 
5'he  last  theorem  enables  us  to  integrate  at  once  any  equa»  1 
te  of  the  form 


X(^)=/| 
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■where  if  (a;)  is  a  rational  and  integral  function  of  a;.   For  let 

an  expression  always  finite  under  the  conditions  Bupposei 
Then  the  given  equation  assumes  the  form 

/W.-A-, 
where  tt  =  a:  +  -t-  ,  and  may  he  treated  by  the  method  of  lihi 
last  sectiou. 

Other  examples  of  the  expansion  of  functions  whose  symbol 
are  non-commutative — some  of  them  admitting  of  a  siniUi 
application — will  be  found  in  the  memoir  of  Professor  DonW 
above  referred  to,  and  in  an  interesting  memoir  by  Mr  Btoi 
win  (Cambridge  Mathematical  Journal,  VoL  iii,  p.  3"' 

4thly,  Many  important  partial  differential  equations  of  til 
second  order  admit  of  reduction  to  the  form 

du  dv      du  dv  _ 

dx  dy     dy  dx       ' 
■whence  an  Integral  u=/(_v)  may  be  deduced.     Thus 


\ap  a$      dq  dpj  ^  dp        \dq      dp  J        dq 

where  ^  and  i/r  represent  any  given  functions  of  p  andj,  ini 
he  expressed  in  the  form 

d{,i>-x)d{-^-y)      d{^-x)d(-<^-}/)_^^_ 
dx  dy  dy  dx  ' 

whence  ^  —  x-=F{-<^--y)  is  a  first  integral,  Mainardi 
shewn  that  nearly  all  the  equations  which  occur  in  Mon 
Application  de  V Analyse  d  la,  Qiomitrie,  admit  either  of 
above  reduction,  or  of  a  purely  symbolical  mode  of  solut 
{Tortolini,  Vol.  V.  p.  161.) 

Sthly,  The  Author  is  indebted  to  MrSpottlswoodeof  . 
for  an  interesting  communication  on  the  laws  of  combii 
of  symbols  which  are  at  the  same  time  linear  with 


ji  «>;    •^;^ 


^,  £c.  and  'Busmr  -vitli  le^eci  to  x,  9,  isc    1^ 


snmptiaDiitaS^  aztd — ^eaieanlT<ai'd>esdbj€iet«» 

:aii  1>&  eiproHBd  ib  iht  icMnxi  ^  V,,  ir,^  «  =  CI  ix)ck|K9H 

r  sacL  rebirkliif;  }iTpoit2kea&.    itnagliibejidded^tiuit 

ecfosdc^Lks  are  rediKaLile  to  etjosduiDS  ^vdth  cosisunt 

[its,  Inr  sflBQimng 

E:  above  migbt  be  swided  many  other  special  dedocdon^ 
now,  bat  destmed  pexbaf^,  at  Bome  fotnre  time^  to  be 
d  in  tbe  umtr  of  a  larger  tbeorr. 


iccati's  equation  is  redadble  to  the  form 
ivestigaie  the  oonditicMis  of  integrflJnlit j. 

mboliealfoKmis  v+yTTK — n  ^^^^  vsO;a]idtiiiiBii^ 

jreeti7li7Pnip.iii.  to  •  fonn  mt«gnb]e  by  Prop,  i,  or,  lij 
2^,  eoDTCftod  into  •  |i«iiffii1ar  cMe  of  Art.  7  in  tb»  Cb«|iUK 
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4.  The  equation -7-3  +  -  ^-  +  5t^  =  0  is  integrable  in  W 
terms  if  a  is  an  even  number. 

5.  The  equation  -y^^  H -y-  =  bacTu  is  integrable  in  £iit 

<iar      a  ctx 

4  {%  +  r) 
terms  if  m  =  —  .  ~      ,  where  t  is  a  positive  whole  Dumle 

or  0. 

6.  The  more  general  equation 

d*u     r  du 


T^du ^  /,  c \ 

da?     adx      \  jc*)    ' 

which  includes  the  above,  is  integrable  in  finite  terms  if 

i  being  a  positive  whole  number  or  0.    (Malmsten,  CanikrHf 
MathejnaticalJournal,  2nd  Series,  Vol.  v.  p.  180.)    Verify  thi 

7.  As  an  illustration  of  the  theory  of  disappearing  &ctfl6 
integrate  the  equation 

8.  The   equation   (1  -  oa!*)  ^  -  6a;  f^  -  cy  =  0  is  in' 
grable  in  finite  terms  in  the  following  tbree  cases;  viz. 

1st,  If  -  is  an  odd  integer ; 

2ndly,  If  a /](l )  +  —  [  is  an  odd  integer; 

is  an  even  'integer. 


X.VII.]  EXEBdSEa  459 

!•      Integrate  the  partial  differential  eqttaticHi 

da?     dy^     xdx" 
10.     The  partial  differential  equation 

tt  integrable  in  finite  terms  if  ^  =  9^ — r-    {Legendre.    See 
Lacroic,  Tom.  il.  p.  61 8.)     Verify  this. 

11.     Shew  that  the  sum  of  the  series 
1 .2^..nx+2.3...  (n  +  l)x^ ...+p{p  +  l) ...  {p  +  n-l)ji^ 
aay  be  expressed  in  the  form 


\rfx/       1—0? 


12.  Sum  the  series 

-  .  Vx     2V       3V        . 

^+r+i:2-^T:2:3+^^- 

13.  The    equation     (a  +  Jo:)  -7-j  +  (/+  ^a?)  -y-  +  ngu  =•  0 
^  intograble  in  finite  terms  if  fi  is  an  integer. 

Apply  the  method  of  Art.  13  to  redaoe  the  symbolioal  equation  to  a  bino- 
iftial  form.     Or  assmne  a  +  bx=t. 


14.     The  differential  equation 
di^ 


+<M«"4'*''-"'^}"-'' 


^•n  be  int^rated  in  finite  terms,  whatever  function  of  a?  in 
Represented  by  Q.  (Curtis,  Cambridge  Mathematical  Journal, 
•^oL  IX.  p.  280.) 


or  e" 


460  EXERCISES.  [CH.ItK| 

I 

The  equation  may  be  expressed  in  the  form 

(i.Q)UcH.-=Li-X)«=0. 

or  [£\  eAW. u=t  |c«t"^^"^^^J  ««>«* »=0. 

Let  c/9<i'u=v;  then  compare  the  resnlting  form  with  Ei  Sot 
Chapter. 

15.  Shew  generally  that,  if  we  can  integrate  the  eqw 

16.  We  meet  the  equation 

cPy     l-Sc'dy         1 

in  the  theory  of  the  elliptic  functions  (Legendre's  mc 
equation).  Shew  that  it  is  not  integrable  in  finite  term 
is  integrable  in  the  form  y^A^-B  log  c,  where  A  and. 
series  expressed  in  ascending  even  powers,  of  c. 

17.  Prove  the  following  generalization  of  Prop.  in. 

18.  Prove  the  following  still  more  general  theorem, 


(    *61    ) 


CHAPTER  XVIII. 


SOLTTTION  OF  LINEAR  DIFFERENTIAL  EQUATIONS  BY 
DEFINITE   INTEGRALS. 

1,  The  solution  of  linear  differential  equations  by  definite 
itej^ls  was  first  made  a  direct  abject  of  inquiry  by  Euler. 
lis  method  consisted  in  assuming  the  form  of  the  definite 
itegral,  and  then,  from  its  propertiea,  determining  the  class 
f  equations  whose  solution  it  is  fitted  to  express.  Laplace 
''-St  devised  a  method  of  ascending  from  tKe  differential 
[oation  to  the  definite  integral.  And  Laplace's  is  still  the 
ost  general  method  of  procedure  known.  Its  application  is 
lowever  not  wholly  free  from  difficulties,  due  partly  to  the 
TOsent  imperfection  of  the  theory  of  definite  integrals,  partly 
O  an  occasional  failure  of  correspondence  in  the  conditions 
5»n  which  continuity  of  form  in  the  differential  equation 
aid  continuity  of  form  in  its  solution  depend.  Indeed  it 
■light  never  to  be  employed  without  some  means  of  testing 
be  result  a  posterioji,  e.g.  by  comparison  with  the  solution 
€the  proposed  differential  equation  in  series.  Frequently 
Ddeed  it  is  possible  to  deduce  the  solution  in  definite  inte- 
rals  from  the  solution  in  series  without  employing  Laplace's 
lethod  at  all. 

Laplace's  method  is  applied  with  peculiar  advantage  to 
luations  in  the  coefficients  of  which  x  enters  only  in  the  first 
i^ee,  and  of  which  the  second  member  is  0.  Expressing 
ly  such  equation  in  the  form 


e  must  assume 


=  \e'Tdt, 


being  a  function  of  t,  the  form  of  which,  together  with  the 
imita  of  integration,  must  be  determined  by  substituting  the 
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expression  for  «  in  the  proposed  differential  equation.  1 
vug  this  substitution,  we  have  a  result  which  may  b« 
expressed. 


M 


jx^if)  (t)  Tdt  +  \e"^  [t]  Tdt  =  0. . 

Of  this  however,  the  first  term  is,  by  iutegratio 
reducible  to  the  form 

Thus,  (2)  assumes  tlie  form 

and  will  therefore  be  satisfied,  if  we  make 
e"'^  (()  T-0, 

j,l*(«)rj-+(i)r-o. 

The  foiTner  of  these  equations  has  reference  oulj  toj 
limits ;  the  latter,  expressed  in  the  forn 


iimr] 

-*fflf*»=^i 

gives  on  integration, 

*B 

T~  off*'". 

and  determines  T  in 

1  the  form 

T= 

i-l.J         EQtrATIONS  BY  DEFINITE  IKTEQFALS. 


'"i-fvr'" <*'■ 

he  limits  of  integratiou  being  determined  by  tbe  equation 

.•"J'm'"  =  0 (0). 

Should  this  equation  have  n  distinct  roota,  these  may 
ridently  be  so  disposed  as  to  give  n  —  1  distinct  particular 
itegrala. 

Such  is  the  general  statement  of  Laplace's  method.  Applied 

lan  equation  in  tbe  coefficients  of  which  the  highest  power 

fa;  involved  is  tbe  n'",  it  would  make  the  determination  of 

depend  on  tbe  solution  of  a  differential  equation  of  tbe  n^ 

der.     Other  practical  limitations  may  be  noted.     For  in- 

tftoce,  tbe  method  is  only  directly  applicable  to  the  expression 

integrals  which  produce  on  development  series  of  a  certain 

■m.     Thus,  if  we  develope  the  exponential  in  tbe  assumed 

uqiression  for  u,  we  bave 

u  ^JTdt  +  xJTtdt  +  ~  jredt  +  &.C., 

expansion  in  which  positive  and  integral  powers  of  a^  alone 
ifesent  themaelvea.  Integrals  of  different  forms  may,  however, 
w  preparation  of  the  diiferential  equation,  be  brought  under 
£e  dominion  of  the  method.  These  and  other  points  we  pro- 

386  to  illustrate  by  tbe  detailed  examination  of  a  special  but 

gy  important  example,  particular  fonns  of  which  are  of  very 
^uent  occurrence  in  physical  inquiries.  We  sball  first,  in 
Kcordance  with  what  has  above  been  said,  determine  tbe 
lifferent  kinds  of  solution  in  series  of  which  tbe  equation 

Jmits.     This  part  of  the  investigation  is  intended  to  be 

ipplementary  to  Art.  9  of  the  last  Chapter, 

dV  . 


SOLUTIONS  EXPRSSSEB   BT  SEBOB.     [CIXI 

Solutiona  expressed  by  Series, 
The  symbolical  form  of  the  above  et^itation  is 


Dl,D  +  a-l) 


Hence,  if  an  integi'al  be  espressible  in  tlie  fonn  Iv 
the  law  of  formivtion  of  the  coemcienta  u^  will  be 


-        771(771 


while  the  lowest  value  of  m  will  be  0,  or  1  —  a.   Thus, 
in  a  particular  case  to  be  noticed  hereafter,  the 
tegral  will  be 


u-^ll  + 


+  Bi,'-[1+- 


2{o  +  l)^2.*(<l+l)(a+3) 


2. (3-0)^2. l(3-aK5-a)' 


Thiaei* 


ic|  ....(* 


The  two  series  in  the  general  value  of  u  are  evidentlj* 
Tei^ent  for  all  values  of  x.  As  this  question  of  tbe  o«* 
gency  of  series  is  sometimes  important  in  connexion  *itkj 
solution  of  differential  equations,  the  reader  is  reminiWll 
according  as,  in  the  series  of  terms  or  groups  of  terms     j 

«,  +  w»  +  w,  +  &c-,  I 

the  ratio  —  tends,  when  n  is  indefinitely  incre«s(4W 

limit  less  or  greater  than  unity,  the  series  is  conreij^ 
divergent;  when  the  ratio  is  leas  than  unity  but  tends  tort 
we  must  apply  a  system  of  criteria  developed  by  Prirfa"' 
Morgan  [Giffermtxal  and  hiiefp-al  Calculus,  p.  325*). 

•  That  thia  sjetem  Tirtiiiilly  inclndeB  preTious  eperiM  rMolWi** 
pTored  by  BertrriQil  (LiouTillc,  Tom.  vii.  p.  35) ;  that  it  ia  »  UgitimW' 
lopment  of  the  fandaraental  principles  of  Caucbf  haa  beea 
Pancker  {CthIU,  Band  an.  p.  138). 


»j| 


f.4] 


SOLUTIONS  EXFBESSED   BY  SERIES. 


[  When  a  ia  an  odd  integer,  the  general  integral  will  iavolve 
'Ic^arithni.     In  particular  ifa=  1,  we  shall  have 

to  =  R„  +  a^x'  +  a^x*  +  &c.  +  log  x  (6„  +  J.ar'  +  b,x'  +  &c.) . . .  (9), 

and  bg  being  arLitrary  constants,  and  the  succeeding  coeffi- 
inta  determined  hy 


5'a^^  =  0, 


n'S,„  -  q'b^ 


..(10). 


The  symholical  equation  (6)  indicates  by  its  form  that 
lere  are  no  solutions  expressible  in  descending  powers  o£  x, 
id  infinite  in  one  direction  only — i.e.  beginning  with  some 
^te  exponent,  and  presenting  a  series  of  exponents  thence 
Bcendiug.  But  the  equation  naay  be  transformed  so  as  to 
Imit  of  a  solution  of  this  kind.  For,  assuming  u  =  6"^u, 
e  shall  have 


id  of  this  the  symbolical  form  will  be  found  to  be 

D  (D  +  a^l)  V  -2q  (D  +  '^'-  1)  €"0  =  0 {11); 


9QCe,  if  w  be  developed  in  a  series  of  the  form  Xv,^;'',  the 
'  of  derivation  of  the  coefficients  will  be 


n(m-t a-1) v„-2q  {m  +  --l)v„_^  =  Q. 


i  from  this  that  there  will  be  two  ascending  and 
Eviergent  aeries  for  v,  and  one  descending  and  divergent 
The  law  of  the  latter  seriea  is  by  changing  m  into 
inveniently  expressed  in  the  form, 


*'■»  = 


SOLtmON3  ESPRE8BBD  BY  BERIB8.        [CH.  XTm. 


Hence,  the  first  exponent  will  be  —  - ,  and  the  ultimate 

value  of  u  will  be 


l.2qx 


l(^0(l-')(i- 

*"  1.2. 42V 


i+&o.   (IS). 


If  we  assume  u  =  6*'u,  and  proceed  as  above,  we  ahaJl  obt^ 
for  V  the  symbolical  equation. 


7J(_D-f 


-l)w-f 


-l)e*c  =  fl., 


and  as  this  differs  from  the  previous  equation  for  v,  only 
change  of  sign  affecting  g,  we  at  once  deduce  a  second  i 
of  M,  m  the  form 


(13 


2\2 


i(H(H(H 


I  the  brackets  being  alternately  positive 


the  terms  withi 
negative. 

Both  the  descending  aeries  are  finite  when  a  is  an  e 
integer,  and  though  for  all  other  values  of  re  they  are  infii 
and  ultimately  divergent,  yet  if  a;  be  large  they  be^n  * 
being  convergent,  and  may  under  certain  circumstances 
employed  for  numerical  calculation. 

Thus,  we  have  obtained  two  solutions  expressed  in  ascei 
ing  series  always  convergent,  and  two  solutions  involvii 
series  expressed  in  descending  powers  of  x,  and  ultimal 
divei^ent. 

As  concerns  the  convergent  series  for  i',  derivable  from  tl 
transformed  equations  (11)  and  (13),  we  may  remark  t 
when  midtiphed  by  the  developed  exponentials,  they  will  oa 
reproduce  the  convergent  series  for  u  already  obtained  in  (f 

One  observation  yet  remains.  "We  have  seen  that  each 
tbe  assumptions  u  =  e'^i;  and  u  =  e"^u  transforms  the  propoa 
diffurential  equation  into  another  of  which  the  solution  in 


Oltr 


Sliding  aeries  is  finite  when  the  given  equation  admits  o 
inite  integration.  This  speciea  of  transformation  is  frequently 
tossible.  To  accomplish  it  we  must  assume  m  =  Qv,  the  form 
f  Q  being  determined  by  the  solution  of  that  differential 

Illation  upon  which,  by  Props.  Ii.  and  lir.  Chap,  xvii.,  the 
Intion   of  the  proposed  equation,  when  possible  in  finite 
is  dependent, 


Solution  of  the  Uquatton  hy  Definite  Integrals. 
3.     Comparing  the  proposed  equation, 

ith  the  general  form  (1),  we  b 

Hence, 

Substituting  these  values  in  (4),  we  have 

u=CJ^{e~<^f''dl 

rhile,  for  the  limits  of  integration,  (5)  gives 

Hence,  supposing  a  posiline,  and  confining  our  attention  for 

bo  present  to  the  factor  (i*  —  j*)',  which  alone  determines  t  in 
irfect  independence  of  x,  we  find  i  =  +  j.     Thus, 


<ih' 


BOLtTTION"  OF  THE  EQITATIOS 


Assuming  then  t  =  (i  con  8,  and  cLan^ng  the  sign  t 
arbitrary  constant. 


»=c./V-{.ii 


..{17), 


and  this,  as  its  form  auggesta,  and  as  we  shall  hereafter  aha 
is  an  expression  for  the  particular  integral  represented  by 
first  convergent  series  in  the  general  yalue  of  u,  given  in  (( 

To  deduce  another  integral,  let  us  in  the  symbolical  eqi 


tion  (6) 


{I)+l-a)D 


We  find 


,.(18). 


Hence,  a  value  of  v  may  be  determined  from  that  o{  uhj 
changing  a-1  into  I  -  a;   i.e.  by  changing  a  into  2 
Thus  we  have,  for  the  second  particular  integ^, 


'■(.i. 


1  he  positive. 

0  and  2,  we  have  for  the  corapleM 


Hence,  if  a,  lie 
I  integral, 

=  C,JV™i'(sin  8)"''dS+  C^'-^re'-'^<'(si: 

U  ra  =  1,  the  two  particular  integrals  in  the  above  expressiaB 
merge  into  one.     To  deduce  the  true  form  of  the  ' 

integral,  we  may  proceed  thus, 

u=rt"=™«[C,  (sme)"-'+  0^{xsmff)'--'lde, 

C,  and    (7j  by  two  new  arbitrary  conatan^ 


Now  when  0  =  1,  we  find  by  the  usual  mode  of  treating 
mishing  fractions, 


T.  4.] 


BT  BEFmiTE  INTEOBALS. 


i^-^ner'-jx 


=  ]og[x(8mBy}. 


u=J  ^'^'^^  [A +  B  log  [x  {am  9)'\]dd (20). 

This  is  the  complete  integral  of  the  equation 

d'li     du      ,          ,,  „, , 

'dS+ dx-''"'^'' (-^)' 

Lid  a  similar  form  exists  for  al[  cases  in  which  a  is  an  odd 
iteger. 

4,  We  proceed  to  the  cases  in  which  a  is  fractional  and 
oes  not  lie  between  the  hmits  0  and  2.  By  the  application 
f  Props,  II.  and  iir.  Chap,  xvil,  this  case  can  be  reduced  to 
lie  case  in  which  a  does  lie  between  the  limits  0  and  2. 
'iret,  suppose  a  negative ;  then  we  may  assume  a  =  d  —  2n, 
rhere  «  lies  between  0  and  2,  and  n  is  a  positive  integer. 
a  this  case,  the  firat  term  of  (19)  will  need  transformation, 
row  the  symbolieal  equation  (G)  becomes 


Zt(i?  +  a'-2n-l) 
Hence,  if  we  assume 

^     J^iD  +  a'^l)^" 
•e  shall  have 
—  (D  +  a'-l)  {D  +  a'~3) ...  {D  +  a- 

d   .  ..    ,^,'    d 

which 


-(»l-'-)(^ 


ln  +  1) 
a'-2n  +  l 


)....,.=,. 


.  C,fV'""«  (sin  «)-'-i<£« (2; 
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And  this  particular  expression  for  w  must  replace  the  fiistl 
term  in  the  general  value  of  w  given  in  (19).  The  differen-^ 
tiatioua  may  obviously  be  performed  under  the  integral  sign.  " 

As  a  particular  illustration  suppose  a  to  lie  between  0  &nd  J 
—  2,  then  m  =  1,  a  =  a'  — 2,  whence 

x-j-  +  a''~l  =  x-j'+a  +  l. 
ax  ax 

The  particular  value  of  w  which  must  replace  the  firet  teta 
in  the  general  value  (19)  will  therefore  be 

u=cJ^(a:^  +  cL  +  l]  e'*™' (sin fl)"+» d0. 

Effecting  the  differentiations,  and  substituting  in  (19),  ( 
have,  for  the  general  value  of  u, 

'» (53! cQS0  +  a  +  l)  (sin d]"*^ d$ 

'^  {sin  ffy-- d0. 

Secondly,  when  a  is  greater  than  2,  the  assumption 


a=^cA\ 


■"/>" 


L 


in  effect  converts  a  into  2  — o.  Compare  (6)  and  (18). 
effect,  therefore,  it  converts  a  into  a  negative  quanUty,  i 
reduces  the  present  case  to  the  preceding  one.  . 

It  remains  only  to  notice  that  when  a  is  an  even  inte_^ 
the  complete  integral  is  expressible  in  finite  terms.     Ghaj 
XVII.  Art.  3. 

Collecting  these  results  together,  we  see  that,  accordii 
a  is  an  even  integer,  a  fraction,  or  an  odd  integer,  the  com^ 
integral  is  expressible  in  finite  terms,  or  by  definite  integral 
producing  on  development  two  algebimc  series,  or  by  definit 
integrals  producing  on  development  two  series,  one  of  whio 
is  multiphed  by  the  factor  log  x.  We  propose  before  goinf 
farther  to  verify  these  results. 


ABT.  5.] 


VBBIFICATICW, 


5.     If  in  the  solution  (19), 
and  for  brevity  write 

-ve  shall  bave 
u=C,2 


Verification. 

dcvelope  the  csponentials. 


f'(co8 ^-(ain 0)-'d9  =  A„,  ["(cos ^)"' (sin  Sy^dS  =  B„...{2i), 


"1.2.., 


^    '      "1.2... 


the  summation  denoted  by  S  extending  to  all  positive  inte- 
gral values  of  m,  from  wi  =  0  to  m  =  co.  Thus  the  general 
value  of  u  is  expressed  by  two  aeries,  whose  equivalence  to , 
the  series  given  in  (8)  it  remains  to  establish. 

Now,  when  m  is  odd,  J„  =  0,  B„  =  0,  the  positive  and 
negative  elements  in  each  integral  mutually  destroying  each 
other.    Again,  by  a  known  formula  of  reduction. 


UcoB0)~{siQff)'d0  =  ^- 


- — '^  i{cos0)"'-^[8m&j"d 


y  the  limits  0  and  tt,  the  term  free  from  the  sign 
of  integration  vanishes  at  each  limit  when  n  is  positive,  and 
we  have,  changing  n  successively  into  c  —  1  and  1  —  a. 


■S»  = 


ri+l-a 


B^ 


Now  let  the  coefficient  of  a;"  in  the  first  series  in  (25)  be 
represented  by  u„,  then 


1'^. 


„lm-\)A„ 


'1.2...(ni- 
« [m  +  o  - 1) 


2)' 

by  (26). 
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SOLUTION  BY  DEFDHTE 


[caiTi 


Now  this  is  the  law  of  the  coefficienta  assigned  in  (7)>l 
Ami  just  in  the  same  way  may  the  second  series  in  (25)  be^ 
verified.     Tliua  the  development  of  the  general  solution  (19) 
produces  the  two  convergent  series  of  the  solution  in  Art.  2. 

The  verification  of  the  solution  (20),  though    somewhtt 
more  difficult,  may  be  effected  on  the  same  principles,  J 

Developing  the  exponential,  and  assuming  J 


1} 


>a  5)"  de  =  E^ 


/%c 


we  shall  have 


'\.-l...m)^       "^    °       \.t...m^        "^' 


,  the  summation  es1 
from  m  =  0  to  m 

Now  it  may  be  shewn  that 


)  all  even  integral  values  of 


■■{n 


and  it  will  be  found  that  these  relations  establish,  for  tl 
coefficients  of  the  series  involved  in  (27),  the  same  laws 
successive  derivation  as  are  assigned  in  (10). 

The  verification  of  the  solution  (22)  involves  no  difficulty. 

Solution  hy  Definite  Integrals  resumed. 
6.     In  Alt.  3,  we  found  for  the  equation  of  the  limits, 


'w-ij- 


from  which,  in  order  to  determine  the  limits  in  perfect  itt 
dependence  of  x,  we  rejected  the  factor  e".    In  the  discuesi' 
of  the  same  problem  in  the  great  work  of  Petzval*,  nnnii 
course  of  publication,  that  factor  is  retained,  giving,  accoriling 

"  Integration  der  Uneartrt^  Bifmntialgleichwngm  mil  OonataTitm 
vtTtinderlK}ten  Coejicienten.  [The  seoond  TOlniae  eoooludiog  the  work 
publiehed  in  1859.] 


1KTEGR4LS  RESUMED. 


aj  is  positive  or  negative,  the  additional  limit - 
'.And  thaa  the  following  solutions  are  arrived  at,  viz 


"when  X  Is  positive,  and 


4: 


0,        f{t'-qY 


..(30), 


xf/if-i)'' 


dt.. 


..(31), 


Then  a;  is  negative.  It  wiU  be  observed  tbat  it  is  in  their 
second  terms  that  the  above  expressions  for  u  differ  from  the 
eipression  given  in  (19),  and  the  question  arises,  what  do 
those  second  terras  really  represent  ?  We  propose  here  to 
coneider  this  question. 


Supposing  X  positive,  we  have  to 


the  terra 


Now  this  expression,  on  assunning  (  =  — y  (1  +&),  so  as  to 
make  the  limite  of  integration  0  and  do  ,  and  performing  re- 
ductions affecting  only  the  arbitrary  constant,  becomes 


12). 


It  is  easy  to  see  tbat  this  cannot  produce  either  of  the  par- 
icular  integrals  represented  by  ascending  developments  in  (8). 
'''or,  if  we  develope  the  exponential  under  the  sign  of  iute- 
"ktion,  the  coefiScient  of  j;"  in  the  factor  represented  by  the 
ite  integral,  will  be 


But, 
ion  is  infinite. 


a  being  positive,  it  is  manifest  that  the  expres- 


m* 
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\m:k 


We  may,  however,  expand  the  definite  integral  in  (fewmrf-l 
ming  powers   of  x.      Developing  the  binomial  in  ascendiii«  T 
ra  of  d,  and  integi-ating  by  the  well-known  theorem 

1,  W 

(32)  assumes  the  form 


i+te  . 


w 


(!«)■ 


Now  observiDg  that  V  (|  +  l]  =  ^  I'  U  J  ^■'  ewbstitnticj 
b  and  merging  the  common  factors  in  the  arbitrary  cossbrA 
r  we  have 


-+4c.  ...(!)1 


^-c,(l-')i,(i-')(i--)l(i 

'    "^      2^3!     "^  1.2.  (223.)" 

I  .which  agrees  with  (12).     Exactly  in  the  eame  way  Petzval 

\  second  integral  for  the  case  in  which  x  is  negative,  represent 

the  other  descending  and  divergent  series  {14). 

7-  We  thus  see  the  true  nature  of  the  distinction  betwa 
Petzval's  form   of   solution   and  those  obtained  in  Art. 

I  The  latter  represent  the  two  converging  and  ascendii 
Beries  derived  immediately  from  the  differential  equaUt 
The  former  represents  one  of  those  series  accompanied 

I  the  divergent  series  derived  from  a  transformed  different 

I  equation*, 

•  Spitzer,  In  a  reoent  Memoir  in  OwUo'b  Journal  (Vol.  uv.  p.  290),  >1« 
that  when  the  coefflciantB  of  tii&  differential  aqnation 

aatisfy  the  condition  Uih,  -  o,6j  =  S,*,  the  solution  will  bo 


!(=  A-7  I J  +  B  log  (a, +J^)U,|  Ju 


I 
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It  ia  known  that  in  the  employment  of  divei^ent  series  an 
nportaiit  distinction  exists  between  the  cases  in  which  the 
enna  of  the  series  are  ultimately  all  positive,  and  alternately 
Wsitive  and  negative.  In  the  latter  case  we  arc,  according  to 
.  known  law,  permitted  to  employ  that  portion  of  the  seriea 
rhich  La  convergent  for  the  calculation  of  its  entire  value. 
low,  a  being  positive,  the  series  (12)  assumes  this  character 

Kheo  X  is  positive,  the  series  (14)  when  x  is  negative.  But 
lese  are  precisely  the  cases  in  which  these  series  are  repre- 
ented  by  Petzval's  integrals. 
When,  for  the  calculation  of  an  element  dependent  ou  the 
olution  of  a  diiferential  equation,  ascending  and  descending 
Bnes  are  both  employed  {the  ibrmer  for  small,  the  latter  for 
Uge  values  of  the  independent  variable),  it  is  necessary  to 
etermine  the  connexion  of  the  constants.  For  this  purpose 
he  expressions  of  the  series  by  definite  integrals  may  be  of 
Biportanco.  On  this,  and  on  other  points  connected  with  this 
uoject,  the  reader  is  referred  to  two  moat  instructive  Memoirs 
y  Prof  Stokes',  in  which  some  of  the  equations  of  this  chap- 
Br  are  applied  to  physical  problems. 

Partial  Differential  Equations. 
8.     Some  of  tbH  moat  interesting  applications  of  the  above 
lethod  occur  in  the  solution  of  partial  differential  equations, 
following  is  an  example. 

iquired  the  moat  general  solution  of  the  equation 

dj?      dy'      dz'         ' 

■e  given  by 

I   The  dednetion  □(  this  bb  a  limiting  cate  of  the  general  lolution  may  sorre 
,a  the  Btadeat.    Kwillba  proper  to  asaume  <i,-<-Ar''=''  ^ 'lio 
mdent  variable. 

Spitzer  eipreases  surpriss  that  Fetzval  has  not  arrived  at  the  above 
IntioD.    We  Bea  however  that  it  hus  no  proper  place  in  Fetzval's  actual 

•  On  the  NameTical  Catfulation  of  a  Claai  of  Definite  Integrals  and  /tyi- 
U  Seriet.  Cambridge  Philofophical  TraaiiKtioni,  Vol.  u.  Part  i.  p.  1C6. 
t  of  the  Internal  Friction  of  Jtuidt  on  the  Motion  of  PenduhoM. 
t.  Put  n.  p.  e. 
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wbicli  can  be  expressed  in  terms  of  z  and  r,  anpposmg 

Tliis  equation,  with  its  supposed  condition,  present) 
in  the  problem  of  determining  the  attraction  of  a  solid  ^ 
lution  on  an  external  point,  and  in  the  problem  of  the 
of  an  ineompreeaible  fluid,  disturbed  by  the  motion  of 
of  revolution  in  the  direction  of  the  axis  of  revoktion  i 

The  transformed  equation  b  easily  found  to  he 

^  +  ^-  +  r  — =  0 
di*     dr        ds" 

Now  the  solution  of  the  equation 

is 

n  =  (*'e"«'»VI-''[^+-8Iog  [rCain^niJ 

Hence,  replacing  j  by  -5- ,  and  A  and  B  by  artS 
tions  of  e,  we  have,  for  the  solution  of  (34), 

„  =  j■V"•i^'"  y,  (,)  +  ^  (,)  log  (,  (,;„  UJIJ  M. 
or,  by  the  symbolical  form  of  Taylor's  theorem,    ^^ 

M  =  [V  {2  +  »■  cos  fl  V(-  1)}  t^^  ^1 

+/V[=  +  rc«s5\'(-^))  log  I^  (sin5)*l  ^ff.. 
Such  is  the  complete  integral. 

In  all  physical  problems  involving  partial  different! 
tions  the  determination  of  the  arbitrary  functions 
satisfy  given  initial  conditions  is  a  matter  of  great  imi 
and  sometimes,  where  discontinuity  presents  itsdl^ 
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ifficulty.  But  though  some  general  principles  might  be  stated, 
le  Buhject  ia  best  studied  in  the  concrete  application. 

In  applying  the  above  solution  to  the  problem  of  attraction 
is  required  to  determine  the  arbitrary  functions  so  that  when 
=  0  we  should  have  ii  =  i*'(3).  Now,  since,  when  r  —  0,  logr 
infinite,  it  ia  necessary  to  suppose  \jr  (s)  =  0.    Wo  have  then 

Thus  the  Bolution  under  the  proposed  limitation  becomes 


.-If. 


ParsevaVs 

9.  Equations  whose  symboUcal  form  is  binomial  generally 
.mit  of  solution  by  definite  integrals.  PfafTs  equation  has 
MIS  been  treated  by  Euler.  (Lacroix,  Tom.  ili.  p.  629.)  The 
jiy  beautiful  theorem  of  Parseval,  which  makes  the  limit  of 
^e  series  AA'  +  BB'  +  CC  +  &c.  dependent  upon  the  limits 

'  the  aeries  A  +  Bu  +  Cw'  +  &c.   and  A'  -{ 1 — ;  +  &c., 

u       w 
lould  be  noticed. 

Suppose  that,  for  all  values  of  \i,  real  and  imaginary, 

A+Bu.-vCu^..,  =  ^[u), 


Then,  multiplying  the  eqiiations  together, 

ABSume,  in  succession,  «  =  **"'''"'*  and  u="e'^'""'',  und  add 
ireeultB. 


478       sonrnos  of  differential  equattons  [cS' 
We  find 
2  (AA-  +  5B'+  CC-  + ...)  +  2S  (a«  cos  mffj  +2% (^.carf 

Now  multiply  by  i?5,  integrate  between  the  limite 
'  obeerving  that  f   {cosme)d0  =  O.  and  divide  the  rwiltl 
Stt,  then 

AA'  +  B0  +  ...  =  ~_^j'[<t>{i»-Jc'^]y}r{, 

+  0  J6-»v^-');  ^  [e-»%'.-')j]  (/^ (3S1, 

which  is  the  theorem  in  question. 

Solution  of  Differential  liquations  hy  Fourieri  Thtan^ 

10.  Aa  Fourier's  theorem  affords  the  only  general  bH 
known  for  the  solution  of  partial  differential  equatiow' 
more  than  two  independent  variables  (and  such  are  tliftf^ 
tions  upon  which  many  of  the  most  important  probIiiM| 
mathematical  physics  depend),  we  deem  it  proper  to  ff^ 
at  least  the  principle  of  this  application,  referring  Uver^ 
for  a  fuller  account  of  it  to  two  memoirs  by  Cauchy*- 

As  a  particular  example,  let  us  consider  the  equftlioii 


^ 

t 


de     "■  \d^^'^  df"^  dzV 


Let  u  =  ^  {x,  y,  z,  t)  represent  any  solution 
tion.     By  a  well-known  form  of  Fourier's  theoi 


1  ofJtti 

4 


•  Sur  VlMigration  d'Equalioni  Liniairen.  Eseercicf  d'AniitvM 
Pi^tique  MatkSmatiqtif,  Tom.  i.  p.  B3. 

Sur  la  TrantfoToiation.  ft  la  S/;d>iction  des  IntigraUa  Gfnirolmt* 
timt  d'Eqaatioiu  Lin{aiTe$  aux  difirencei  partiellea.     /bid.  p.  ITS. 
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;ces3ive  applications  of  which  enable  us  to  give  to  u  the 


Sir' 


e^'/f-"^  (a,  6,  c,  t)  dadhdodKdftdv... 


rher6^=  {a-'x)\-\-{b  —  y)n-^{c-t)v. 

Substituting  this  expression  in   (37),  and  obaeryiug  that 
am  the  form  given  to  A  we  have 


6^V(-ll  = 


'>(-X'- 


-^), 


kdXdtJ-dv  =  0, 


I  being  put  for  ^  (a,  h,  c,  t).  This  equation  will  be  satisfied 
'  ^  be  determined  so  as  to  satisfy  the  equation 

'^  +  h'{x-  +  ^'  +  .^^=o. 

Hence,  integrating  and  introducing  arbitrary  functions  of 
,h,c  in  the  place  of  arbitrary  constants,  we  have  the  par- 
icnlar  integrals, 

^  =  e*«V(-i)  ^^  (a,  b,  c),     .^=  r"*" V(-i)  j^^  {a,  b,  c) ...  (39), 
rhere  5  =  (V  +  /  +  p')  *. 

Substituting  the  first  of  these  values  in  (38),  and  merging 
1 


^A^MW(-)^_  (a,  b.  c)  dadbdcdKdfidv  ...  (40), 


particular  integral  of  the  proposed  equation.  It  may  easily 
e  shewn  that  the  employment  of  tlie  second  value  of  ^  given 
1  (39)  would  only  lead  to  an  eqiuvalent  result. 


F  480  SOLUTION  BT  POtJHIER's  THEOHEM.    [CH.  im 

To  complete  the  eolution,  we  observe  that  if,  representing 

-r-5  +  -7-1  +  jj  ty  -^j  we  make  (=  e*   so  as  to  reduce  the 
t  d2r     ay      or    ■' 
I  given  equation  to  the  symbolical  form, 

'  then,  by  Propositions  li.  and  ill.  Chap,  xvil.,  the  transfonm- 
,-  _a  dv     do       .,,    . 

tioa  «  =  e  "  ,>,  =  -jT ,  will  give 


D{D-\) 


€»'U  =  0, 


I  which  is  of  the  same  form  aa  the  equation  for  u.    Hena, 
f'v  admitting  of  espression.  in  the  form  (40),  we  have,  onmei 
1  changing  the  arbitrary  function, 


j-i+jj«,  v^-ii  ^^  (o^  j^  p^  dadbdcd\d^dp ...  (41J. 


The  complete  integral  is  thus  expressed  by  the  sura  of  the 
particular  integrals  (40)  and  (41).  The  sextuple  integral  bf 
which  tlie  above  particular  values  of  u  are  expressed  admiB 
of  reduction  to  a  double  integi-al  leading  to  a  form  of  solutia 
originally  obtained  by  Poisson.  Cauchy  effects  this  redudioa 
by  a  trigonometrical  transformation.  It  may  be  accomplished. 
and  perhaps  better,  by  other  means ;  but  this  is  a  matter  if 
detail  which  does  not  concern  the  principle  of  the  solution. 
We  may  add,  that  when  the  function  to  be  integrated  beconiM 
infinite  within  the  limits,  Caucby's  method  of  residues  shoiild 
be  employed.  The  reduced  integral  in  its  trigonometfal 
form,  together  with  Poisson's  method  of  solution,  which !) 
entirely  special,  will  be  found  in  Gregory's  Examples,  p.  50t 

Caucby's  method  Is  directly  appHcable  to  equations  with 
sacond  members,  and  to  systems  of  equations.  The  above 
example  belongs  to  the  general  form 

d?u      „ 


Brhere  His  a.  function  of  ^  ,   -j-  ,   -}- .    Fur  all  such  equations 
ax     djf     ax 

ifeemetboJ  furnishes  directly  a  solution  expressed  bysestuple 
ntcgrals,  wLich  aro  reducible  to  double  integrals  if  i?  is 
lomogcneous  and  of  the  second  degree.  In  the  above  example 
be  double  integration  proves  to  be,  in  effect,  an  integration 
iitended  over  the  surface  of  a  sphere  whose  radius  increases 
tnifonnly  with  the  time.  Integrals  of  this  class  are  pocu- 
Urly  appropriate  for  the  expression  of  those  physical  effects 
shich  are  propagated  through  an  elastic  medium,  and  leave  no 
^ace  behiud. 
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i  expressible  in  the  form  M  =  ^e**+5e"*',  A  and  B  being 
friea  which  are  finite  when  »  is  an  integer.  (Tottolini, 
ToLv.  p.  ICl.) 


The  complete  integral  of  the  equation 


S={--^}". 


2.    The  definite  inteOTal 


j'c-i3[n!e-a:tiuid)]d9,    can   be 


mluated  when  n  =  ±(t  +  -A,  where  i  is  a  positive  integer  or  0. 
[Liouville,  Journal,  Tom.  vi.  p.  36.) 

BapieseDtins  tbe  defiuila  integral  hy  u,  it  will  be  fonnil  tliat  u  aatisSes 

Mnation  ot  Oia  form   -,-^  =  ( J  -i-  -; ) «. 

Tbe  sabjeet  of  tha  ovaliutba  of  doSnita  intesraU  by  tha  aolDtion  of  dif- 
■nntifil  equatioua  has  bi^aa  treated  nith  groat  ganeraUty  bf  Mr  BusboU 
^tUataphical  TriMmcUoiia  for  1805). 

3L    If  c  =  a  be  the  equation  of  a  system  of  curves,  v  being 

fimctionofajand^  which  satisfies  the  equation -rj  + -j-.  =0, 

ad  if  K  =  (8  be  the  equation  of  the  orthogonal  trajectories  of 
tl«  system,  thou  u  may  hi  found  by  the  integration  of  an 
B.D.I:.  31 
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exact  differential  equation  of  tlie  first  order,  and  when  fonDil 

will  satisfy  the  equation  -t-^  ^  rf",«  ~  "■ 

The  nboTS  theorem  is  B{)pllel  by  Pmteaeor  ThomBon  to  tlie  problem  nF 
retarmininR  tte  forms  of  the  riuga  and  bniahes  in  the  apectia  prudneed  iij 
liJaxftl  orystalB.     {Cambridge  Journal,  2nd  Series,  VoJ.  i.  p,  124.) 

4.  The  normal  at  a  point  P  of  a  plane  curve  meets  tW 
jixis  in  G,  and  the  locus"  of  the  middle  point  of  1*0  is  tlw 
pirabola  _v'  =  ^■'^-  Find  the  equation  to  the  ciirce,  Eiippoeii^ 
it  to  pass  through  the  origin.     [Cambridge  PnAlems.) 

5.  The  normal  at  any  point  of  a  surface  passes  tbrongb 
the  line  represented  hy  -;  =  -^  =  - .  Find  the  differentid 
equation  to  the  surface,  and  obtain  the  general  integral.  (/6 

6.  Pfiive  that  the  differential  equation  of   the   surfs 
generated  by  a  Ftroight  line  which  passes  tliroiigh   the  g 


of  s,  aud  througli  a  givi 
angle  with  the  axis  of  z 


"*" 


!  and  ivhicli  maket 


7.  lutegi'ate  the  above  equation. 

8.  Express  by  a  definite  inti^gral  the  series. 

Form  the  aitferentinl  eqnation  by  Chap.  ito.  Art.  11,  and  then  k[ 
Laplace's  method,  Cbup.jivm.  Tlie  result  iau  =  --j'  aM{xeosff)de.  (Slol 
Ca  «bridgf  Transactions,  Vol.  u.  p.  192.) 

9,  ITence  express  the  series  in  a  form  suitable  for  cal< 
laf  on  when  x  la  lai^e. 

ri'ocoeding  iioco  ding  to  the  directions  of  Chap,  inrt.  the  complet*  k 
[Til  of  till  diileretitinl  iqniit.ou  eiipre^ee.l  Vj  dcEueading  aeriea  will  ba 
M^x-l;  A  ojsi  +  B  Bm^)R  +  {Aaax-Sco9x)S], 


S^l- 


1',8'.5'. 
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^^l.Sx"  1.2:3  (Sx)^'^^^' 

TThe  valaes  of  A  and  B  for  the  partioular  integral  in  question  will  be 
Ji.  =£=:«-~i.  These  are  deduced  from  the  consideration  that,  when  x  tends 
4o  infinity,  we  have,  in  the  limit, 

2    ^» 

-  1'^  COB  (aj  cos  B)  d$ = {irx)^l  (cos  a  +  sin  ac) .    (Ibid.) 
*■  Jo 

TThe  above  series  occurs  in  several  physical  problems. 


10.     The  complete  integral  of  the  equation, 

^d?  "^  (''  +  ^^)£+(f-^0^-^  hx')y  =  0, 

tna.y  be  expressed  by  a  finite  formula  involving  general  di3Fer- 
entiation.     (Attributed  to  Liouville.) 

ABsmne  y=2c**'^"5i~ ;  then,  by  a  proper  determination  of  a  and  /3,  the  equa- 
tion may  be  reduced  to  the  form 

Xhe  symbolical  equation  obtained  by  assuming  x  =  €^  will  be  binomial,  and 
ilie  integration  in  the  required  form  may  be  effected  by  Prop.  iii.  Chap.  xvii. 

11.     Equations  of  the  form 
may  be  reduced  to  the  form, 


'H: 


y)'+tli]'-0 ("). 


dtj         ^  \dt, 
considered  in  Chap,  xviii. 

Assume  x^=t,  y  =  t^z;  the  determination  of  k  will  be  found  to  depend  en 
the  equation  k(k -  l)ni^  +  k { m{m - 1)  +  mAi  \+Aq—0. 

Petzval,  Linearen  Differentialgleicliungen^  Pt.  1st,  p.  105.  Riccati's  equa- 
tion is  included  in  the  above. 

12.    Equations  of  the  form 

j^  Ireducible  to  the  form  (m).     (Jh,  p.  112.) . 

31—2 
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13.     The  complete  integral  of  the  equation 

where  p  is  a  primitive  root  of  p'"'=  1.  anil  C,  C,,  C, ...  C, 
satisfy  the  condition  C+  C,+  G,...+  0^  =  0,  but  are  other 
wise  arbitrary.     (Jacobi,  Crelle's  Journal,  Vol.  x.  p.  279.) 

1-t.  The  determination  of  the  orthogonal  trajectory  of  at 
.ifysteni  of  straight  lines  on  a  plane,  involving  in  their  gener 
tiqualiun  oae  variable  parameter,  can  be  effected  by  U 
solution  of  an  exact  differential  equation  between  x  andy. 

This  inteiesting  proposition,  togetJier  with  tbe  folloniui^  demoustratio 
wa?  comnmnicated  lo  the  author  bj  Professor  Dookin,  with  whose  iienui 
tion  it  is  published. 

The  eiinatioa  of  the  given  system  can  always  be  expressed  in  the  Ira 
j;sia  8-y  cob  B  —  ip  (fl),  or,  patting  cob  fl  =  ii,  sin  B=v, 

r^-uy~F(fi,v)^0 (1), 

u'  +  «'-l  =  0 (2). 

The  equation  ol  the  trajeetorj  will  then  bo 

udE+iiif^  =  0 (3), 

ti  and  V  being  determined  from  (I)  and  (3)  as  funetionB  of  »  and  p. 

Now,  if  we  lepreeent  ihe  first  members  of  (1)  and  (S)  by  Ji*  and  4 
tively,  then,  in  order  that  (3)  may  be  an  exoat  diSerential  eciuation,  we  mt 
have,  in  virtue  of  (37)  Chup.  XIV. 

df"  rf *  _  rf/"  ((*      dPd^     ^  ^  _  fi 

dl'du      da  dx'^'dg  di'diJ  d^~   ^'' 

and  this  will  bo  found  to  he  identicaUy  satisfied.  Hence  (3)  ie  an  eioct  dif- 
ferential equation,  as  was  to  be  sbewu.  The  proposition  applies  gGncrally 
to  tbe  problem  of  involutes.  Thus,  the  tangents  to  a  eiicle  being  repre- 
sented bj 

the  eqnalion  (3)  will  become 

This  is  exact,  and  doteimines,  on  intogiatioa,  the  system  of  possible  idto 


b 
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15.  To  determine  the  connexion  of  the  integrals  of  any 
system  of  Kimultuaeous  differeatial  equatious  expressible  in 
the  form 


<fe     dF 
di      d„  ' 

dg_dF 
dt       do 

du        dF 
Jt         djs' 

da_     dF 
dt          dy 

■■(1), 


where  ^  la  a  given  function  of  x,  y,  u  and  v. 


The  complete  solntion  will  evidently  oonaist  of  four  oqnationa  determining 
ft,  y,«,  V  as  foaetiona  of  1,  and  (onr  arliitrary  oonBtanta. 

Suppose  that  there  exists  an  integral  of  the  form  *=«,  whara  *  ia  a  fuuc- 
tion  of  X,  y,  B,  V,  not  invoMng  (,     Then,  dlHurontiating,  wb  ha^a 
d*  ilx     rf*  dy     d^  du     d$  rfii 


r  snbatitQticg  tor 


dt'    dt' 


&o.  the  Tallies  pTon  in  (1), 


d*dF     di  dP_  rf*  dP_  ^*^_fi 
dx  du      dy  dv      da  dx      de  ai/ 
fitsw  this  equation  ia  identically  sati^Sed  if  ^  =  F.    Hence  one  integral 
wDl  be  F=a,  nhere  a  is  an  arhitrary  conetant. 

SnppOHe  now  that  another  integral  not  involving  t  can  be  foraid.  Then 
T^presenting  it  by  *  =  i,  and  obHarving  that  (2)  ig  idantical  witli  the  equation 
(4)  in  the  last  problem,  it  is  seen  that  if,  from  the  two  eqaationnF=ci,  ^=:h, 
^re  determine  u  and  v  as  fimctiona  of  x,  y,  a,  h,  the  expression  udx  +  vdj/  will 
be  UM  exact  differential.    Hence,  il  fiudx  +  vd!/)=Xi  we  have 


_<lx 


Kow  differentiating  the  integral  F=a  ^ 
«,*■>*  louctioni  of  x,  y,  a,  b,  we  have 

dF^     dFdv_ 
du  da     dt  da 
dF     dF 


ith  reapect  to  a,  and  regarding 


or,  putting  for  ^- 
ldr«D  in  (3), 


—   their  values  given  in  (1),  and  for  u 


^2)-*i{2)*=^^ 
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wHeoce,  integraling, 

t-'*' ("■ 

t  being  sn  arbitroiy  oousbont.   Since  tlie  form  of  x  i^  known,  this  coDstilnlLt 
u  iLiril  integral. 

Laatly,  ili2erontiK,tin8  f =aititli  respeet  lo  6  ajiJ  proeeeding  lis  abote,' 


...(5>, 


e  being  an  tirbiirarj  constant.    And  thia  is  the  fooitli  integraJ. 

The  Bbove  ia  a.  siraple  illii  strati  on  of  the  methoda  of  Theoretical  DjBt- 
mica  refiiTBd  to  in  Chap.  xrv.  Thna  the  eqnalions  for  the  moUon  oJ  t 
boJy  attrautdil  tonarils  Giel  centres  (all  in  o&e  plane)  are 

R  being  a  fnnotion  of  at,  y,  and  tba  on-ordinatea  of  tho  fised  centres.     Thesj 
e.luBtiDaj  may  be  eipreaaed  in  the  form 


yow,  if  WB  represent  the  function  \  (u'+r')  +R\>jF,  the  abore  eqntttiow 
aagnnie  the  general  form  (1). 

It  was  intimated  in  Chap.  STV.  that  the  solation  of  the  eqniitiiuu  of 
rynaraios  is  finally  depenilent  on  the  obtaining  of  the  oomplate  primitiTa  of 
a  non-linear  pnrtinl  diSeTenlial  eqnution  of  the  first  order;  and  this  nn) 
previously  shewn  to  depend  on  the  intugmtiou  of  an  eaiet  diflctential  equn- 
tion  the  coeffieiBiita  ol  whioh  were  JetermineJ  1^  the  solution  of  n  liKMt 
partial  dilferential  equation  of  the  first  order.  Now  all  thid  agrees  vilh 
what  has  been  eiemplifteil  slioye.  For  Uie  last  two  integrnlB,  (J)  and  (5)  am 
derived,  by  mere  differentiation ,  from  x.  while  x  '8  found  by  the  inti^»liiin 
of  an  exact  differential  equation  whose  coetHcienta,  u  and  r,  are  obtaionl 
from  equatiims  which  satisfy  the  linear  partial  differential  equalioa  (3). 

The  Etndeot  is  espeeially  referreil  to  the  original  mentoirs  by  Bir  W.  B. 
Hamilton  {On  a  General  Mrthod  in  Dijnamiei.  Fhilotophieal  Trantaeliaiu, 
WSi — 5),  to  varioua  memoiiH  by  Jacob!  coutainod  in  his  collected  worlu  nt 
scattered,  through  Grolle's  Journal,  and  to  the  recent  memoira  of  Frvt 
Doulcin  (On  a  Clati  of  Differfntiat  Equntlont  incliidin!)  thoae  of  Dynamiti. 
Phi'iieophical  Trunanc/ion',  1S54 — 5).  Liouville'a  Jimrnal  is  rioh  in  valtiniJe 
mumcira  on  the  aubjcct. 
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ANSWERS. 

Tlie  following  table  does  not  contain  answers  to  all  tlie 
questions  proposed  in  the  Exercises,  but  to  a  selected  number 
o£  tfaem,  thought  amply  suflScient  for  ordinary  requirements. 

CHAPTER  I. 

2.  (V)   y=px  +  ^{l+py      (Here,;,  =  2). 

(2)  p-a^=e".         (3)    {1  +  a^)  p  +  ij  =  taxT' x. 

(4)  xp+y  =  7flogx.         (o)    7/p^ -{- 2xp  =  7/. 
(6)  y  =  xp+i>{p). 

3.  (l)and(2)g  +  ,«V  =  0.     (»)   -' g  +  (^-^  |)  =  <>• 

G.     (1)    {x-af+itj-by^l.     (2)   hx  -  ay  =^  ah  {xt/ -  1). 
^  m  2ni      ,  m       .f        2tn\ 

9.     (y  —  c)'  =  ic'x. 

CHAPTER  II. 

1.  (1)   logx7/  + x-ij==c.        (2)   log^-'^^-~  =  c. 

(3)  (1  +  a?)  {1  +  7f)  ^  cx\ 

(5)  cos  y  =  c  cos  a;.        (6)   tan  x  tan  y  =  c. 

2.  Yes.       3.     (1)   y  =  ce~'.         (2)   y  =  ce~'^^'\ 

(3)   »»=c'+2cy.     (4)  x=ce     '.     (5)  (y+x)»(y+2x)»=c. 
,  4.     (J)  a?-x!f+fj*+x-if=c.    (2)  (y-x+l)'(y+x-l)"=c. 
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5.  V  =  Cof  +  7-       — . 
^  1  —  a     a 

_     * 

C.     (2)   y=ax+cxV(l-aO-       (3>   y=ce  VF^  +  -^ 

(4)  y=8iiia:-l+C€"'*"*       (5)    y=tan'*a;-l+ce 

10.     (1)   ^={cV(l-^-a}-\      (2)    ^»  =  c€''-  — 

(3)   z={ce*^+|(2a!'+l)}-i.        (5)   y=(ca;+loga 

CHAPTER  ni. 
1.     a*  +  6a;y  +  y*  =  C.      2.    a?-y*=cx.      3.    a*-" 

4.    ^-5-^- +  tan"' -  =  c.       5.    a?  +  y6*=c. 

6.  e*  (a;*  +  y*)  =  c.        7.     sin  (na;  +  »»^) +  cos(«u;  +  Ji, 

9.  V(l+a''+y)+*aa"7  =  C'  sin'V(a'''+y')+sin-'-  + 

10.  Assuming  ^^^  =  v,  we  have  I ^^  =  —  +  C. 

CHAPTER  IV. 

4.  a-y/{x'  +  (ey-  y*). 

Complete  primitive  is  a*  +  a^  —  y*  =  c. 

5.  (1)    Integrating  factor, — j^-i — 5^.  Solution,  a;'=<!'+- 
^  '  6         o  xi^ix  +y) 

(2)    Integrating  factor,  ^^,  ^  3^  ^  y, » 
Solution,   (^  H-  a;)*  (1/  +  2a:)'  =  c. 

6.  2^  =  ca?  is  the  complete  primitive. 

1  1 
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CHAPTER  T. 


(1)  €*.         (2)    1  2.    y-*.        (3)   I  and  ] 


ax 


4.  (2)  y-e  '.       (3)  ^^'V.      (4)   (l  +  j^'-a:*)^. 

(5)    (x'+y)-».       (6)    (a!  +  2/  +  a;yr.       (7)    {x+yY- 

5.  e  {a?  +  y')-i  =  c. 

dz 
7-      If  2  +  P=y  the  equation  becomes  -3-  +  2P2  =  — «*, 

-wliicli  is  of  the  general  form  of  6. 

9.      When^^(2  =  ^.5.    Then/(x)=-^. 

n  ax    Q  •'  ^  '  (J 

CHAPTER  VL 
•         Equations  1  to  5  must  be  reduced  to  the  form 
;  x-j-  —ay-\-ly*  =  ca^,  of  which  the  solution  is 

according  as  b  and  c  are  like  or  unlike  in  sign^    In  1  we  find 


x'^ 


i^lf  and  the  solution  by  (A)  is  y  =  oH ,  where  y^  is 

given  by  changing,  in  the  first  of  the  above  solutions,  a  into 
—  a,  &  into  1,  c  into  1.    In  2,  i  =  2 ;  apply  {A),    In  3  apply  (i>). 

7-     V08*~4a7)  +  ri(t  +  i)  =0,  t  being  any  integer,  posi- 
tive,  negative,  or  0. 

9.  »  ^^  -  (2-46  + 1)  2/  +  fty'  =  ca;**"",  where  -4  is  a  root  of 
the  equation  6-4"  +  j1  —  A  =  0. 

10.  Compare  with  p.  93. 
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CHAPTER   VIL 

1.     (y -2x - c)  (y - 3a? -  c)  =  0. 

'1.     (y  -  a  log  x  -  c)  (y  +  a  log  a?  —  c)  =  0. 

5.  Eliminate  p  by  means  of  a  leg  j9  -j-  26p  +  c  =  ar. 

C.     By  y  =  -|^+-^-  +  c. 

«.     By  y  =  ^^'  +1  V(l  +/)  -  i  log  [^  +  v^(l  +/;] 

12.  Complete  Primitive  y  =  cx  +  o  —  c\ 
SiHgular  Solution  y  =  ^-^^^ . 

13.  Complete  Primitive,  y=cx  +  y'(6*  —  a'c*). 
Singular  Solution,  — i  +  p=l.         14   a^^jj 

16.  Eliminate  pby  x=     .  ^__       (c  +  a  sin'^ji;). 

17.  By  a?=    .  /,    .,  (c  +  -+ atan'^y). 

19.     (a:-a)»+(y-/(a)}^=l.     21.  ax-yf{a)^af{a][q 

CHAPTER  VII  r. 
4.     Singular  Solution  x  =  a. 

6.  Diflferential  equation,  p  = 


4      /v\i 


10.  (l).y.l.     (2)   P'±(«)'.l.      (3),='^ 

11.  Particular  Integral. 

13.    Singular  solution  y = 0 ;  complete  primitive  y- 
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-.r* 


16.  (1)   Envelope  species,  ^  = — 

(2)  Envelope  species,  y^  =  405*. 

(3)  Not  of  envelope  species,  y  =  a?**. 

17.  Singular  solution,  \/x-\r  \ly=^  ct. 

18.  Singular  solution,  x^  +  y^  =  a% 

19.  x  =  cos"*  y^  +  {y-y^)  K 


CHAPTER  IX. 


1.      y  =  c€''  +  c't^         2.    y  =  C€''  +  c'e**  +  — ^^tl. 


4.  y  =  (Cj  +  e^x)  cos  i^  +  (Cg  +  c^x)  sin  .r. 

5.  y  =  ce"*  +  (c,  +  c^t)  e**. 

fi.     y  =  Cj  cos  a?  +  c^  sin  a?  -h  (^3  +  c^r)  e*  +  1. 

9.     y  =  caj'  +  7.         10.    y  =  c(a?  +  G)' +  c'(a;+ a)'. 

11.  y  =  e*  {ccoe(a;V6) +c'sin  (oj  V^)}. 

12.  y  -  c€«"^""**  +  c^e-**^'^"'*. 

14.    Add  a?  to  tho  previous  value  of  y. 


I 
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CHAPTER  X. 

4.    y  =  clogx  +  c\        5.    y^ca?  +  -. 


CO? 


7.    a;  +  c  =  (y*-a')*.         8.    y  =  ^+/(c)aj+c'. 


9.    a;=-log{cy+/(c)}  +  c'. 
c 


14.    y  =  J'''([J'''Cdx+cY        19.    y=(a 

«  a? 

20.    y  =  -  a  +  Hae"  +  ae"«).        22.    a:  +  c  +  (V-J 
23.     y  =  c  log  {a;  -h  c  +  V(a;'  +  2ca;) }  +  c\ 

32.     (y-c)'-|'=0.        33.    y  =  ^(3'  +  a'-^+jl 


CHAPTER  XL 
1.     x  =  cf.         2.     aj  +  c  =  -  log  {jjy  +  V(ny  -  l)i' 

4.     2ca?  +  c'  =  jf^^-^V 

6.  Let  y*  =  2crc  —  ai'  represent  the  circles,  then 
jectory  is  a?*  =  2c  y  —  y*. 

7.  i/'  +  ^' ""  ^  =  2a*  log  a*.         8.    An  equiangular 
10.     4ay  +  c  =  2aa;  V(4aV  - 1)  -  log  {2aa;  +  V(4«'- 
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CHAPTER  XII. 

1.       (x-a)(i/-J)(;5-c)  =  a 

5.      ^(r/-hz)^c.  6.     -  +  *+-  =  (7. 

^        ^  X     y     z 

X  y  \       */        / 

9.      a^  +  xy^-w-hx^z^c.  10.     No. 


CHAPTER  XIII. 


2.     y  =  €"*'  (c  cos  t  +  c  sin  t), 

a:  =  -—  {(c  +  c')  sin  ^  +  (c  —  c  )  cos  <}. 


e*  .  e"  .         ,.„.€'     2e" 


I 

9 

14 


y-^  +  Cx^^  +  V-V'^^-o.e-'A 
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CHAPTER  XIV. 


•  _i1     M' 


2.     «  =  jr sin"*  -  +  <^  (y).        3.    e  ^{x-^  t/  + z)  =  <f>(y). 
5.     z  =  -  +  ^{ai/-bjc).         6.     «  =  €«^(x  — y). 
7.    2  =  (.c+i^)^(x'-y').        8.    «  =  |^  +  ^(iKy). 

11.    a«+2/^  +  a'  =  «^g). 

13.    a;  +  V(a'  +  y  +  0  =  »*"°^f-)-       15.    *  =  cV(x'  + 


16.     (a-l).  +  f  =  a-^(|,^). 

18.     Complete  Primitive  z  =  aa;  +  6y  +  a5.       19.    2  =  - : 

20.    2  =  aa;  +  ^  +  J.        21.    g  =  ax^  +  %€^  +  b. 

a  2 

23.    z  =  a!^+yV(a^-a')  +  5  and  z  =  ^^^  +  -^  +  6. 


CHAPTER  XV. 


2.    s 


=  a:^g)+fg).         3.    y  =  a:^(z)+^(e). 


4.    «=/(y) +  *(«).        5.    x  =  F(z)+f(x  +  y  +  z). 
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CHAPTER  XVI. 


1. 


2. 


M  =  C+K+C»«  +  |-J€'. 


jmx 


w*-5w  +  6 


4-  ce**  +  ce"^.         3.     w  =  ce^  +  cV -  xe 


,«* 


4.      tt 


2+|a:  +  JUc€*'  +  c'€^ 


6.      t*  = 


_  3m  sin  ?/?.r  —  (m^  —  2)  cos  mx 


+  Cj€-'  +  CjC"*'. 


C'^'  +  /) 


10.  «  =  cos(«loga;)^j'|,  ^  +  sia{nhga;)f(^,  | j  . 

11.  Assume  -5-  +  X=  ■jr. 

ax 


1. 

2. 


CHAPTER  XVII. 

I 

M  =  ce*  (x  -  1)  -  c'e'  (a;  + 1). 


5.r/       i  —  a? 


dx 


>^(4)■•■• 
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N(^  on  Art  4  of  Chap.  XIV,  page  327. 

[The  langoage  here  used  is  not  quite  satisfaetoiy.  It  va  assoM  d 
from  equation  (7)  we  mutt  jiave  the  two  equations  (8)  since  ^'(cjisttttof 
But  by  the  same  argument  it  would  follow  on  page  326  tliat  we  mutlffi 

du     du        .  .   dv      ffv 

-^+-^P=0,    and  ^  +  ^P=0, 

,  du     du        .  -    dv      dv 

In  fact,  instead  of  saying  that  the  two  equations  (8)  iiiiuebdld,fe<4 
to  say  that  we  may  consistently  with  (7)  eusume  them  bothtohoUl  m 
it  will  follow  that  the  relations  (9)  must  be  consistent  with  the  iM 
pdx+qdy=dz.     This  is  sufficient  to  enable  us  to  deduce  the  equatioBW 

Traces  of  the  same  inaccuracy  of  language  will  be  found  in  o'Qiaf^ 
the  Treatise,  though  not  so  decided  as  in  the  present  passage :  see  piffi' 
and  363. 

This  correction  is  due  to  the  Eev.  H.  W.  Watson,  formerly  Tdhi 
Trinity  College.] 


CAMBBinaa:  fristsd  bj  c,  j.  clay,  ila.  at  xus  itj^i vk««7F752 


JS? 


op. 


November,  1871. 


A  Catalogue  of  Educational  Books 
with  a  Short  Account  of  their 
Character  and  Aim^ 

Published  by 

MACMILLAN  AND  CO 

Bedford  Street,  Covent  Garden,  London. 


Classical. 


AschyluS.— iESCHYLI  EUMENIDES.  The  Greek  Text,  with 
English  Notes  and  English  Verse,  Translation,  and  an  Introduction. 
By  Bernard  Drake,  M.A.,  late  Fellow  of  King's  College, 
Cambridge.     8vo.     3J.  dd. 

The  Greek  text  adopted  in  this  Edition  is  based  upon  that  of  Wellauer^ 
tvhich  may  be  said,  in  general  terms,  to  represent  that  of  the  best  manu' 
scripts.  But  in  correcting  the  Text,  and  in  the  Notes,  cuivantage  hcu  been 
taken  of  the  suggestions  of  Hermann^  Paley,  Linwood,  and  other  com- 
mentators. In  the  Translation,  the  simple  character  of  the  ^schylean 
dialogues  has  generally  enabled  the  author  to  render  them  without  any 
material  deviation  Jrom  the  construction  and  idioms  of  the  original  Grerek 

xOfOoo  iz  71. 


EDUCATIONAL  BOOKS. 


"  Hie  Noln  are  judicious,  and,  a  rare  merit  in  EnglisA  Nila,  m 
too  numerous  or  tea  lon^.  A  iriosi  usefitl  feature  in  tie  iveri  ii  Cb 
Analysis  of  Miitler's  cel^rated  dissertations." — British  QuAKim.!! 
Review. 


Aristotle.  —  an  introduction  to  ARISTOTITS 
RHETORIC.  With  Analysis,  Notes,  and  Appendices.  Bjr  E. 
M.  Cope,  Senior  Fellow  and  Tutor  of  Trinity  Collepi  Can- 
bridge.     Svo.     14J. 

litis  work  is  introdttetory  ta  an  edilion  of  the  Greik  Text  oj  AnSl^t 
R&etoric,  jehich  is  in  course  0/  freparaiian.  Its  object  is  to  renA  llul 
treatise  Ihorougkly  intelligible.  The  author  has  aimed  to  illuiMt,  « 
preparatory  to  the  detailed  explanalien  of  the  wort,  the  general  harifp 
and  rdatioas  of  the  Art  af  Rhetoric  in  itself  as  vidl  as  the  speeidmtil^ 
treating  it  adopted  by  Aristotle  in  his  pteuliar  system.  The  an^mi  f^ 
sbsetere  or  douitjiil  questions  connected  luith  the  stibjeet  is  examiml', 
Iht  relations  mhich  Rhetoric  bears,  in  Aristotle's  view,  to  the  iintn 
of  Logic  are  fidly  considered.  A  connected  Analysis  of  the  viark  is  ^im, 
aomdanea  in  the  form  of  paraphrase ;  and  a  fiw  important  rnattm  an 
aeparaiely  discussed  in  Appendices.  There  is  added,  as  a  general  A^nSt, 
by  roof  Of  specimen  of  the  antagonistic  system  of  Isocrates  and  elitn,  * 
complete  analysis  of  the  treatise  called  'Pirropix^  *P^'  'AA^f=*B(M|p,  juitA  I 
discussion  of  its  authorship  and  of  the  probable  results  of  its  teaching. 


ARISTOTLE    ON    FALLACIES  ;      OR,     THE     SOPHISTICl 

ELENCHI.     With  a  Translation  and  Notes  by  Edward  Postb, 

M.A.,  Fellow  of  Oriel  Collt^,  Oxford.     Svo.    8j.  frd. 

Besides  the  doctrine  of  Fallacies,  Aristotle  offers,  either  in  this  tnatii 

or  in  other  passages  pioted  in  the  commcHtary,  various  glances  m/er  H 

world  of  science  and  opinion,  various  suggestions  or  froblems  which  oi 

still  eigilated,  and  a  vivid  picture  of  the  ancient  system  of  dialectics,  nhil 

it  is  hoped  may  be  found  both  interesting  and  instructive.      "ft  is  it 

only  scholaiiike  and  careful,  it  is  also  perspicuous. " — Guardi  in.      "It 

indeed  a  looi-i  of  great  sAill."—SATVHD/LY  Rkvibw, 


CLASSICAL. 


Blackie. — greek  and  English  dialogues  for  use  ' 

IN  SCHOOLS  AND  COLLEGES.  By  Joitn  Stuart Blackte, 
Proresror  of  Creek  in  iLe  University  of  Edinburgh,      Fcap.  8vo. 


s.  6d. 


"  Wiy  slioiild  Ike  old  practice  of  caaversing  in  Latin  ami  Gecfk  be    \ 
altogtiher  discarded^  " — Professor  JownTT. 
Frafissor  Blaciii   has   been  in    He   hahil,    as  fart  of  the 
training  of  his  class  in  Edinburgh  University,  of  accustoming  Ihestudenti  a 
to    eemierse  in   Creek.      This    method  he   has  found  to  U  tmiuently^ 
suectssftii  as  a  means  of  furnishing  the  students  with  a  e/ijitotisvaeaiulary^j 
iraimng  them  to  useit  fremplly,  confidentfy,  andviith  eerreel artienlatian^'^ 
and  instilling  into  them  an  accurate  and  intilligeta  knmidedgr  ^  G. 
Grammar.     The  method  which  has  been  so  highly  successful  in  Professi 
Blaeii^s  hands,  he  idieves,  may  be  tised  with  equal  niccess  by  others  ; 
has  therefore  in  Ihc  present  little  volume  funushed  a  series  of  twenty-fin 
graduated  Dialogues  in  paralld  eelntniu  of  Greek  and  English  o 
Wfiety  of  subjects,  all  ef  them  calculaled  doth  to  interest  and  initn 
men  ffing  through  tlie  usual  course  of  School  and  College  cdHcatinn  in  , 
Country.     In  the  Priface,  the  Author fuBy  explains  the  aim  ff  the  bi 
and  Cheprinciple  oa  which  he  himself  intends  lo  use  it;  ivhcrealso,  as  w 
at  in  the  Preli/ninoiy  Xetsarhson  Orthoepy,  he  gives  a  brief  aeee 
theory  of  Greek  ProHUMeialioii,  a  theory  which  is  now  being  graduall)'^ 
adopted  6y  ail  the  most  eminent  English  stlielars.     The  wort  has  ft 
revised  by  several  eminent  scholars,  b^h  En^ish  and  Scotch.     The  Gldbi 
says  "Professor  Blackiis  system  is  sensiiie;  his  booh  is  likdy  to  be  usefitl'M 
to  teachers  ef  Greek ;  and  his  suggestions  valnable  to  the  learners  nf  any  J 
langua^." 


Cicero.— THE  SECOND  PHILIPPIC   ORATION.      ■Witl.  i 
Introduction  nnd  Notes,   translated   from  the  Gentian  of  Karl   1 
Halm.     Edited,  with  Corrections  and  Additions,  by  John  E.  B. 
ItAVait,   M.A.,    Fellow  and    Classical   Lecturer   of    St.   John's 
^lege,  Cambridge.   Tliird  Edition,  revised.    Fciip.  8vo.     5». 


EDUCATW.VAL  BOOKS. 


Cicero— contmued. 

Tliis  vt^umt  opens  with  a  LUt  of  Books  useful  to  the  Student  ef  Ckert, 
induding  History,  Chronolo^,  Lexicons,  and  some  account  ef  variota 
'  eJitians,  mostly  Gerinan,  of  the  -works  of  Cicero.  ITie  /nlroJactiaii  u 
based  on  //aim :  where  Halm  gives  a  reference  lo  a  classic,  the  fiassagt  has 
beta  commonly  prittud  at  length;  -mhere  the  reference  is  to  Jfalm's  ■ 
OH  other  Cicertinian  speeches,  or  te  modem  hooks,  the  additional  matter 
been  incorporated:  and  the  numerous  Greet  quolalions  have  been  rtndvei 
into  English.  The  English  editor  has  further  Ulustrated  the  toork  ty 
addilians  drawn,  for  the  most  part,  (l)  from  the  ancient  autioriiia ;  (a) 
fi-om  his  crwnprtvaie  marginal  references,  and  from  coUeclioHs  ;  (3)  jivM 
the  notes  of  freolous  cemmentoiars.  A  copious  'argument'  is  alio  giten, 
"  On  the  TVhote  we  have  rardy  met  wOA  an  edition  of  a  elaisical  oHtlur 
vjhkh  so  thoroughly  fulfils  the  reqtiiremeHls  of  a  goad  icAool-took." — 
EDUCATIONAI,  Times.      "  A  i/aluaSle  edition,"  says  the  AtheNvBITK. 

THE  ORATIONS  OF  CICERO  AGAINST  CATILINA.      With 

Notes  and  an  Intioduction.     Translate!]  from  the  Gennan  of  Katl 

Halm,  with  many  additions  by  A.  S.  WllKlNS,   M.A.    Professor 

of  Lfttin  in  Owens  College,  Manchester.     Fcap.  Bvo.     Jt,  hd. 

litis  edition  is  a  reprint  of  tie  one  prepared  by  Professor  Halm  far 

Orellfs   Cicero.       The  historical  introduction  of  Mr.    Wilkins  drilfgl 

together  all  the  details  TiiAich  are   kiiejPH  respecting  Catilint  and  fib 

relaiions  itiilh  the  great  orator.      A  list  of  passages  where  eenjeetMrti 

have  been  admitted  into  th^  text,    and  also  of  all  variationi  front  the  leslt 

of  Khyser  [adz)  is  added  at  the  end.     Finally  the  EnglisA  Jii^ttr  IM 

subjoined  a    large  number    of   notes,    both  original  and  selected  fnM 

Cnrtius,  ScAldseher,  Cerssen,  and  oilier  wdl-known  critics,  an  laialytit 

of  the  orations,  and  an  index. 

Demosthenes. — DEMOSTHENES  ON  THE  CROWN.  The 
Greek  Text  with  EngliEth  Notes.  ByB,  DiuKE,  M.A.,  late  Fenow 
of  King's  College,  Cambridfje.  Fourtli  Edition,  IQ  which 
prefixed  .^SCHINES  AGAINST  CTKSirUON,  «,ith  Enelbli 
Notes.     Fcap.  8vo.     JJ. 


CLASSICAL. 


Ah  Introduction  discuisa  the  immediate  causes  a/  the  two  oratiom,  and 
thar gentral  cksracler.      Tht  Notes  eantiUH  Jreqiient  reftrences  la  tie  best 
Bulhorilies.     Among  the  appendices  at  the  end  is  a  eAreaalagical  lalile  '/^ 
the  lift  and  public  career  of  Msckines  and  Dimssthmes.     "  A 
uiefidl  edition."— ATW.i.iiMVVl. 

Hodgson.— MYTHOLOGY  FOR  LATIN  VERSIFICATION 
A  brief  Sketch  of  the  Fables   of  the  Ancients,  prepared  !■ 
rendered  into  Latin  Verse  for  Schools.      By  F.  HoDGsoN,  B.D.J 
late  Provost  of  Eton.     New  Edition,  revised  by  F.  C,  HoDOSONi  I 
M.A.     i8mo.     31. 
The  late  Provost  oj  Eton  ias  here  supplied  a  help  h  the  composilion  uj 

Latin  Vers/,  cembitied  with  a  brief  iiitroductien  to  Classical  Mythology. 

In  this  new  edition  a  few  mtstaies  have  been  ratified;  rules  Aam  ieatm 

added  to  the  Prosody ;  and  a  more  ani/arm  system  has  been  adopieil  1 

regard  to  the  help  afforded. 

Juvenal — Thirteen  Satires  of  JUVENAL.     With  a  Commenlar^J 
By  John  E.  B.  Mayor,   M.A.,   Fellow  of  St.  John's   Co" 
Cambridge.  Second  Edition,  enlarged.  FartL  Crown  Svo.  I 
31.  W. 
The  text  is  accompanied  by  a  eepiatu  Commentary.    For  varioui 
the  author  is  indebted  to  Professors   Afanro  and  Conington.     A 
tUatians  hcn'c  been  taken  annefrom  lhe<rripnal  authors.    ' '  A  painttakinA 
tind   critical   edition." — SpectatuK.       "For  really  ripe   schelarsh' 
tiltnsive  acqaainlance  Toilh    Latin   literature,  and  familiar  knmuiid^ 
ef  centiHental  criticism,  ancient  and  modem,  it  is  unsurpassed  iri 
English  editions." — Edinburgh  Rhvilw. 

Marshall. — a  table  of  irregular  gref-k  verbs, 

classified  according  to  the  arrangement  of  Cur  tins'  Greek  Gramnuir. 
By  J.  M.  Marskall,  M.A,,  FellowandlnleLecturerof  Brasenose 
Collie,  Oxford  ;  one  of  the  Mnslers  in  Clifton  College.  Svo 
cloth.     IS. 

The  system  of  this  table  has  ban  Bornni'ed  from  the  excellent  Cra 
Grammar  of  Dr.  Curlius. 
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Mayor  (John  E.   B.)— first  greek  KEADER.    E4ltd 

;ifter  Kasl  Halm,  with  Cocrections  and  large  Additions  by  JOBN 

E,  B.  JMAiroR.  M.A,    Fellow  and  Clissical  Lecturer  of  SL  Joha'i 

College,  Cambridge.     Second  and  Cheaper  Edition.     Foip.  Eto. 

41.  &/. 

A  altdum  of  short  faaaga,  strvaiff  to  illustrate  apsiaily  tit  Gni 

AiciJtHci.    A  goad  deal  ef  syntax  is  incideHtaUy  laugAl,  and  Moihigajii 

ot/ur  books  are  citid,  jar  tkt  ust  of  masters  ;  hut  tie  learner  is  exptOli  U 

know  vwre  of  syntax  than  is  contained  in  the  Notes  aiid  I''oeaiulary. 

A  pr^aec  ' '  To  the  Reader, "  not  only  explains  the  aim  and  meCkti  tj 

the  volume,   but  also  deals  laith  classical  instruction  generally,    1%I 

extracts  are  uiiifarmly  in  the  Attic  dialect,  and  any  Hellenistic  firmt 

occurring  in  the  original  classic  authors,  such  as  Mlian  and  A^#u) 

h^it  been  discarded  in  favour  of  Ike  corresponding  Attic  exprtssmm. 

This  iooi  may  6e  used  in  connexion  mitA  Mayor's  "  Greek  for  S^imuru' 

"  AJier  a  careful  examination  vie  are  inclined  to  consider  this  mAmk 

unrivalled  in  the  held  ■aihich  its  pMy  sentences  are  litdy  to  take  f»  A 

memory,  and  far  the  amount  of  tnie  scholarship  embodied  in  the  aunelS' 

rioiis." — Edlcational  Times. 

Mayor  (Joseph  B.) — greee  FOR  beginners.    Bjflw 
Rev.  J.  B.  Mayor,  M.A.,   Professor  of  Classital   Lileralute  in 
King's   College,  London.      Part   L,   with  Vocabulary,    is.  6£  j 
Farts  If.  and  IIL,  with  Vocabulary  mid  Index,  31.  6d.  ;  complete 
in.  one  voL,  fcap,  8vo.  clott,  +r.  6J. 
Tie  disli/Klive  method  of  this  book  consists  in  bmlding  nfi  a  it)fi 
knowledge  of  Greek  upon  the  foundation  of  his  knawled^  oj  En^liA  tmi 
Latin,   instead  of  trusting  euerylhing  to  the  unassisted  memory,     r^ 
farms  and  constructions  of  Greek  have  been  thoroughly  compared  t> 
those  of  Latin,  and  no  Creek  wards  hmre  ieeu  used  in  the  earlier  fwt  ^ 
the  book  except  such  as  have  connexions  either  in  Eniilish  or  Latin, 
step  leads  naturally  on  to  its  successor,  grammatical  farms  and  rules  are 
at  once  applied  in  a  scries  1^  graduated  exercises,  accompanied  by  ampb 
vocabularies.     Thus  the  book  serves  as  Grammar,  Exercise  booh,  e 
PacaSularv.     SVfiere  possiile,   the   Grammar  has  been  simpHJiei;  tlU 
I    ordinary  ten  declensions  are  reduced  to  three,  wAici  carrespoiut^^lti't 


first  thra  in  Latin;  and  the  tystem  cf  stems  is  adopitd.  A  gaiiral 
VKohuiary,  and  Itidix  of  Grak  werdi,  eomf^tt  tkt  work.  "  We  kMSta 
of  nt  ItKili  of  the  same  scope  so  complete  in  itself,  or  so  well  taleulated  it 
make  the  study  of  Greek  interesting  ai  the  very  commcmemmt," — 
Standard. 

Peile   (John,   M.A.)— an  INTHODUCTION   TO  GREEK 

AND   LATIN  ETYMOLOGY.   By  John  Piiui,  M.A.,  Fellow 

and   Assistant  Tutor  of  Cliiist'a   College,  Cambridge,  formerly 

Teacher  of  Sanskrit  in  [he  University  of  Cambridge.   Svo.    icu.  6fll 

These  Philological  Lectures  are  the  result  of  Notes  Blade  during  tkt 

altlkBt's  reading  during  the  last  three  or  four  years.     These  Notes  wre 

fut  into  lite  shape  of  lectures,  delivered  at  Christ's  College,  during  the  last 

May  term,  as  one  set  in  the  "  Intercollegiate"  list.      77iey  are  now  printed 

luitk  some  additions  and  modifications,  ^ut  substantially  as  they  were 

hatred.     "  The  bmi  may  6e  accepted  as  a  very  tialuable  contrilmtion  6i 

the  science  of  language." — Saturday  Review. 

Plato.— THE  REPUBLIC  OF  PLATO.     Tntnslaled  into  EnBlish, 

with  an  Analysis  and  Notes,  by  J.  Ll.  DaVIES,  M.A.,  and  D.J. 

Vavgkan,  M.A.    Third  Edition,  with  Vignette  Tortraita  of  Plate 

Mid  Socrates,  engraved  by  Jeens  from  an  Antique  Gem.     iSmo, 

V-  &^- 

An  introductory  notice  supplies  some  account  of  the  life  oj  Plato,  and 

tJU  translation  is  preceded  by  an  elaborate  analysis.     "  The  translators 

iaiie,"  in  the  judgment  of  rff  Soturdny  R-eview,  "  produced  a  booh  vihiek 

gmy  reader,  whether  acquainted  with  tie  original  or  not,  can  peruse  viiik 

fieature  as  well  as  profit. " 

PlautuS  (Ramsay).— THE  MOSTELLARIA  OF  PLAU- 
TUS.  With  Notes  Critical  and  Explanatory,  Prolegomena,  and 
Eicnrsus.  By  William  Ramsay,  M.A.,  foimerly  lYofessor  of 
Humanity  in  the  University  of  Glasgow.  Edited  by  Professor 
Cborge  G.  Rausay,  M.A.j  of  the  University  of  Glasgow.     Svo. 
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"  Tht  fruits  of  thai  ixhaustiai  research  and  that  rife  anil 
icholarship  lahich  its  Bather  broHshl  to  bear  uian  ei'/ryliii^  thai  he 
underleok  are  Tiisible  tknnighunil  it.  II  is  fvmished  -with  a  amfUi 
apparatus  of prale^nuna,  notes,  and  exnirstis ;  andfortheuieofuOran 
scholars  it  probably  leaves  tmlhitigto  be  desired." — Fall  Mall  Gazbtik 


Potts   (Alex.  W.,   M.A.) — HINTS  towards  LATW 

PROSE  COMPOSITION.     By  Alex.   W.   Potts,  M.A.,  l>le 

Fellow  of  St.  John's   Coliege,   Cambrid£e ;   Assistant  M«ste  it 

Rngby  School ;  and  Head  Masterof  the  Fetles  College,  Ediobw^ 

Second  Edition,  enlarged.     Exlra  fcap.  Svo.  cloth,     y. 

These  engaged  in  Classical  teaching  seem  to  he  %manlmoutly  ^  lb 

opinion  that  Composition  in  Latin  Frose  is  uat  only  the  most  j^&rt 

method  of  acquiring  a  mastery  of  the  Latin  language,  but  is  m  »((^ 

a  valuable  means  of  mental  training,  and  an  admirable  eorreelku  ef  mH 

of  the  worst  features  in  English  viritittg.    An  attempt  is  here  mail  li 

give  students,  after  they  have  mastered  ordinary  syndielical  rules,  itmt  ri» 

oj  the  characteristics  of  Latin  Frose  and  the  mcani  to  be  emfltildk 

reproduce  them.     Some  notion  of  the  treatment  of  the  sub/ed  mtj  k 

gathered  from  the  '  Contents.'     Chap.   t—Chamcteriitics  of  GuM 

Latin,  Hinlson  turning  English  into  Latin;  ChaP.  IT. — Arranpmtd 

of  Words  in  a  Sentence;  Chap.  \\\.~Unitf  inlMin  Prose,  Suijediad 

Object;  Chap.  IV.^On the  Feried  in  Latin  Fmse;   Chap.  V.—Omit 

tosilion  of  the  Relative  and  RdatiTii  Clauses. 

The G\.OBV.  characterises  il  ns  "an  admirable  Utile  booh  which  teativi 
of  Latin  will  find  of  Very  great  scrvke." 

Roby — A  GRAMMAR  OF  THE  LATIN  LANGUAGE,  fion 
Plfiutiis  to  Suetonius.  By  H.  J.  Ronv,  M.A.  late  Fellow  of  Sb 
John's  College,  Cambridge.  Part  L  containing  :— Book  L  Soundl 
Book  II.  Inflexions.  Book  IIL  Wotd-Forniation.  Appendiai 
Crown  Svo.  8l,  dd. 
This  wort  is  not  a  compilation  from  ol/urr  Latin  Grammars,  tut  lit 

nsuil  Bf  an  independent  and  careful  study  of  the  -writers  ^  thti 


tlassical  ptricd,  the  period  ctahractdiehnttn  tietimr  oj  Haulus  and  that 
ef  Suttonius.  The  autAar's  aim  has  bun  to  give  ihefacis  of  the  language 
im  ai  fna  ■words  at  possiMe.  i  By  GrajmnHr  lAe  aultor  ineaas  an 
arderli  atrttngement  oflAe/adi  whieh  ceilcerH  Ike  fonn  of  a  language,  at 
a  LtxUoH  gates  those  lahick  concern  its  matter.  3.  This  is  a  Grammar 
ttrictfyof  tie 'LatiB  language;  not  a  Unrverial  Grammar  illustrated Jrom 
Latin,  nor  lie  Latin  section  of  a  Comparative  Grammar  of  the  Inlio- 
Eltropean  languages,  nor  a  Grammar  ef  the  group  ef  /talian  dialects,  ef 
wtdlh  Latin  ir  one.  3.  Tiis  is  a  Grammar  of  Latin  from  Plaotus  to 
SnetMlius,  vith  the  latter  of  mhom,  lie  author  believes,  the  silver  age  at 
bttrtendi.  It  will  be  fituad  that  the  arrangemait  of  tlu  book  and  the 
tntdmtnt  of  the  various  dnnsioni  differ  in  many  respects  from  those  of  pre- 
Vioits  grammars.  Mr.  Roby  ias  given  special  prominence  la  Ihelreatment 
rf Sounds  and  Word-formation  ;  and  in  the  First  Book  he  has  done  much 
tmards  settling  a  ditmiiion  loiich  is  at  present  largely  engaging  the 
ttitentien  ef  scholars,  toi.,  the  pronunciation  oJ  lie  classical  languages. 
TJU  author's  reputation  as  a  scholar  and  critic  it  alrea(fy  vidl  known, 
aid  Iht publishers  are  encouraged  to  believe  that  his  present  Tuori  mill  laie 
Mtpiace  as  perhaps  the  most  original,  ahaustcve,  and  scientific  Grammar 
^  the  Latin  language  that  has  ever  issued  from  the  British  press. 

Sfillust.— CAII  SALLUSTII  CBilSPl  CATILINA  ET  JUGUR- 

THA.  For  Use  in  Schools.  With  copious  Notes.  By  C. 
MBRtVALE,  B.D.  (In  the  present  Editiou  the  Notes  have  been 
carefully  revised,  and  a  few  remarlts  and  eiplanations  added,) 
Second  Edition.     Fcap.  Svo.     4/.  bd. 

TTiis  edition  efSattusI,  preparedly  the  distinguished  historian  of  Rome, 
Untains  an  introduction,  concerning  the  life  and  VKrhs  of  Sa/lusi,  liiti 
^  tlu  Consuls,  and  elaborate  notes.  "A  Terygood  eiillon,  to  vihich  the 
EMter  has  not  only  brought  scholarship  but  independent  judgment  and 

Umrical  frfiKiFBi."— Spectator. 


The  JUGURTHA  and  the  CATILINA  may  be  bad  scpsr, 
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Tacitus TilE   HISTORY  OF  TACITUS    TRANSLATED 

INTO  ENGLISH.  By  A.  J.  Cmurck,  M.A.,  and  W.  J, 
Bkodhibb,  M.A.  With  Notes  and  a  Map.  8vo.  tcu.  (Ii£ 
TTte  ti-aaslalors  ha-oe  endeavoured  lo  adhere  as  eloiely  to.the  Oiiffnii  tt 
was  thought  consistent  wili  a  fi-a/vr  eiservaiue  of  English  idimi.  At] 
me  sanu  lime,  it  has  ieen  their  aim  to  reproduce  tin  precise  ixpreaimi  4 
the  auikar.  The  campaigit  of  CivUis  is  elucidated  ia  a  note  of  some  io^ 
miicA  is  illustrated  by  a  map,  containing  the  names  of  plaees  and  of  ^Oa 
occurring  in  the  work.  There  is  also  a  complete  aecoualoj  the  HemaH  or 
as  it  laas  constituted  in  the  lime  of  Tacitits.  This  wari  is  ckaratkri 
*>■  (A<  Spectator  or  "  a  scholarly  and  faitkfiil  translation." 

THE  AGRICOLA  AND  GERMANIA  OF  TACITUS.     A  DeriMl 

Tent,    English  Notes,    and  Maps.     By  A.  J.   ChurCH,  U.Af 

and  W.  J.  BRODaiBB,  M.A,     Fcap.  Svo.     y.  bd. 

"  We  have  endeavoured,  with  Ike  aid  oj  recent  editions,  thenm^  M 

elaeidaU  the  text,  explaining  the  various  difficulties,  critical  andgmmma' 

Heal,  Tuhieh  occur  to  the  student.      We  have  consulted  thmugiaut,  MAT 

tie  elder  commentators,  the  ediUons  of  Hitler  and  Ordli,  iut  m  ft 

under  special  ebl^liotti  to  the  labours  of  the  recent  German  editors.  Wit 

and  Krili."     Two  Indexes  are  appended,  (i)  of  Proper  Names,  (»1 4 

Words  and  Phrases  explained.     "A  model  of  careful  editing,"  segtt  A 

Athen^um,  "  tdng  at  once  compact,  eomplele,  and  correct,  as  weff « 

neatly  printed  and  digant  in  style." 


THE  AGRICOLA  AND   GERMANIA.      Translated  i 

hy  A.  J,  Church,   M.A.,   and  W.  J.  Brodeibb,  M.A.    VTUl 
Maps  and  Notes.     Eiitra  fcap.  Svn,     3i.  dd. 
The  translators  have  sought  to  produce  such  a  version  as  may 

scholars  who  demand  a  jaiihJUl  rendering  of  the  original,  and  £ 

readers  -who  are  offended  iy  the  baldness  and  frigidity  which  row. 

disfigure  translations.     The  treatises  are  accompanied  by  i 
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maps,  and  a  ckronolegical  summary.  Tki  Atheareum  says  of  this 
'^UU  it  is"  a  versioit  at  onfcreadable  andtxaet,  wiii/i  may  bi  perused 
ire  by  all,  and  sonsultid  with  advantage  by  tJu  classical  student." 

^ophrastus — the    characters    of    theo- 

JHRASTUS.  An  Englist  Translation  from  a  Revised  Tdt. 
ith  Introduction  and  Notes.  By  R,  C.  Jebb,  M.A.,  Public 
UniversUy  of  Cambridge.  Extra  fcap.  Sva.  6s.  6d. 
aiverage  English  nader  Thmphraslus  it  little  hnawn.  At  tie 
If  /inie,  what  there  is  a  genera!  desire  to  ser  andait  life  more  vhiidfy 
^  side  from  which  it  can  Uluslrale  our  ovm,  it  seems  possiilt  that 
Bp  Theaphrastvs  may  possess  some pekttl  interest.  The  text 
carrfid  ret/isien.  An  Introduction  supplies  an  accouni  b/ 
of  the  boat,  and  of  writers  whu  have  imitated  it:  as  J-IaU, 
Oiierbury,  and  others.  The  nates  art  for  the  most  part 
2H^  Saturday  Rxvnw  speaks  of  it  at 
Aandy  and  scholarly  edition  if  a  viorh  lahick  till  nevi  has  been 
hindrances  and  i^^culties,  but  viMch  Mr.  ^li's  critical  shill 
length  placed  witkia  the  grasp  and  comprehension 
iry  readers." 

-Works  by  the  Rev.  E.  THRING,  M.A.,  Head  Master 
?  Uppingham  Stliool. 

ATIN  GRADUAL.  A  First  Latin  Construing  Book  for 
p«ginners.  New  Edition,  enlarged, with  Coloured  Sentence  Maps. 
leap,  8vo.     zs.  6d. 

P"  Head  Master  of  Uppingham  has  here  sought  to  supply  by  assy  steps 
^ytoletigr  of  grammar,  combined  wilh  a  good  Vncabulary.  Passages 
«  selected  from  the  best  Latin  authors  in  prose  and  verse.  These 
t  are  gradually  built  vp  in  their  grammatical  structure,  and 
'  in  full.  A  short  practical  manual  of  common  mood  am- 
t,  with  their  English  eguivalenis,  forms  a  second  fart.  To  the 
a  circle  of  grammatical  censtructions  iDilh  a  gtassary  has 
•e  coloured  Sentence  Maps  by  means  of  which  the 
(sofa  sentence  can  easily  he  distittguUhed,  and  thepraetiee  of 
J  carried  out  -with  the  ^ealest  beitefit  to  tie  student. 


EDUCATIONAL  BOOKS. 


T  h  ri  n  %^cantiH  ued, 

A  MANUAL  OF  MOOD  CONSTRUCTIONS,   FcdpSto, 

Trtati  of  Ihioi-dinaryi  nteei  nHitrndiens,  as  feuHd  in  Ai lj/6\^ 
and  En^ish  lan^t^i.  The  Eoucatiojwai.  Timks  itafeJ' 
vidl  mited  tu  yoaa^  ifaJniis." 
A  CONSTRUING  BOOK.     Fcap.  8vo.     sj.  &f. 

Thucydides.— THE  Sicilian  expeditiok.  *iH' 

VI.  unci  Vri,  of  Thucydides,  wlih  Noies.     A  New  EJili«*i 

and  enlar^d,  witli  a  Map.     By  the  Rev.  Percivai.  FiKnil 

late  Fellow  of  St.  John's  CoU^e,  Cambridge.    Foqi  S» ' 

Ti:'i  siition  ii  mainly  a  grammatkaJ  eni,     Alttntie»  a  !«*■ 

fine  of  cem/vnnd  iiirhs,  and  Iht  exact  meaning  if  tkn^^ 

tmflavel.     "  Tie  HOies  are  excdiatt  of  thdr  iind.    Mr.  Wi 

passa  aiitr  a  di£icully,  and  v/hat  he  lays  is  ahmys  ft  *,■ 

EoiicATioNAL  Times. 

Virgil.— THE    WORKS     OF    VIRGIL    RENDERE&I 

ENGLISH  PROSE,  n-ith  Inlrodurtions,  Runnii^  Atij* 

an  Index,  by  James  Lonsdale,  M.A.  and  SamuEI  W 

Globe  Svo.  Jr.  Sd. ;  gilt  edges,  4J.  (nl. 

The  ffiface  of  this  new  vidumi  inferms  us  that  "  He  Of^inrf* 

faithfully  retidtred,  and pitraphrase  allegether  avoided.   A''"* 

the  tramlalon  have  endtavoured  to  adapt  Ihe  book  U  ttl  ^ 

English  reader.     Some  amouiUaf  rhythm  in  the  struetuft^^' 

kai  been  generally  maintained j  and,  when  in  the  Latin  Hi " 

%i»nii    ii  an  echo  to  tie  seme  (as  so  frequently  happaa  I*  ff. 

aitimpt  has  been  made  to  produce  the  same  remit  in  Sufi*- 

general  introduction  gives  m  ■aihateuer  is  kmnen  «f  the  f*/* ' 

istimatt  of  his  genius,  em  aiceiint  ef  the  principal  editigla  «rf 

lotions  of  his  -works,  and  a  brief  Tiiew  of  tke  infiutnce  U  l«i 

modern  potts  ;  special  introductory  essays  are  prefixed  lolJu"^ 

"  Geargies,"  ami  "  ^neid."      The  text  is  dcvidrd  tHta  wrti" 

which  is  headed  by  a  concise  analysis  of  ihe  subjeel ;  tit  odo 

references  to  all  Ihe  characters  and  events  of  any  iinfie-, 
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''right. — Works  by  J.  WRIGHT,   M.A.,  lute  Head  Masler  of 
Sutton  Coldfield  School 

KLLENICA  ;  OR,  A  HISTORY  OF  GREECE  IN  CREEK,  as 
related  by  Diodorus  and  Thucydides  ;  being  a  First  Greek  Reading 
Book,  with  explanatory  Notes,  Crilica.1  and  Historical.  Third 
Edition,  with  a  Vocabulary,  izmo.  Jr.  dd. 
lie  last  ttutaty  ckapttrs  of  thh  robimc,  Thucydides  sktUhts  Ihi  riit 
\prBgros  afihe  Alhatian  Empire  in  so  clear  a  slyleand  m  such  simple 
lage,  that  Ills  edilar  has  doubli  ■aikether  any  easier  or  more  inslme- 
■.H  be  sdecledfor  the  use  of  the  pupil  who  is  commencing 
this  toik  includes  a  ckrimalogical  laile  of  the  events  retarded. 
GtlAKClAN  speaks  of  the  work  as  "  a  goad  plan -well  aecuted." 

[ELP  TO  LATIN  GRAMMAR ;  or.  The  Form  and  Use  of  Words 
L'^  Latin,  with  Progressive  Exercises.     Crown  8vo.     4s.  6J, 

I  intended  as  a  rifal  to  any  of  the  excellent   Grammars 
;  but  as  a  help  la  enable  the  he^nner  to  understand  than. 

teVEN  KINGS  OF   ROME.     An  Easy  Narrative,  abridged 
«  liie  First  Boole  of  Livy  by  the  omission  of  Difficult  Passages; 
Vtwing  a  First  Latin  Reading   Book,   with  Grammaticat  Notes. 
With  Vocabulary  and  Exercises,    Fourth  Edition.   Fcap.  Svo,    5^. 

ended  to  supply  the  pupil  with  an  easy  construing  book, 
ame  Hme  be  made  the  vehicle  for  instructing  him  in  the 
I  sf  grammar  and  principles  of  compositien.  The  notes  pn^/ess  to 
•mmonly  taught  in  grammars.  It  is  conceived  that  the 
V  viill  learn  the  rules  0/  coHstruclioM  of  the  language  much  mere 
b'  fivnt  separate  examples,  which  are  pointed  out  to  him  in  the  course 
Er  rtading,  and  which  he  may  himself  sd  down  in  his  note-boot  after 
•ttehtmeof  his  own,  than  from  a  heap  of  piotaliom  amassed  for  him 
"  The  Notes  are  aiundimt,  explicit,  and  full  of  such  grammatical 
F  ftker  in/orttialioH  as  boys  repiire." — AturNiSUM.  •'  This  is 
"fe"  Ae  MORMINQ    Post  layi,    "what  its  title  tmfo-is,   and  ii'.- 
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Wright — continued, 

hdieve  that  its  general  introduction    into    Grammar  Schools  w*^' 
only  facilitate  the  progress  of  the  boys  beginning  to  learn  Lo^ 
also  relieve  the  Masters  from  a  very  considerable  amount  oj  irkmtl 
,  .  ,  ,  a  really  valuable  addition  to  our  school  libraries," 

Or,  separately, 
SEVEN  KINGS  OF  ROME,     y, 

VOCABULARY  AND  EXERCISES  TO  "THE  SEVEN Kff* 
2J-.  6d. 

FIRST  LATIN   STEPS;    OR,    AN    INTRODUCTION  Bf 
SERIES   OF    EXAMPLES   TO    THE    STUDY  OF 
LATIN  LANGUAGE.     Crown  8vo.     ^s. 

The  aim  of  the  author  of  this  book  is  to  put  into  the  hands  tfj 
that  7i'/nch  he  thinks  it  needful  for  them  to  know  before  they  < 
Latin  author.     The  following  points  in  the  plan  of  the  vxirl 
noted: — i.  The  pupil  has  to  deal  with  only  otie  construction  (A  ^^ 

2.  This  construction  is  made  clear  to  him  by  an  accumulation  ofi 

3.  As  all  the  constructions  are  classified  as  they  occur^  the  co 
in  each   sentence  can  be  easily  referred  to    its   class.     4-  As^^^ 
thinks  the  pupil  ought  to  be  thoroughly  familiarized^   by  a 
of  instances,  with  a  construction  in  a  foreign  language,  hefin^\ 
tempts  himself  to  render  it  in  that  language,  the  present  velumi 
only  Latin  setitences,     5.    Tlie  author  has  added  to  the  Rules  w 
in  the  last  chapter,  a  few  familiar  lines  from    Ovid^s  Fasti  *f 
0/   illustration  ;    if  these  are  translated,  scanned,  and  learnt  k 
the  pupil  will  be  in  a   condition  to  derive  from   the  practice  ej^ 
versification   all  the  good  which  it  is  calculated  to  afford.    /«'' 
Introduction  the  author  states  in  a  clear,  intelligible,   interesting^ 
the  rationale  of  the  principal  points  of  Latin  Grammar.     Cofneni 
are  appended,  to  which  reference  is  made  in   the  text.     From  tit^ 
and  rational  method  adopted  in  the  arrangement  of  this  elementary^ 

from  the  simple  way  in  which  the  various  rules  are  conveyed^  ff**  / 
the  abundance  of  examples  givett,   both  teachers  and  pupils  vill  f^i 
a  valuable  help  to  the  learning  of  Latin, 
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CLASSIC  VERSIONS  OF  ENGLISH  BOOKS, 

AND  LATIN  HYMNS. 

The  following  works  are,  as  the  heading  indicates, 
classic  renderings  of  English  books.  For  scholars,  and 
particularly  for  writers  of  Latin  Verse,  the  series  has  a 
special  value.  The  Hymni  Ecclesise  are  here  inserted,  as 
partly  falling  under  the  same  class. 

Church  (A.  J.,  A.M.)— IIORiE  TENNYSONIAN^E,  sive 
Eclogae  e  Tennysono.  Latine  redditae.  Cura  A.  J.  CHURCH, 
A.M.     Extra  fcap.  8vo.     6s. 

Latin  versions  of  Selections  from  Tennyson.  Among  the  authors  are 
the  Editor,  the  late  Professor  Conington,  Professor  Seeley,  Dr.  Hessey^ 
Mr.  Kebbelj  and  other  gentlemen. 

Latham. — SERTUM  SHAKSPERIANUM,  Subnexis  aliquot 
aliunde  excerptis  floribus.  Latine  reddidit  Rev.  11.  Latham,  M.A. 
Extra  fcap.  8vo.     ^s. 

Besides  versiotts  of  Shakspeare  this  volume  contains y  among  other  pieces. 
Grays  ''Elegy;'  CampbelVs  *' Ilohenlinden,''  Wolffs  '' Burial  of  Sir 
John  Moore^'  and  selections /rom  Cowper  and  George  Herbert. 

Lryttelton. — the  COMUS  of  MILTON,  rendered  into  Greek 
Verse.     By  Lord  Lyttelton.     Extra  fcap.  8vo.     5j. 
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Lfyttleton — continued, 

THE  SAMSON  AGONISTES  OF  MILTON,  rendered  into  Greek 
Verse.     By  Lord  Lyttelton.     Extra  fcap.  8vo.      6j.  6^. 

**  Classical   in  spirit^  full  of  farce,    and  true  to  the  oripnal"— 
Guardian. 

Merivale.— KEATS'   HYPERION,  rendered   into  Latin  Veise. 
By  C.  Merivale,  B.D.    Second  Edit.    Extra  fcap.  8vo.    y,  6d. 

Newman.— HYMNI     ECCLESI.E.      Edited     by    Rev.    Dr. 
Newman.    Extra  fcap.  8va     'js.  6d. 

Hymns  of  the  Mediceval  Church.  The  first  Part  contains  selec^ons 
from  the  Parisian  Breviary ;  the  second  from  those  of  Rome,  Salisbury, 
and  York. 

Trench    (Archbishop).  —  sacred   latin    POETRY, 

chiefly  Lyrical,  selected  and  arranged  for  Use ;  with  Notes  and 
Introduction.     Fcap.  8vo.     'js. 

In  this  work  the  editor  has  selected  hymns  of  a  catholic  rdiginu 
sentimettt  that  are  common  to  Christendom,  while  rejecting  those  of  % 
distinctively  Romish  charctcter. 
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Airy. — Works  by  G.  B.  AIRY,  Astronomer  Royal  :— 

ELEMENTARY  TREATISE  ON  PARTIAL  DIFFERENTIAL 
EQUATIONS.  Designed  for  the  Use  of  Students  in  the  Univer- 
sities.    With  Diagrams.     Crown  8vo.  cloth.     5^.  6^. 

//  is  hoped  that  the  methods  of  solution  here  explained^  and  the  instances 
exhibited y  will  be  found  sufficient  for  application  to  nearly  all  the  important 
problems  of  Physical  Science^  which  require  for  their  complete  investigation 
the  aid  of  Partial  Differential  Equations, 

ON  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY  OF 
ERRORS  OF  OBSERVATIONS  AND  THE  COMBINA- 
TION  OF  OBSERVATIONS.     Crown  8vo.  cloth.     6j.  6^. 

In  order  to  spare  astronomers  and  observers  in  natural  philosophy  the 
confusion  and  loss  of  time  which  are  produced  by  referring  to  the  ordinary 
treatises  embracing  both  branches  of  probabilities  {the  first  relating  to 
chances  which  can  be  altered  only  by  the  changes  of  entire  units  or  in- 
tegral multiples  of  units  in  the  fundamental  conditions  of  the  problem  ; 
the  other  concerning  those  chances  which  have  respect  to  insensible  grada- 
tions in  the  value  of  the  element  measured)  the  present  tract  has  been  drawn 
up.  It  relates  only  to  errors  of  observation^  attd  to  the  rules^  derivable 
from  the  consideration  of  these  errors  for  the  combination  of  the  results 
of  observations. 
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Airy  (G.  B.) — continued, 

UNDULATORY  THEORY  OF  OPTICS.    Designed  for  the  Use  of 
Students  in  the  University.     New  Edition.     Crown  Sva  doA 

Tht  undulaiory  theory  of  optics  is  presented  to  the  reader  as  hasw^^ 
same  claims  to  his  attention  as  the  theory  of  gravitation :  namely^  M'^^ 
certainly  true,  and  that ^  by  mathematical  operations  of  general  dt^oM^^ 
leads  to  results  of  great  interest.  This  theory  explains  with  acauKi^ 
vast  variety  of  phenomena  of  the  most  complicated  kind.  The  plan  of  lb 
tract  has  been  to  include  those  phenomena  only  which  admit  of  cdlaia^ 
and  the  investigations  are  ai>plied  only  to  phenomena  which  actually^ 
been  observed. 


tk 
T: 


ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.  WithAe 
Mathematical  Elements  of  Music.  Designed  for  the  Use  of  StudoJ* 
of  the  University.  Second  Edition,  Revised  and  Enlaigrf- 
Crown  8vo.     gs. 

This  volume  consists  of  sections^  which  again  are  divided  into  mtmitni 
articles,  on  the  following  topics :  General  recognition  of  the  air  as  At 
medium  which  conveys  sound;  Properties  of  the  air  on  which  the  fin*' 
tion  and  transmission  of  sound  depend ;  Theory  of  undulations  as  af^ 
to  sound,  &^c.  ;  Investigation  of  the  motion  of  a  -wave  of  air  throu^  ^ 
atmosphere  ;  Transmission  of  waves  of  soniferous  Zfibrations  thrcn^^ 
ferent  gases,  solids,  and  fluids ;  Experiments  on  the  velocity  of  sffiaiii 
&^c. ;  On  musical  sounds,  and  the  manner  of  producing  them  ;  On  tit 
elements  of  musical  harmony  and  melody^  and  of  simple  musical  comp^ 
twn  ;  On  instrumental  music ;  On  the  human  organs  of  speech  eni 
hearing. 


A    TREATISE    ON    MAGNETISM.       Designed    for    the  use  of 
Students  in  the  University.     Crown  8vo.     9^-.  6</, 

As  the  laws  of  Magnetic  Force  have  been  experime>itally  examirud  viiJ^ 
philosophical  accuracy,  only  in  its  connection  with  iron  and  sted  and'tR 
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rs  excUed  6y  the  earth  as  a  wAeie,  the  accuratt  portions  efthia 

St  art  coHfiited  So  Ike  inveitigalions  camialai  with  lieie  nutals  and  the 

Tlu  latter  part  of  the  vwri,  A/nnever,  treats  in  a  more  j^ierai  wajl 

prAiwi  o/Ihe  connalion  dOwan  Magnrtism  on  the  one  hand  andgal- 

■  and  thermo-dectrieity  en  the  ether.     The  work  is  divided  into 

•e  Sections,  and  each  section  into  numbrred  articles,  each  of  iiiMch 

itcVMcin^  and  clearly  the  subject  of  the  foUmeing paragraphs. 

T  (Osmund.)  —  a  treatise    on   geometrical 

OPTICS.     Adapted  for  the  use  of  tlie  Higher  Classes  in  Schools. 

^  By  Osmund  Airy,  B.A.,  one  of  the  Mathematical  Maslera  in 

,   WeUington  CoUega     Eitra  fcap.  8vo.     31.  6rf. 

r  75(«  is,  I  ipiagine,  the  first  time  that  any  attempt  has  ieen  made  to 

t  the  sabject  of  Geometrical  Optics,  to  the  reading  of  the  higher 

'n  our  good  schools.     Thai  this  should  ie  sois  lie  more  a  matter 

ark,  since  the  subject  ivouJd  appear  to  be  fectiliarly ^tted  for  such 

tiation.  .  .  .  ,  /  have  endeavoured^  aj  much  as  possible,  to  avoid 

1  of  those  popular  lecturers  Tvha  explain  difficulties  by  ignoring 

But  as  the  tiature  of  ti^  design  necessitated  brevity,  J  have  omitted 

V  two  portions  of  the  subject  Tehich  I  coniidtred  unHecessgrjl 

a- understiinding  of  the  rest,  and  vihieh  appear  to  me  better  ItanU 

1  advanced  stage." — Author's  Pkkfack.     "  This  book,"  the 

ZUU  says,    "is  care^ly  and  lucidly  -airitten,  and  rendered  at 

fpessibleby  the  use  inalicases  of  the  most  eUmentary  form  of 


■THE    ELEMENTS    OF    MOLECULAR    MECHA- 

NICS.      By  Joseph    Bavma,    S.J.,   Professor  of   Philosophy, 

Stonyhuist  College.     Demy  Svo.  cloth.     loj.  bd. 

^  tJU  tw^ve  Boots  into  ivhick  the  present  treatise  is  divided,  the  first 

Iff  tecond  give  the  dtmonslralien  of  the  principles  which  tear  direttfy  on 

^  institution  and  the  properties  of  matter.    The  next  line  boohs  contain 

tries  if  theorems  and  of  problems  on  the  taws  op  motion  of  elementary 

^stances.   In  the  sixth  and  seventh,  the  mechanical  constitution  of  mole- 

jt.»  .'r  itvvestigattd  and  determined:  and  by  it  the  general  properties  ej 

•xplained.     The  eighth  booh  treats  of  luminifereus  athir.     The 
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UNDULATORY  THEORY  OF  OPTICS.    Designed  for  the  Use  of 
Students  in  the  University.     New  Edition.     Crown  8vo.  cloth. 

The  undulatory  theory  oj  optics  is  presented  to  the  reader  as  having  the 
same  claims  to  his  attention  as  the  theory  of  gravitation :  namely ,  that  U  is 
certainly  triie^  and  that,  by  mathematical  operations  of  general  elegance^  it 
leads  to  results  of  great  interest.  This  theory  explains  with  accuracy  a 
vctst  variety  of  phenomena  of  the  most  complicated  kind.  The  plan  ofthu 
tract  has  been  to  include  those  phenomena  only  which  culmit  of  calculation^ 
and  the  investigations  are  applied  only  to  phenomena  which  actually  have 
been  observed. 


ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.  With  the 
Mathematical  Elements  of  Music.  Designed  for  the  Use  of  Students 
of  the  University.  Second  Edition,  Revised  and  Enlarged. 
Crown  8vo.     qj. 

This  volitme  consists  of  sections,  which  again  are  divided  into  numbered 
articles,  on  the  following  topics :  General  recognition  of  the  air  as  the 
medium  which  conveys  sound ;  Properties  of  the  air  on  which  the  forma- 
tion and  transmission  of  sound  depend ;  Theory  of  undulations  as  applied 
to  sound,  &^c.  ;  Investigation  of  the  motion  of  a  wave  of  air  through  the 
attnosphere  ;  Transmission  of  waves  of  soniferous  vibrations  through  dif- 
ferent gases,  solids,  and  fluids ;  Experiments  on  the  velocity  of  sound, 
^c, ;  On  musical  sounds,  and  the  manner  of  producing  them  ;  On  the 
elements  of  musical  harmony  and  melody^  and  of  simple  musical  composi- 
tion ;  On  instrumental  music ;  On  the  human  organs  of  speech  and 
hearing. 


A    TREATISE    ON    MAGNETISM.      Designed    for    the   use  of 
Students  in  the  University.     Crown  8vo.     9^.  (id. 

As  the  laws  of  Magnetic  Force  have  been  experimentally  examined  with 
philosophical  accuracy,  only  in  its  connection  with  iron  and  sted,  and  in 


Bool  e — continued. 

eUmentary  iiulnulion.  The  larlier  salioHS  of  laih  chapter  contain  that 
kind  a/  matter  -which  has  usually  iait  thought  suitable  for  the  btginner, 
while  the  latter  ones  are  denoted  either  to  an  account  of  rteent  discmiery,  or 
the  discussion  of  such  deeper  guestioHs  of  principle  as  are  likdy  toprtsmt 
themsdsts  to  the  reflectiiie  student  in  contiexion  with  the  methods  and 
processes  of  his  pradous  course.  "  A  treatise  incomparably  superb  Ig  - 
any  other  deaietitaiy  book  on  the  same  subject  teith  vihicA  we  a 
acy*a/H/fl/."— Philosophical  Magazine. 

A  TREATISE  ON   DIFFERENTIAL  EQUATIONS.      Supple- 
menlaiy  VdIiuqc.     Edited  by  I.  Todhunter.     Crown  8vd.  cbth. 
%i.6d. 
This  volume  contains  all  that  Professor  Boole  wrote  for  the  purpose  of 

mlarging  his  treatise  an  Differential  Equaliaiis. 

THE  CALCULUS  OF  FINITE   DIFFERENCES.     Crown  8vo. 

ctotli.     loj.  6i/. 

Jh  this  exposition  of  the  Calculus  o/IiinileDiffertuces.parlicularittteiitiBlt 

Jias  ieen  paid  to  the  connexion  of  its  nielhads  with  those  of  the  Digerential 

Calculus — a  connexion  which  in  some  instaHces  involves  far  more  than  a 

merdy  formal  analogy.     The  work  is  in  some  measure  designed  as  a 

tiguil  to  Professor  Boolt^slmXhc  on  Differential  Equations.     "As  an 

•    vriginol  hook  by  one  of  the  first  mathemcdicians  of  the  age,   it  is  out 

uf  all  comparison  wilh  the  mere  second-hand  compilations  which  Aavt 

Mthirto  Seen  alone  accessible  to  the  student.  "—PHILOSOPHICAL  MagaziHX.  J 

CAMBRIDGE  SENATE-HOUSE  PROBLEMS  AND  RIDERS, 
WITH  SOLUTIONS  :— 
11848-1851. —PROBLEMS.     By  Ferrers  and  Jackson. 
cloth.     151,  6rf. 
I1848-18S1.— RIDERS.     By  Jameson.     8vo.  clolh.     "js.  tJ. 
^854.  — PROBLEMS     AND    RIDERS,       By    Walton    and   ] 

Mackenzie.    Svo.  doth.     10;.  id. 
U8j7,  —  rROBLEMS    AND    RIDERS.       By    Campion    itad   j 
LTo.\.     8vo.  cloth.     S/.  td. 


CAMBRIDGE     COURSE     OF     ELEMENTARY     NATOHAL 

PHILOSOPHY,  for  the  Degree  of  B.A.     Origionlly 

J.    C.    Snowball,   M.A.,   lale    Fellow   of   Su  John's  Colkeb 

Fifth  Edition,  revised  and  eidarged,  and  adapted  for  the  UHS^ 

Class  Examinations  bj-  THOMAS  LUKD,  B.D.,  Lale  Fellow  ili 

Lectui'er  of  St.  John's  College,  Editor  of  Wood's  A]gebii,  H 

Crown  8vo.  cloth,     y. 

72i(  wrri  jeill  Iv  feiind  adiifUi  to  tin  Tvants,  net  enfy  oj  UnmrB^ 

StuJenti,  iut  ahc  efmany  others  who  rtjtdre  a  short  course  e/lfyhtukl 

arid  Hydrostalks,  and  isptcially  of  the  candidates  at  mir  Mid£t  OiO 

Examinalians.     At  the  end  of  each  chapter  a  series  of  ea. 

added  fir  the  exercise  of  the  shidenl. 

CAMBRIDGE  AND  DUBLIN  MATHEMATICAL  JOURNil- 
The  Complete  Work,  in  Nine  Vols.  8vo.  cloth,  ^l.  4/. 
Only  a  /em  cafiies  remain  on  hand.  Among  ContrihOors  U  Sit 
work  will  befiaiid  Sir  If.  Tkomiau,  States,  Adams,  Boalc,  Sir  W.S, 
HamUtOH,  De  Morgan,  Cayley^  Sylvester,  ydldt,  and  other  OMnfiaM 
mathematidans. 

Candler.— HELP  TO  arithmetic.    Designed  for  the  a 

Sclmok.      By    H.    CANDLER,    M.A   Mathematical   Mssia  A 

Uppingham  School.     Extra  fcap.  8vo.    ai.  6rf. 

This  mark  is  intended  as  a  eomfanion  to  any  text-booh  ti 

in  UK.      "  The  main  diffiimlties  which  iays  experience  in  the  dijimi 

rules  are  siiljiitty  dealt  with  and  removed."-— yivs&VU. 
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Cheyne Works  by  G  H.  H.  CHEYNE,  M.A.,  F.K.A.S. 

AN    ELEMENTARY    TREATISE    ON    THE   PLANETARY 

THEORY.     With  a   Colleclion  of  Problems.     SetMnd  Edidon. 

Crown  8vo.  cloth.  6r.  6d. 
In  His  valuaie,  an  alttntpt  has  hetn  medt  to  produce  a  trtalise  en  the 
Kanibsry  Ikeary,  mkicA,  idng  danmtary  in  charatter,  should  bt  so  Jar 
cHnpldi,  as  to  amfain  all  thai  is  nsually  rtguirtd  by  studmit  ia  the 
Uniifrrsily  of  CaiHtridge.  In  the  Nao  EdUisH  thf  work  has  bancar^ully 
Ttiaiid.  Thi  slability  of  the  Piantiary  Sys/tni  has  bieii  mart pdlv  iriaUd, 
and  an  d/gant  gtomtlrical  ex/lanotioa  of  the  formulir  for  the  undar 
watiatioH  ef  the  node  and  indinaden  has  ieen  introduetd. 

THE      EARTH'S      MOTION      OF     ROTATION.      Crown  Svo. 

TTiefirdpart  of  this  werk  consists  e/an  afplieatioH  of  the  nidhode/iht  I 
variaiien  of  demetits  to  the  genera!  problem  af  rotation.  In  the  second  j 
part  the  general  TOtalion  formidit  are  applied  to  the  particular  case  tf   | 

the  earth. 

Childe.— THE  SINGULAR  PROPERTIES  OF  THE  ELLIP- 
SOID  AND   ASSOCIATED   SURFACES    OF    THE    Nth    | 
DEGREE.      By  the   Rev.    G.   F.   Ckiij>b,   M.A.,   Author    of 
"  Ray  Sariaces,"  "  Related  Caostics,"  &c.     Bve.     lot.  6d. 
Tie  otjett  oj  this  volume  is  to  devdofi  peadiaiitiis  in  the  EUipioid; 

and,  JuTther,  to  estnilish  analogous  properties  in  the  iiHlimited  eongmeric   ' 

series  of  tahith  this  remarkable  surface  is  a  cottsliluenl. 

Christie.— A  COLLECTION  OF  ELEMENTARY  TEST- 
QUESTIONS  IN  PURE  AND  MIXED  MATHEMATICS  ; 
with  Answers  and  Appendices  on  Synthetic  Division,  and  on  the 
Solution  of  NuniErical  Equations  by  Homer's  Method.  By  James 
R,  Christie,  F.R.S.,  late  First  Malhematieal  Master  at  the 
Royal  Military  Academy,  Woolwich.  Crown  8»e.  cloth.  &s,  td. 
The  series  of  Mathemaiieal  exercises  here  Bgereii  lo  the  public  is  eelleeled  I 
I  -fiviH  Ihast  which  the  author  has,  from  lime  to  lime,  proposed  for  s^idion  J 
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by  hh  pupils  during  a  long  carter  at  Ikt  Royal  Military  A  coil 
student  vika  finds  l/ialhe  is  abU  to  solve  the  targtr  poTtion  of  then  a^ota, 
may  consider  that  he  is  thamugkly  ■a'dl  graunded  in  the  tUmeniaiy  frit- 
cipla  of  pure  and  mixed  Malheniatics. 

Dalton — ARITHMETICAL  EXAMPLES.  Prog«sa»^ 
arranged,  with  Exercises  and  ExanuDatJqm  Papers.  By  the  Iln 
T,  Dalton,  M.A.,  Assistant  Master  of  Eton  College.  iSboi 
cloth.     2s.6d.  AtisTuers  to  the  Examples  an  appeaiii. 

Day. —  PROPERTIES     OF    CONIC     SECTIONS     PROVED 

GEOMETRICALLY.       PART    I.,     THE    ELLIPSE,    will 

Problems.      B/  the   Rev.   H.  G.    DAY,    M.A.,    Head    Master  01 

Sedburgh  Grammar  School    Crown  Svo.     3J.  dJ. 

The  object  of  this  book  is  the  iittroductien  of  a  Irealmeiit  1^  Ctmt 

Siirions  ■mhich  should  bt  sijspU  and  natural,  and  lead  by  an  ea^  Irani- 

lion  to  the  analytical  methods,  without  deiarlin£  from  the  strict  ganutij 

of  Euclid. 

Dodgson.— AN    ELEMENTARY   TREATISE   ON  DETEE- 

MINANT5,    with    their    AppHcatlnn    to    Simliltaneous   IJMH 

Equations  and  Algebraical  Geometry.    By  CHARLES  L  DODCSOR, 

M.A.,    Student  ^.nd  Mathematical   Lecturer  of  Christ  Churd, 

Oiford.     SmaU  4I0.  cloth.     lor.  &/. 

The  object  of  the  author  is  la  present  Iht  subject  as  a  continuous  chain  tf 

argument,  separated  from  all  acctssories  of  explanation  or  illialratiuk 

Ail  suck  txftanation  and  illustration  as  seemed  necessary  for  a  hegitnwt 

are  iutroduced  either  in  the  firm  of  foot-notes,  or,  where  that  mould  t*M 

occupied  loo  much    room,    of  Appetuiices.        "  T!u   'werk^'    says   lie 

Edi^cational  Times,  "forms  a  valuable  addition  to  the  IreaHsavt 

possess  on  modern  Algebra." 

Drew.— GEOMETRICAL    TREATISE     ON     CONIC    SEC- 
TIONS.   By  W.  H.  Drew,  M.A.,  SL  John's  CoU^e,  Cambridje. 
I'ourth  Edition.     Crown  Svo.  doth.     4/,  6d. 
In  this  wcrk  the  subject  of  Conic  Sections  has  been  placid  Effort  tht  ■ 
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Drew — antinued. 

in  mch  a  form  that,  it  a  hoped,  afin-  mast^rins  'ht  dements  of  Euclid,  he 
may^nJ  il  an  eat]/ and  intereitiitg  eonliniuition  ef  his  geemetrical  studio. 
With  a  vine,  alsa,  of  rendertHg  tki  vierk  a  eompUlt  manual  ef  what  is 
rtfuirid  at  the  Umversities,  there  hasii  other  beat  embodied  into  the  text  or 
insertal aiiunig the  examples,  every  hook--aerk  question,  froblem,  and  ridtr, 
which  has  been  propoud  in  the  Camiridgt  examinalicni  tip  to  the  prtient 


SOLUTIONS    TO    THE    PROBLEMS    IN    DREWS    CONIC 

SECTIONS.     Crown  Bvo.  cloth.    4/.  (W. 

Earnahaw  (S.)  —  partl\l  diffkkenti.vl  equa- 
tions. An  Esray  towards  an  cntirtly  New  Method  of  Init- 
iating them.  By  S.  Eahnshaw,  M.A.,  St.  John's  College, 
Cambridge.     Crown  Svo.     51. 

Edgar  (J.  H.)  and  Pritchard  (G.  S.) — NOTE-BOOK  ON 
rRAUTlCAL  SOLID  OR  DESCRIPTIVE  GEOMETRY. 
Containing  Problenis  with  betp  for  Solutions.  By  J.  H.  EocAlt, 
M.A.,  Lecturer  on  Mechanical  Drawing  at  the  Royal  School  of 
MliicB,  and  G.  S.  Priicrard,  late  Master  for  Descripdve 
Gcomctiy,  Royal  Miliuuy  Academy,  Woolwich.  Second  Edition, 
revised  and  enlarged,     Globe  Svo.     3/. 

iCerrera.— AN  KLEMENTARY  TREATISE  ON  TRILINEAR 

CO-ORDINA  IKS,   the  Method  of  Reciprocal  Polars,  and  the 

Theory  of  I'mjcctors.    By  theRev.  N.  M.  Fherehs,  M.A.,  FeUow 

and  Tutor  of  IjunviUe  and  Caius  Collie,   Cambridge.     Second 

Edition.     Crown  Svo.     fir.  &/. 

The  object  oj  tie  author  in  writing  on  this  sub/ret  Aas  mainly  been  It 

place  it  OH  a  basis  altogether  inJepemiatt  a/ the  ordinary  Cartesian  system, 

htiltad  of  rtj,-arJin^  it  at  only  a  ipainl  form  0/  Abridged  isolation. 

i.ljiorl  chapt-'r  on  Delermmanis  has  been  mlroiIucM. 
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Frost.— THE  FIRST  THREE   SECTIONS   OF  NEWTOH'S 

PRINCIPIA.    Witli  Notes  and  Eluslralions.    Also  a  coUeclionof 

Problems,  pnncipally  intended  as  Examples  of  Newtoa'g  Melhodi, 

By  Percival  Frost,  M.A.,  late  Fdlow  of  St.  Jolin'a  Colkg^ 

Alatliematical  Lecturer  of  King's   College,  Cambridge.    Suooi 

Edition.    Svo.  clotli.    los.  6rf, 

Tin  aiithor'i  frincifal  intenUan  it  ta  ixplain  diffailtiis  viAui  m^ir 

tfcmifitertd  ly  tkt  student  on  first  reading  the  Prmcipia,  and  t»  ttfwrfw* 

the  advantages  of  a  careful  itiidy  of  Ike  metheds  emplgyed  iy  Xetalm,  if 

sAmiiing  tAt  extent  tetiiAici  lity  nay  ie  afifilitd  in  the  solution  of  fniiemi\ 

he  has  alsf  mdiavtmred  te  firav  assistance  to  the  student  whe  it  engagii  ii 

the  study  of  ike  higher  broaches  of  mathesiatits,  by  representing  it  I 

gecmOrical  form  saieral  of  the  processes  emplro/ed  in  the  DifftraOial  t»i 

Integral  Calculus,  and  in  the  analytical  investigations  of  Dyncmkl. 

Frost  and  Wolstcnhoime. — a  treatise  on  SOLID 

CF.OMETRY.      By  Pekcivai.  Frost,  M.A.,   and  the  Rer.J. 

WoLSTEN HOLME,  M.A.,  Fellow  and  Assistant  Tutor  of  Qirafi 

College.     8vo.  clotli.     \%s. 

The  authors  kcnie  endeavoured  to  present  before  students  as  comprehentlM 

a  vine  of  the  subject  ca  possible.     Intending  la  niake  the  suRjtcl  aitasiU, 

at  least  in  the  earlier  portion,  to  all  classes  of  students,  tliey  hm  ttia- 

voured  to  explain  e:mpletd)i  ati  the  processes  which  are  most  (ugW  j« 

dealing  with  ordinary  theorems  and  problems,  thus  directing  tie  it  '  ' 

to  the  sdectian  of  mdhads  which  are  test  adapted  to  the  exigenciet  ^tid. 

problem.     In  the  more  difficult  portwns  of  the  subject,  they  hem*  emiMialt 

themsikits  to  be  addressing  a  higher  class  oj  students  ;  and  Ih^  kaee^mt 

tried  to  lay  a  good  foundation  an  ■aiiek  to  build,  if  any  reader  lim" 

wish  to  pursue  the  science  beyend  the  limits  to  lahieh  the  work  extenit, 

Godfray. — Work*  by  HUGH  GODFRAV,  M.A.    Matiiennricil 

Lecturer  at  Pembroke  Call^e,  Cambridge. 

A   TREATISE   ON  ASTRONOMY,  for  the  Use  of  Collies  afii 

Schools.    8vo.  cloth,     12S.  6d. 

This  booh  embraces  all  those  branches  of  Astronomy  which  have,  j9»" 

lime  to  time,  been  recommended  by  the  Cambridge  Booid  of  MathenutlM 
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Godfray — continued. 

StudUi:  iul  iy  far  the  largtr  and lasier parlien,  adaptd  io  Ihi  Jirtt  thrtt 
days  of  thi  Examinatwn  for  Himours,  may  be  read  by  the  mere 
advanced  fupil;  in  many  of  our  schaaU,  The  author's  aim  has  been  It 
rnive)/  clear  ami  disiinel  ideas  of  the  ctleslial  phenomena,  "  It  is  a 
wvrldng  book,"  toys  tht  Guardian,  "/aJang  Aiironomy  ia  its  proptr 
fiaes  in  malhematieal  sciences,  .  .  .  Il  is  a  book  whkh  is  not  Hkdy  to 
bt  got  up  unint/iligenlly, " 

AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY, 

with  a  Brief  Sketch  of  the  Problem  ap  [o  the  lime  of  Newtoa. 

Second  Edition,  revised.      Crown  Svo.  cloth,     y.  bd. 

These  pages  will,  it  is  haped,  form  an  introduction  to  more  recondite 

wtrkt.     Di^cullies  have  been  discussed  at  considerable  length.      The 

ItlietioH   of  the  mdhod  follcnued  with    regard  to   analytical  soluliOTU, 

Which  is  the  same  as  that  of  Airy,  Herichel,  frv.  was  made  oh  account 

tfiti  simplicity;  it  is,  moreover,  the  method  which  has  obtained  in  the 

Uniuersity  of  Cambridge.      "  As  an  elcmeatary  treatise  and  introduction 

to  the  subject,  we  think  it  may  justly  claim  to  supenede  all  former  ones." — 

London,  Ecm.  AND  Dublin  Phil,  Magazine. 

Hemming.— AN   elementary  treatise    on   the 

DIFFERENTIAL  AND   INTEGRAL   CALCULUS,  for  the 
Uie   of  Colleges   and   Schools,      By  G.  W.  Hemmikg,  M.A., 
Fellow  of  St.  John's  College,  Cambridge.     Second  Edition,  with 
Correclioiis  and  Additions.     Svo.  cloth,     gr. 
"  Therr  is  no  book  ia  common  use  from  ■which  so  clear  and  exact  a 

knevdtdge  of  the  principles  of  the  Calculus  can  be  sa  readily  obtained.  "— 

Ljtbrarv  Gazette. 

Jones  and  Cheyne.— algebraical  exercises.    Pro- 

gressivL-ly  arranged.     By  the  Rev.  C.  A.Jones,  M.A,,  and  C.  H, 

Ckbvke,  M.A.,  F,R,A.S.,  MalhetnalicalMaBlers  of  WesbninWer 

School.     New  Edition.    i8mo.  doth.    w.  ftd. 

This  little  boot  it  intended  lamed  a  digtcultyiahich  isproiabfyfdt  mere 

•ffimt  by  all  engaged  in  teaeAittg  Algebrit  la  beginiun.     It  is,  that  while 
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ntm  ideas  aye  icing  acjutred,  old  ants  are  /argvtteH.  In  Iht  b^g  fU 
cotistani  fractke  is  the  only  remedy  for  this,  the  present  series  if  mix^ 
laiieaiit  exercises  has  been  prepared.  Their  peculiarity  eansiili  in  (iu, 
fin!  though  miscillaneoui  they  are  yet  pragreiiise,  and  may  be  uiaf  b/ 
the  piipil  almost  front  the  commenctment  of  his  studies.  Tb^  art  M 
intended  to  supersede  the  systeniatically  arranged  examples  to  befiimi  k 
ordinary  treatises  en  Algebra,  but  rather  to  supplement  than.  The  Aoi 
ieing  intended  chiefly  for  Schools  and  Junior  Students,  the  higiitfafU 
0/  Algebra  have  not  ban  included. 

Kitchener.— A    GEOMETRICAL    NOTE-BOOK,    conUiiuug 

F.3SJ  Frublenu  in  CEomEUicaJ  Drawing  preparatory  to   Ibe  StikI]' 

of  Geometry.      For  the  Use  of  Schools.     By  F.  E.  KlICHESU, 

M.A.,  Mathematics  Master  at  Rugby.     4to.     is. 

It  is  the  object  of  this  book  to  make  some  may  in  wercoming  thed^aiSa 

of  Geometrical  eonc^lion,   before  the  mind  is  called  to  the  tUtuh  ij 

Geometrical  theorems.     A  fan  simple  mHhods  of  construction  art  fin*; 

anJ  space  is  10  on  each  pagey  in  order  that  the  learner  may  araal  mlii 

Azures. 

Morgan.^A  collection  of  problems  and  exam- 
ples   IN    MATHEMATICS.      With  Answers.      By  H.  A. 
Morgan,  M.A.,  Sadlerian  and  Mathematical  Lecturer  of  Jwu 
College,  Cambridge.     Crown  8to.  doth.     6s.  6d. 
This  booh  contains  a  numier  of  problems,  chiefly  eleaientary,  in  (if 
Matkematiad  subjects  usually  read  at  Cambridge.      Th^  have  bm 
selected  from  thi  papers  sti  during  late  years  at  Jesus  College.     Veyf" 
of  them  are  to  be  met  viith  in  other  collections,  and  by  far  the  lafffr 
number  are  due  to  some  of  the  most  distinguished  Mathematiaaiu  IM  lit 
[/nivcrsiiy. 

Newton's  principia.    410.  cloth,    ju.  6^". 

It  is  a  sufficient  guarantee  of  the  rdialdliiy  of  this  complete  editwn  ^ 
Newton's  Princip'a  thai  it  has  been  printed  for  and  under  the  core  ofPrw 
ftssor  Sir  IVilliam  Thomson  and  Professor  Bloikbum,  ef  Cialgm 
versity.     Tit  foUounng  notice  ispr^xed: — "  finding  that  all  ^i  ~ 
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»/  the  Prindpia  on  hbio  ml  of  print,  we  hoBc  ban  induced  to  reprint 
NrwtBffs  last  editicn  [of  1 726]  vMhoul  vote  or  comment,  only  introducing 
lie  '  Corrigenda '  ef  the  old  copy  and  correetiiig  typographical  error!. " 
Tie  took  is  0/ a  handsome  size,  tailh  large  type,  fine  thick  paper,  and  cleanly 
cM  figures,  and  is  tin  only  modem  edition  ccHtmning  the  whole  of  Newton's 
great  viork. 

Parkinson.— Works  by  S.  Parkinson,  D.D„  F.R.S.,  Fellow snJ 

Tutor  of  SL  John's  College,  Camhridge. 

AN  ELEMENTARY   TREATISE   ON  MECHANICS.     For  the 

Use  of  the  Jnnior  Classes  at  the  University  and  the  Higher  Classes 

in  Sclioots.  With  a  CoUeclion  of  Examples.  Fourth  edition,  revised. 

Crown  Svo.  doth.    gj.  dd. 

In  preparing  a  fourth  edition  of  this  tvprk  the  anther  has  kept  the  Sam  t 

tifeet  in  view  as  he  had  in  the  former  editions— namely,  to  include  in  it 

nuh  forHanS  of  Theoretical  Mechanics  as  can  it  CBtrtiemently  imitst^ted 

wiiioiil  the  use  of  the  D^ertntial  Calculus,  and  so  render  tt  suitaMe  as 

a  manual  for  the  iunior  classes  in  the  Universily  and  the  higher  classes 

in  ScAeels.     With  one  or  two  short  exceptions,  the  student  is  not  presumetl 

It  require  a  knowledge  bJ  any  branches  of  Maikematies  beyond  Ihi  demenls 

efAlgdra,  Geometry,  and  TYigonenielTy.    Several  additional  propositions 

iave  leen  incorporated  in  fie  u-ork  for  the  purpose  of  rendering  it  moti 

timtplete;  and  the  collection  oj  Examples  and  Problems  has  been  largely 

Increased. 

A  TREATISE  ON  OPTICS.  Third  Edition,  revised  and  enlat^d. 
Crown  Evo.  cloth,  loi.  &/■ 
A  coHectioH  Of  examples  and  problems  has  been  appended  to  this  vnork. 
vkith  are  sufficiently  uumermis  and  varied  in  eharaeter  to  afford  usefnl 
exercise  fir  the  student.  For  the  greater  port  of  them,  recourse  hat  been 
had  to  the  Examimilion  Papers  set  in  the  Univeriitv  and  the  several 
Colleges  during  Ike  lasl  taienly  years, 

Pbear. — elementary  irVDROSTATICS.  with  Namerous 
ExMiipIes,  By  J.  B.  Fkear,  M.A^  Fellow  and  late  Asaistani 
Tutor  of  Clare  College.  Ciunbridgc.  Fourth  Edition.  Crorni 
Svo.  cloih.    5/.  dd. 
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Tiis  tdUioit  has  been  car^illy  revistd  IhraiighBul,  and  many  nea 
illiulraiiniis  and  cxamplis  added,  which  it  is  hoped  viill  itKrease  ill 
tts^lnesi  to  students  at  the  UnkiirsUies  and  in  Schools.  In  aceordami 
■with  suggeslioiis  from  many  engaged  in  tuition,  onsTeers  lo  aU  th 
Examples  have  been  given  at  the  end  0/  the  took. 

Pratt.— A    TREATISE     ON    ATTRACTIONS,   LAPLACt'S 

FUNCTIONS,    AND    THE  FIGURE   OF    THE    EARTH. 

By  John  II.  Pratt,  M.A.,  Arclideacaii  of  Calcotta,  Author  o( 

"The  Mathematical  Principles  of  Mectinical  Philosophy,"    TUri 

Edition,    Crown  8vo,  doth.     6s.  6d. 

The  allthei's  chief  design  in  this  treatise  is  to  give  an  astnutr  it  Ol 

question,  "Has  tlie  Earth  acquired  its  present  farm  from  being  erijfin^ 

in  a  fluid  stale?  "     This  Edition  is  a  complete  revisien  af  the  former  am, 

Puckle. — AN  ELEMENTARY  TREATISE  ON  CONIC  SEC- 
TIONS  AND  ALGEBRAIC  GEOMETRY.     WithNiunowa 
Examples  and  Hiuts  for  their  Solution;  especially  deigned  Ibrltie 
Use  of  Beginners.     By  G.  H.  PucKLE,  M.A.,  Head  Muter  rf 
Windennere  College.    New  Edition,  revised  and  enlat^ed.  CrowB 
Svo.  cloth.     7J.  6d. 
ITiis  wori  is  recommended  by  the  Syndicate  of  the  Camirufg*  I^d 
Examinations,  and  is  the  text- iook  in  Harvard  Unimrsily,  U.S.     lit 
ArsESMVii    says  the   Author   "  disp/ays   an  intimate   acgHoirOa^ 
■with  the  di_fficullies  likdy  ta  l/e  fell,  together  wUh  a  singular  aftitiidtM 
remmiingthem." 

Rawltnson — elementary  statics,  by  the  Rev.  GEOKQt 

Rawlinson,  M.A.   Edited  by  the  Rev.  Edward  Sturges.M.A,, 

of  Emmaond  College,  Cambridge,  and  late  Professor  of  tlie  Applied 

Sdences,  Elphinstone College,  Bombay,   CrowoSvo.  doth.    4r.6iC 

Published  under  the  authority  of  Her  Majesty's  Setrelaiy  of  Slate  fir 

India,  far  use  in  the  Gm'immeiU  Schools  and  Colleges  in  India,      "  This 

manual  may  late  its  place  among  the  mast  exhaustive,  yet  clear  andtiin/ie, 

■jDc  have  met  ■udth.''' — Oriental  Budget. 
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Reynolds.— MODERN    methods    in    elementary 

GEOMETRY.      By    E.  M.   Reynolds,   M.A.,   Mathematical 
Master  in  Clifton  Collie.     Crown  8vo.     3^.  (>d. 

Some  change,  it  is  evident,  in  our  English  ways  of  teaching  can  now  no 
mger  be  postponed,  and  this  little  book,  mainly  derived  from  French  and 
rerman  sources,  has  been  written  in  the  hope  of  facilitating  that  change, 
\  hcLS  been  constructed  on  one  plan  throughout,  that  of  always  gizing  in 
he  simplest  possible  form  the  direct  proof  from  the  nature  of  the  case.  The 
xioms  necessary  to  this  simplicity  have  been  assumed  without  hesitation, 
nd  no  scruple  has  been  felt  as  to  the  increase  of  their  number,  or  the 
cceptance  of  as  many  elementary  notions  as  common  experience  places 
cut  all  doubt.  The  book  differs  most  from  established  teachijig  in  its  con^ 
^ructions,  and  in  its  early  application  of  Arithmetic  to  Geometry, 

^OUth.— AN  ELEMENTARY  TREATISE  ON  THE  DYNA- 
MICS  OF  THE  SYSTEM  OF  RIGID  BODIES.  With 
Numerous  Examples.  By  Edward  John  Routh,  M.A.,  late 
Fellow  and  Assistant  Tutor  of  St  Peter's  CoU^e,  Cambridge; 
Examiner  in  the  University  of  London.  Second  Edition,  enlarged. 
Crown  8vo.  cloth.     \\s. 

In  this  edition  the  author  has  made  several  ctdditions  to  each  chapter, 
'Je  has  tried,  even  at  the  risk  0/  some  little  repetitum,  to  make  each 
kapter,  as  far  as  possible,  complete  in  itself,  so  that  all  that  relates  to  any 
ne  part  of  the  subject  may  be  found  in  the  same  place.  This  arrangement 
vill  enable  every  student  to  select  his  own  order  in  which  to  read  the 
ubject.  The  Examples  which  will  be  Jound  at  the  end  of  each  chapter 
ctve  been  chiefly  selected  from  the  Examination  Papers  which  have  been 
H  in  the  University  and  the  Colleges  in  the  Uistfruf  years. 

Smith  (Barnard).— Works  by  BARNARD  SMITH,  M.A., 
Rector  of  Glaston,  Rutlandshire,  late  Fellow  and  Senior  Bursar 
of  St.  Peter's  College,  Cambridge. 
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ARITHMETIC  AND  ALGEBRA,  in  their  Principles  and  AppUa- 
Cion  ;  with  numerous  systematically  arranged  Examples  taken  from 
the  Cambridge  Enamination  Papers,  witli  especial  reference  to  the 
Ordinary  Examination  for  the  B,  A.  D^p'ee.  Elercntli  Editun 
Crown  8vo.  doth.     lot.  6^ 

Tliis  manua!  h  ntnu  txtensivdy  used  in  Schools  and  Collega,  Mk  a 
England  and  in  Ike  Colonies.  It  has  also  hempiind  gf  grealsemia/n 
ihiderils  preparing  for  the  Middle  Class  and  Civil  and  Military  Smstt 
Examinations,  from  the  can  thai  has  teen  taken  to  ilucidale  tie  priBd|d» 
ef  all  the  rules.  The  present  edition  has  Awn  carefully  reviieJ,  "  Ti 
all  those  whose  minds  are  sufficiently  diveloped  to  comprehend  Iht  simfiat 
maCkimatieal  reasoning,  and  uio  have  not  yet  thoroughly  smslmJ  A 
principles  of  Arilhmetic  and  Mgeira,  it  is  calculated  to  be  of  pat 
aAanffl^a"— Athknaum,  Of  this  work,  also,  one  ofththighatpK^^ 
aittlarilies,  the  late  Dean  Peacoei,  -writes-  "Mr.  Smith's  ■woriit  t 
useful  puhlieaiion.  Tie  i-itles  are  stated  iitith  great  elAirfuSS. 
examples  are  TOdl  selected,  and  worked  out  with  just  sufficiatt  . 
without  being  eneumbered  by  too  minute  exflmiatiens ;  and  there  pi 
throughout  it  that  just  proportion  of  theory  and  practice,  vhieh  ilAl 
crinaning  excellence  of  an  elementary  ifcri." 

Crown  8vo. 

Adapted  from  the  author's  work  on  "  Arithmetic  and  Algebra,"  fyOu 
ondision  of  the  alg^raic  portlen,  and  hy  the  introduction  ef  Heal  extrriia. 
7%e  reason  of  each  arithmetical  process  is  fully  exhibited.  The  systm  rf 
Decimal  Coinage  is  explained  ;  and  answers  to  the  exercises  are  Ofi 
at  the  end.  This  Arithmetic  is  eharacterisid  as  "  adpiirotfy  adafiii  lor 
inttrucliott,  combining  just  sufficient  theory  with  a  large  and 'wdl'idtttd 
collection  of  exercises  for  practice."  ^cfa^s\i.CiV  Education. 

COMPANION  TO  ARITHMETIC  FOR  SCIIOOLS. 


MATHEMATICS. 
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EXERCISES  IN  ARITHMETia  With  Answers.  Crown  8vo.  limp 
elolh.     2s.  6d. 

Or  sold  separately,  Part  I.  is,  ;  Part  II,  is. ;  Answers,  6rf. 

Tiae  Exerdses  have  been  publiskid  in  order  to  give  Ike  pupil  ixamfla 
i»  every  rule  of  Arithmttic.  The  greater  number  have  been  carefully 
ttmmid  fram  Ike  latest  Unk'ersily  and  ScFmol  Examination  Papers. 

SCHOOL  CLASS-BOOK  OF  ARITHMETIC.     iBrao.  doth.     3f. 

Ot  lold  separately.  Farts  I.  and  II.  lod.  each  ;  Part  III.  I^. 

This  manual,  publish^  at  the  request  ef  many  sckoelmasters,  and 
tki^y  itUmded  for  National  and  Elementary  Sekeols,  hat  been  prepared 
on  the  same  plan  as  that  adopted  in  the  aut/iar's  School  Arithmetic,  whieh 
it  in  extensive  cinulatien  in  England  and  abroad.  Tlu  Afttncal  Tables 
Havt  ban  introduced,  from  the  eomiictien  ati  the  part  of  Ike  author,  that 
At  ImowUdgt  ef  suek  tables,  and  the  moile  of  applying  them,  ■aiiil  be  a 
great  use  to  the  rising  generaiion. 

KEYS  TO  SCHOOL  CLASS-BOOK  OF  ARITHMETIC.  Com- 
plete  in  one  volume,  iSmo.  doth,  6j.  hd,  \  or  Parts  I,  II.  anil  III, 
%s.  6d,  eadi. 

SHILLING  BOOK  OF  ARITHMETIC  FOR  NATIONAL  AND 
ELEMENTARY  SCHOOLS.  iSmo.  doth.  Or  separately, 
Pirt  I.  id. ;  Part  II.  3./, ;  Pari  III.  7^.     Aniwets,  6d. 

THE  SAME,  with  Answers  complete.     i8mo.  doth.     is.  td. 

This  Shilling  Book  of  Arithmetic  has  ban  prepared  for  the  un  of 
National  and  elhir  schools  at  ike  urgent  request  of  numerous  masttri  of 
kAooIs  both  at  home  and  abroad.  The  Explanalioni  oj  the  Rules,  and 
the  Examples  will,  it  is  hoped,  be  found  suited  to  the  most  tlemenfary 
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KEY  TO  SHILLING  BOOK  OF  ARITHMETIC.     i8mo.  tlodi, 

EXAMINATION  PAPERS  IN  ARITHMETIC.  iSnio.  doA, 
\s.  fid.  Tlie  some,  with  Answers,  iSmo.  ir.  9./. 
TAt  ahjcd  of  these  Examination  Papers  is  to  test  itudails  holh  in 
theory  and  practice  ef  Arithmetic.  It  is  hoped  that  the  method  oaHj 
all//  lead  students  to  deduce  results  from  general  frincipFes  rvfXf  tin 
to  apply  staled  rules.  The  author  bdieves  that  the  practice  ef  j^m*f 
examples  tinder  particular  rules  makes  the  vmr&ing'  of  jiritimetie  ftilt 
mechanical,  and  lends  to  throw  all  bat  very  cla/er  boys  off  their  Imlaaii 
when  a  general  paper  ab  the  subject  is  put  before  them. 

KEY     TO     EXAMINATION     PAPERS     IN     ARITHMETIC 
I  Smo.  cloth.     4/.  6d. 

THE  METRIC  SYSTEM  OF  ARITHMETIC,  ITS  PRINCirtES 

AND    APPLICATION,    wiih    numerous     Eioinples.    \ 

e^ql^e3aly  for  Standard   V.  in  National  Schools.      New  EdUlffll. 

iSnio.    cloth  Hewed.     3rf. 

In  the  New  Code  of  Regulations  issued  hy  the  Council  of  EducatieK  It 

is  stated  "  that  in  all  schools  children  in  Standards  V.  and  Vl.  ll 

Jtnma  the  principles  of   the  Metric  System,   and  be  able  to  explain  ISt 

advantages  to  be  gained  from  aniformity  in  the  method  offorBiingnadOfia 

and  sub-multi^es  ef  the   unit."     In  this  little  booh  Mr.  Smith  ill  S 

clear,  simple,   and  interesting  manner   explains   the  prindflt  ef  * 

Metric  System,  and  in  considerable  detail  expounds  the  French  ? 

and  its  rdation  to  the  ordinary  En^tsk  method,  toting  the  puJUl  M  u 

far  as  Compound  Dhdsum.    77ie  boot  contains  numerous  E,Tamflis,  a 

two  ■wood-cjits   UlustratiHg  the  Metric    Tables  of  Surface  and  SelHSiy. 

Answers  to  tie  Examples  are  appended. 

A  CHART   OF  THE   METRIC   SYSTEM,  on  a  Sheet,  si/e 

tiyS+i"'  on  Roller,  Ij-.  6d.     On  Roller,  moiinled  and  vamishei 
price  jr.  dd.     Also  on  a  Card,  price  irf. 
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By  the  New  EdtKational  Cudeii  is  ordainai  thai  a  Chart  ef  Ihi  Mdric 
System  it  cotupicueusly  hung  ufi  on  the  walls  af  tvery  school  urtdtr 
gmernmeHt  iHspfCtien.  The  fublishers  believe  thai  the  present  Chart  will 
btfiund  to  answer  all  thi  rtqtdrements  of  the  Code,  and  affwd  a  full  and 
perfectly  intelligihle  ■vieai  of  the  principles  of  the  Metric  System.  The 
frineiple  of  the  system  is  clearly  stated  and  illustrated  ly  examples  ■'the 
Method  of  Forming  the  Tables  is  set  forth  ;  Tables  follim,  clearly  sh/ining 
the  English  epdtialrnt  of  the  French  measures  of-^l.  Length  ';  x.  Surface; 
^.Solidity;  4.  Weight;  S-  Capacity.  At  thebetlBmafthe  Chartis  dnrain 
a  fUll-letigth  Metric  Measure,  subdivided  distinctly  and  intdlxgently  into 
Decimetres,    Centimetres,  and  MiHimelres. 

Smith  (J.  Brook). — ARITHMETIC  IN  THEORY  AND 
PRACTICE,  FOR  ADVANCED  PUPILS.  By  J.  Shook 
Smith,  M.A.     Parti.     Crown  Svo.    y.  ed. 

The  follmiiing  pages  form  the  first  fart  ej  a  Treatiseen  Arithmetic,  in 
vihich  the  Author  has  endeavoured  from  very  simple  principles  to  explain, 
in  a  full  and  satisfactory  manner,  all  the  more  important  processes  in 
that  subject.  The  proofs  have  in  all  eases  been  given  in  a  form  entirely 
arithmetical,  and  at  the  end  of  every  chapter  several  examples  have  been 
■aarlled  out  at  length,  and  the  best  practical  method  of  t^eration  carefully 
pointed  ota. 

Snowball.— THE  elements  of  plane  and  spheri- 
cal TRIGONOMETRY;  with  Hie  Constniclion  and  Use  of 
Tables  of  Logarilhms.  Ily  J.  C.  Snowball,  M.A.  Tenth  Edition. 
Crown  Svo.  cloth,      7/.  &/. 

In  preparing  the  preiint  edition  for  the  press,  the  text  has  been 
tuijectetl  to  a  careful  revision  ;  the  proofs  of  some  of  the  more  impor- 
tant propositions  have  heen  rendered  more  strict  and  general;  and  a 
t«nsiderable  addition  of  more  than  two  hundred  examples,  taken  prinei- 
pally  from  the  questions  set  of  late  years  in  the  public  examinations  of  the 
University  and  ff  individual  Colleges,  hss  b/en  made  to  the  collection  »J 
Sxamples  and  Problems  for  practice. 

C  3 
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Tait  and  Steele.— a  treatise  on  dynamics  of  a 

PARTICLE.    With  numerous  Examples.    By  Professor  Tait  and 
Mr.  Steele.   New  Edition  Enlarged.    Crown  8vo.  cloth.    lOf.  W. 

In  this  treatise  will  be  found  all  the  ordinary  propositions^  connected 
with  the  Dynamics  of  Particles ^  which  can  be  conveniently  deduced  withnU 
the  use  of  D* Alembert"^ s  Principle,  Throughout  the  book  will  be  found  a 
number  of  illustrative  examples  introduced  in  the  text,  and  for  the  most 
part  completely  ivorked  out ;  others  with  occasional  solutions  or  hints  to 
assist  the  student  are  appended  to  each  chapter.  For  by  far  the  greater 
portion  of  these,  the  Cambridge  Senate-House  and  College  Examination 
Papers  have  been  applied  to.  In  the  new  edition  numerous  trivial  erron, 
and  a  few  of  a  more  serious  character,  have  been  corrected,  while  many 
neiu  examples  have  been  added. 

Taylor.— GEOMETRICAL  CONICS;  including  Anharmonic 
Ratio  and  Projection,  with  numerous  Examples.  By  C.  Taylor, 
B.  A.,  Scholar  of  St.  John's  College,  Cambridge.  Crown  8vo.  cloth. 
7^.  (hI. 

This  work  contains  elementary  proof s  of  the  principal  properties  of  Conk 
Sections,  together  with  chapters  on  Projection  and  Anharmonic  Ratio. 

Tebay. — ELEMENTARY  MENSURATION  FOR  SCHOOLS. 

With  numerous  Examples.     By  Septimus  Tebay,  B.A.,  Head 

Master  of  Queen  Elizabeth's  Grammar  School,  Rivington.     Extra 

fcap.  8vo.     3  J.  6d. 

The  object  of  the  present  work  is  to  enable  boys  to  acquire  a  moderate 

knowledge  of  Mensuration  in  a  reasonable  time.     All  difficult  and  useless 

matter  has  been  avoided.      The  examples  for  the  most  ^art  are  easy,  and 

the  rules  are  concise.     * '  A  very  compact  useful  majiual. " — Spectator. 

Todhunter.— Works    by   L    TODHUNTER,    M.A.,    F.R.S., 
of  St.  John's  College,  Cambridge. 

**  77iey  are  all  good,  and  each  volume  adds  to  the  value  of  the  rest.  ^^ — 
I'Ri.KMAN.     ^*  Perspicuous  language,  vigorous  investigations,  scrutiny  of 


MATHEMATICS,  y; 


Todhnntcr  (1. » — ccvfin^^cd. 


mfUcultici^    end  msriDsL-al   1rx:mm\    <lu:'!/u':^-ris^-  Jl/-\      Thakuvf^t^s 


THE  ELEMENTS  OF  EUCLIIX     Fot  ihe  r«  of  CoJk^rc*  aiWI 
Schools.     New  ELdmon.     iSmo.  cloth,     3  c.  6«^ 

As  the  dermmU  of  Etulid  are  usually  pla<'iid  in  /hr  kafM's  A'"  ivw*^ 
students^  it  is  imporiani  lo  exhihit  ihr  TtVrJt  iv  suti  a  Jornt  as  flvv.V  ♦Jx<v>*jC>V 
ik^m  in  azercoming  the  difficulties  7<*k£ci  ihey  expedience  eu  tk^ir  ^>v/  #>•« 
trodudian  to  processes  of  conbnuaus  ar^ment^  Xo  mcthctd  appeals  k>  ht 
so  useful  as  thai  of  breaking  up  the  demc>nstrations  intc  their  constituent 
parts  ;  a  plan  strongly  recommended  by  Projessor  /V  Mo^-^in^  In  th4 
present  Edition  each  distinct  assertion  in  the  argument  l^i;ins  a  »iT*'  .V»»*  ; 
and  at  the  ends  of  the  lines  are  placed  the  necessaiy  rcfefmces  to  iht 
preceding  principles  on  which  the  assertions  depend,  7"he  lonj^y  pf^posi^ 
lions  are  distributed  ittto  subordinate  pirtSy  7rhich  afr  distiftguish*^  /v 
breaks  at  the  beginning  of  the  lines,  Xotes^  appendix ^  .-ind  a  «W/<v<V«»w  <»/ 
exercises  are  added. 


MENSURATION  FOR  BEGINNERS.    Wiih  Numcroun  KxAmplos, 
iSrao.  cloth.     2s.  6d. 

The  subjects  ituluded  in  the  present  Ttw/6  art  those  xvhiih  ha^e  usually 
found  a  place  in  Elenwntary  Treatises  on  MensuratioH,  I'ki  mo,l/  ^ 
treatment  has  been  determined  by  the  fact  that  the  ttwh  is  inttndeti  fcr  tht 
use  of  beginners.  Accordingly  it  is  divided  into  short  independent  thaptffi^ 
which  are  followed  by  appropriate  examples,  A  hnoioMgt  of  the  elementt 
of  Arithmetic  is  all  that  is  assumed ;  and  in  connexion  with  moxt  of  thf 
Rules  of  Meftstiration  it  has  been  found  practicable  to  git'e  such  e.rplamt- 
tiofts  and  tllustratiotts  as  will  supply  the  place  of  formal  mathematical 
demonstrations ^  which  would  have  beeft  unsuitable  to  the  rharatter  of  the 
work,  *W'or  simplicity  and  clearness  of  arrangement  it  is  un\utpa\*fii 
by  any  text-book  on  the  subject  which  has  come  under  our  notite."*  > 
Educational  Times. 


Todhunter  (I.) — continued. 

ALGEBRA  FOR  BEGINNERS.    With  numerous  Enamplei    \ 
Edition.     iSmc.  doth.     is.  6d. 

Grealjiaini  have  ban  taken  to  rcndtr  this  work  intdligibU  in  ynmg 
itudtnli,  by  thi  uit  cf  simfU  language  and  by  copious  acplanaliaia.  I» 
determining  Ikt  sMiiecls  to  beitieludid  and  thi  space  to  be  assigned  U  auk, 
Iht  Author  Juts  bttn  guided  by  the  papers  gaien  at  tie -iianoiis  exanmiQtumi 
in  elementary  Algebra  which  are  novi  carried  on  in  this  cotiiUry,  ~ 
book  may  be  said  to  consist  of  three  parts.  The  first  part  contaisi 
elementary  aperaiions  in  iniegral  and  practional  expressions;  lie  steiKi 
the  solution  of^ttations  and  problems ;  the  third  treats  ef  various  ei^^U 
isikich  are  introduced  but  rarely  into  examinalign  papers,  and  are  i 
briefly  discussed.  Provision  has  at  the  same  time  been  made  fir  lit 
introduction  of  easy  equations  and  problems  at  an  early  stage— /or  liln 
who  prefer  such  a  course. 
KEY   TO   ALGEBRA   FOR   BEGINNERS.      Crown   Svc   dolL 

6i.  &/. 
TRIGONOMETRY  FOR  BEGINNERS.   With  numerous  EMmpits. 
New  Edition.     iSmo.  clolt.     2s.  6d. 

Intended  to  serve  as  an  introduction  to  the  largo'  treatise  on  PUae 
Trigonometry,  published  by  IheAuiluir.  The  same  plan  has  ban  ddifili 
as  in  the  Algsbra  for  Beginners :  the  subject  is  discussed  in  short  chaflm, 
and  a  collection  of  examples  is  attacked  to  each  chapter.  The  first  fottttM 
chapters  present  the  geomitricai part  of  I^ne  Trigonometry;  audin 
■all  that  is  necessary  fir  practical  purposes.  7^  range  of  matter  imMd 
■is  such  as  seems  required  by  the  various  examinatioits  in  elementary  Trt- 
gpnoiiietry  which  are  now  carried  an  in  the  country,  jlaswers  an 
Jippmd^. 

MECHANICS   FOR  BEGINNERS.      With  numerous   Examples. 
Second  Edition.     iSmo.  cloth.     ^.  6d. 

IttlendBi  as  a  companion  to  the  two  preceding  books.     The  -inork  formt 
an  elementary  treatise  on  demonstrative  tnahaniei.     It  may  be  true  ti 
this  part  of  mixed  mathematics  has  been  sometimes  made  too  abstract  ai 
speculative;  but  it  can  hardly  be  doubted  that  ainvwledgeo/  theilema 
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at  Itait  of  ikt  thary  of  Ikt  itibjvt  it  extrtmtly  valnailt  ^■•en  for  tkti 
who  are  maiHfy  cMKO-iud  vntk  traetitai  results.  The  AiOJuir  kas  accerd- 
ingiy  eadtavoiirtd  te  froi-idi  a  ruitaiit  intrBduTtian  totke  audy  cf  afflua 
in  well  as  of  thxrelual  maianics.  The  weri  aHsitti  of  tav  fattr, 
namely,  Slalkt  asid  Dynamics.  It  will  be  joKnd  to  (eHlaiH  all  lAal  is 
umatfy  comprisea  in  elemfiiCary  treatises  on  Methattics,  togaier  teiii  sami 
addiiioHs. 


TAil  imri  CBHlaias  all  the  prepositions  lehich  are  taually  iHcltuUd  at 
tUmenlary  treatises  an  Algebra,  and  a  large  Humier  of  Exunples  for 
Exercise.  The  anther  has  sought  ta  render  Ike  loari  tasily  inttUig^U  tv 
itudoOs,  vatkeut  impatriiig  the  accuracy  of  the  deiHoiistratioHs,  or  ttn- 
tntcHng  the  limits  of  the  subject.  The  Examples,  about  Sixteen  hundred 
and  fifty  in  number,  have  been  sHectedviitk  a  -oiew  la  illuslrale every  f»H 
»/  the  subject.  Each  chapter  is  complete  in  itself;  and  the  loerh  will  it 
l^nd  peculiarly  adapted  la  theviaiUsoJ  stHdents  who  are  vtitkotil  the  aid 
of  a  teacher.  The  Answers  to  the  examples,  viUh  hints  for  the  solulioH  «/ 
seme  in  which  assistance  may  be  needed,  are  given  at  the  eud  of  the  beak. 
In  the  present  edition  two  New  Chapters  a»d  Thrte  hundred  miscellaneeits 
Bsamflcs  hai/e  been  added.  The  latter  are  arranged  in  stis,  each  set 
tenlaiiliiig  ten  examples.  ' '  It  has  merits  vliich  ungueitivnably  places 
k  firsi  in  the  (loss  to  whkh  i'/fci"i^."— Educator. 


AN  ELEMENTARY  TREATISE  ON  THE  THEORY  OF 

EQUATIONS.      Second   Edition,   reviaetl.      Crown  Svo.  dolb. 

^l.  6d. 

This  treatise  contains  all  the  prepesitiiint  which  art  usually  incladtd 

tn  dementary  treatises  on  the  theory  of  Equations,  together  with  Examfki 

for  exercise      These  have  been  selected  from  the  College  and  Univtreity 
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Examination  Papers,  and  the  results  Jiave  been  given  when  it  appeared 
necessary.  In  order  to  exhibit  a  comprehensive  view  of  the  subject^  th 
treatise  includes  investigations  which  are  not  found  in  all  the  preceding 
elementary  treatises,  and  also  some  investigations  which  are  not  to  be  found 
in  any  of  them.  For  the  second  edition  the  work  ha^  been  revisai  and 
some  additions  have  been  made,  the  most  important  being  an  account  oj 
the  researches  of  Professor  Sylvester  respecting  Newtor^s  Rule,  "A 
thoroughly  trustworthy,  complete,  and  yet  not  too  elaborate  treatise." 
Philosophical  Magazine. 


PLANE  TRIGONOMETRY.     For  Schools  and  Colleges.     Fourth 
Edition.     Crown  8vo.  cloth.    5^. 

The  design  of  this  work  has  been  to  render  the  subject  intelligible  tfi 
beginners,  and  at  the  same  time  to  ajford  the  student  the  opportutiUy  cf 
obtaining  all  the  information  which  he  will  require  on  this  branch  oj 
Mathematics,  Each  chapter  is  followed  by  a  set  of  Examples:  those 
which  are  entitled  Miscellaneous  Examples,  together  with  a  few  in  some 
of  the  other  sets,  may  be  advantageously  reserved  by  the  student  for  exercise 
after  he  has  made  some  progress  in  the  subject.  In  the  Second  Edition 
the  hints  for  the  solution  of  the  Examples  have  been  considerably  increased. 


A  TREATISE   ON   SPHERfCAL  TRIGONOMETRY.      Second 
Edition,  enlarge^.     Crown  8vo.  cloth.     4^.  dd. 

The  present  work  is  constructed  on  the  same  plan  as  the  treatise  on 
Plane  Trigonometry,  to  which  it  is  intended  as  a  sequel,  hi  the  account 
of  Napier's  Rules  of  Circular  Parts,  an  explanation  has  been  given  of  a 
method  of  proof  devised  by  Napier,  which  seems  to  have  been  overlooked 
by  most  modern  writers  on  the  subject.  Considerable  labour  has  been 
bestowed  on  the  text  in  order  to  render  it  comprehensive  and  accurate,  and 
the  Examples  {selected  chiefly  from  College  Examination  Papers)  hes^^t 
all  been  carefully  verified.  ^^  For  educational  purposes  this\vork  seems 
to  be  superior  to  any  others  on  the  subject."*^ — CRITIC. 
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Todhunter  {l.)— continued. 

PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight 

Line  and  Ibe  Conic  Sections.     With  numerous  Examples.     Fourth 

Edition,  revised  and  enlarged,     Crown  Svo.  cloth.     7.1.  dd. 

Ute  anther  has  here  rndeaveured  Is  exAilnl  Ikt  laijat  in  a  simfU 

manner  fiir  the  benilit  of  bt^iaiuri,  and  ac  Ibe  tame  time  ta  itKludt  in  out 

vehime  all  that  iiaiknii  usually  rtquire.     In  addition,  therefore,  to  the 

prefusHieits  vihich  have  always  appaxred  in  suck  trentisis,  he  has  intre- 

dueed  the  methads  of  abridged  notation,  wMch  are  a/  were  recent  origin  ; 

these  m^hods,  which  are  of  a  less  elementary  ekaracler  than  tie  rat  of  the 

vari,  are  placid  in  separate  chapters,  and  may  be  cmilied  by  the  siiidni! 

atfirtL 

A  TREATISE  ON  THE  DIFFERENTIAL  CALCULUS.  With 
numerous  Examples.  Fifth  Edition.  Cronn  Svo.  doth.  ten.  fid. 
The  author  has  eitdeavoured  in  the  tnsent  work  ta  exhibit  a  compre- 
kenmie  tiieO!  of  the  Differential  Caleulus  on  the  method  0/  limits,  lit  the 
mere  elemeulaty  portions  he  has  entered  inta  eensidtmble  detail  in  the 
exfl^natiani,  ■milh  the  hope  thai  a  reader  Tiiho  is  Tvitheut  the  assistance  of  a 
tutir  may  be  enablei  to  acquire  a  compdeni  acquaintance  viUh  the  athject, 
Tht  method  adepts  is  that  or  DifftrtHtial  Coefftaents.  To  the  diferenl 
chapters  are  appended  examples  suffdentiy  mimenms  to  render  another 
^k  unnecessary  i  these  examples  being  mostly  sdeetai  from  College  Ex- 
amiiuUion  Papers.  "It  has  already  taken  its  place  as  the  lexl-btiok 
en  that  Ju/yB*/,"— PitiLCiSDPHiCAL  Macahne. 


A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND   IT 

APPLICATIONS.     With  numerous  Eximples.     Third  Ediiio 
revised  and  enlarged.     Crovm  Svo.  cloth,     loi.  W, 

This%s  designed  as  a  work  at  once  elementary  and  eomplile,  adapted 
for  the  use  of  liegianers,  and  sufficient  for  the  wants  ef  advanced  students 
Inlht  selection  of  the  proposittens,  and  in  the  modi  ef  eslabtiiluH^i  h^-u^ 
H  hat  been  sought  to  exhibit  the  principles  clearly,  and  to  iihiitntte 
«0  fheir  most  impertetnt  results.     Tht  process  of  summation  has  been 
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rtpsiUiily  brougkl  forward,  loUh  the  vinii  of  securing  tAe  atlmlie 
the  ilitdenl  to  Iht  nstiom  whUhfarm  tht  true  foundation  ofthi  Cakulm 
Usdf,  as  villi  as  efils  most  valuabU  afflkaiioia.  Evtry  attempt  iai ' 
madt  to  txfilain  thosediffialiHa  which  usually  perplex  beginners,  tsfeci^ 
v/ilh  reference  la  the  limits  of  integrations.  A  iiew  method  hot  been  adeflei 
m  regard  to  the  Iransformatiim  of  multiple  integrals.  The  last  ciafter 
deals  with  the  Calculus  of  Variaiions.  A  large  colUcHon  of  exer 
selected  from  College  Examination  Fapen,  has  been  appended  lo  the  sevfrel 
chanters. 


A  TREATISE  ON  ANALVTICAI.  STATICS.  With  aum. 
Examples.  Third  Edition,  revised  and  enlnrged.  Crown 
doth.     loj.  6d. 

In  this  work  on  statics  [treating  of  Ihe  Imas  of  the  equilibrium  Bf  beiia\ 
will  be  found  ail  the  prepositions  which  usually  appear  in  trealisti  ei 
Tkeardical  Statics.  To  the  different  ekaptns  examples  are  appended, 
which  have  been  principally  selected  from  University  Examinatiea  Fi 
In  the  Third  Edition  many  additieus  have  been  made,  in  order  to  Ulut- 
trale  the  application  of  the  principles  of  the  subject  to  the  sobtiim  ^ 

IVilson    (J.    M.)  — ELEMENTARY  GEOMETRY.     Anglei, 
Patallela,  Triangles,  Equivalent  Figures,  the  Circle,  and  Propor- 
tion,    By  J.  M.  WiLSOH,  M.A.,  Fellow  of  SL  John's  Ct^sip, 
Cambridge,  and  Mathemalical  Master  in  Rugby  School.     Second 
Edition.      Extra  fcap.  Svo.      y,  6d. 
The  distinctive  features  of  this  work  are  intended  to  lie  the  filloaing- 
The  classification  of  Theorems  according  to  their  sali/ccls  ;  the  s^ratieA_ 
of  Theorems  and  Problems ;  the  use  of  hypothetical  constructions;  tin 
adopliott  of  independent  proofs  where  Ihey  are  possible  and  simt/e ;  ft" 
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Wilson  (J.   tA.)- -continued. 

intrtdttilieH  of  tkr  teraii  Iqcos,  projection,  &c.  ;  lie  importance  g'aiiit  lo 
tkl  notion  ej  dinclioH  at  the  frofirly  of  a  straight  line  ;  the  intirniixing 
vf  extrtiiis,  classified  accarding  ia  thenutkodt  adofled  far  tAeir  solution  ; 
tie  diminulien  of  lit  numier  of  Thartms ;  tit  camprissian  of  proofs, 
afecially  in  the  Mer parts  of  the  Boat ;  lie  tacit,  instead  of  Ike  explicit, 
riferencelo  axiems  ;  and  tit  treatment  of  parallels.  '' The  methods  em - 
flayid  have  the  great  merit  of  siiggestiHg  a  ready  ap^icaliOH  to  the  solulioH 
Afresh  problenis."^Q  t/ABDWN. 

ELEMENTARY    CfEOMETRV.       PART    II,    (separaldy).      The 
Circle  and  Proportion.     By  J.  M,   Wilson",  M.A.     Extra  feap. 


Wilson  ( W.  P.)  —  A  TREATISE  ON  DYNAMICS.  By 
W.  P.  Wji-jON,  M.A.,  Fellow  of  Si.  John's  College.  Cambridge, 
and  Fiofcssuc  of  MathemaLics  in  Queen's  College,  ]3elfii£t.  8vo. 
<ji.  OJ. 


Wolstenholme. — a    book    of    mathematical 
PROBLEMS,  on  Subjects  included  in   the  Cunbridge  Couise. 
By  JosBPH  Wolstenholme,  Fellow  of  Christ's  Colleee,  some- 
time Fellow  of  St.  John's  College,  and  lately  Lecturer  in  Mathe- 
matics at  Christ's  College,     Crown  Svo.  doth.     Sj.  6d. 
Contents;— CfB/Brfrj-    {Euclidy-Afgetra — Plane     Tngonemetry — 
Gtomilrical  Conic  Sections — Analytical  Conic  Sections — Theory  of  Equa- 
dftu — Differential  Calculus — Integral  Calculus—Solid  Geomdry— Statics 
— EUmealary  Dynamics — Nesnton — Dynamics  of  a  Point — Dynamics  oj 
a  JOgidBody — Hydrostatics — Geometrical  Optus — Spherical  Trigonometry 
and  Plane  Ailronemy,     "  jfudiciens,  symmetrical,  and  wdl  arranged" — 
GCARDIA.S. 
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SCIENCE. 

ELEMENTARY   CLASS-BOOKS. 

The  importance  of  Science  as  an  element  of  sound  educa- 
tion is  now  generally  acknowledged ;  and  accordingly  it 
is  obtaining  a  prominent  place  in  the  ordinary  course  of 
school  instruction.  It  is  the  intention  of  the  Publishers  to 
produce  a  complete  series  of  Scientific  Manuals,  affording 
full  and  accurate  elementary  information,  conveyed  in  clear 
and  lucid  English.  The  authors  are  well  known  as  among 
the  foremost  men  of  their  several  departments ;  and  their 
names  form  a  ready  guarantee  for  the  high  character  of  the 
books.  Subjoined  is  a  list  of  those  Manuals  that  have 
already  appeared,  with  a  short  account  of  each.  Others 
are  in  active  preparation ;  and  the  whole  will  constitute  a 
standard  series  specially  adapted  to  the  requirements  of  be- 
ginners, whether  for  private  study  or  for  school  instruction. 

ASTRONOMY,  by  the  Astronomer  RoyM. 

POPULAR  ASTRONOMY.  With  Illustrations.  By  G.  B. 
Airy,  Astronomer  Royal,  Sixth  and  cheaper  Edition.  i8mo, 
cloth.     4^.  6^. 

This  work  consists  oj  six  lectures^  which  are  intended  "  to  explain  to 
intelligent  persons  the  principles  on  which  the  instruments  of  an  Observa- 
tory are  constructed  (omitting  all  details^  so  far  as  they  are  merely  sub* 
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sidiaty)y  and  the  principles  on  which  the  observations  made  with  these 
instruments  are  treated  for  deduction  of  the  distances  and  weights  oj  the 
bodies  of  the  Solar  Systetn^  and  of  a  few  stars,  omitting  all  minutia  of 
formula^  and  all  troublesome  details  of  calculation,^^  The  speciality  of  this 
volume  is  the  direct  reference  of  every  step  to  the  Observatory^  and  the  full 
description  of  the  methods  and  instruments  of  observation. 

ASTRONOMY. 

MR.  LOCKYER'S  ELEMENTARY  LESSONS  IN  ASTRO- 
NOMY.    With   Coloured   Diagram  of  the   Spectra  of  the   Sun, 
Stars,  and  Nebulae,  and  numerous  Illustrations.     By  J.  Norman 
LOCKYER,  F.  R.S.     Seventh  Thousand.     i8mo.     5^.6^. 
The  author  has  here  aimed  to  give  a  connected  view  of  the  whole  subject^ 
and  to  supply  factSy  and  ideas  founded  on  the  facts,  to  serve  as  a  basis  for 
subsequent  study  and  discussion.     The  chapters  treat  of  the  Stars  and 
Nebula;  the  Sun;  the  Solar  System;  Apparent  Movemettts  of  the  Heavenly 
Bodies;  the  Measurefnent  of  Time;  Light ;  the  Telescope  and  Spectroscope; 
Apparent  Places  of  the  Heavenly  Bodies ;  the  Real  Distances  and  Dimen- 
sions; Universal  Gravitation.      The  most  recent  astronomical  discoveries 
are  incorporated.    Mr.  Lockyer''s  work  supplements  thcU  oj  the  Astronomer 
Royal  mentioned  in  the  pre7'ious  article.      **  The  book  is  full,  clear,  sound, 
and  worthy  of  attention.,  not  only  as  a  popular  exposition,  but  as  a  scientific 
*  Index. ^  " — AthkN/EUM.      *'  The  most  fascinating  of  clemmtary  books 
on  the  Sciences.'" — Nonconformist. 

QUESTIONS  ON  LOCKYER'S  ELEMENTARY  LESSONS 
IN  ASTRON()MY.  For  the  use  of  Schools.  By  John  Forbes- 
Robertson.     1 8mo.  cloth  limp.     u.  6</. 

PHYSIOLOGY. 

TROFESSOK  HUXLEY'S  LESSONS  IN  ELEMENTARY 
PIIYSIOLOCY.  With  numerous  Illustrations.  By  T.  H. 
Huxley,  F.  U.S.  Professor  of  Natural  History  in  the  Royal  School 
of  Mines.      Seventeenth  Thous.ind.     i8mo.  cloth.     4J.  6c/. 
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This  book  describes  and  explains,  in  a  series  of  gradidated  lessons,  the 
principles  of  Human  Physiology  ;  or  the  Structure  and  Functions  gf  the 
Human  Body.  The  first  lesson  supplies  a  general  view  of  the  subject. 
This  is  followed  by  sections  on  the  Vascular  or  Venous  System,  and  the 
Circulation  ;  the  Blood  and  the  Lymph  ;  Respiration  ;  Sources  of  loss 
and  of  Gain  to  the  Blood ;  the  Function  of  Alimentation  ;  Motion  and 
Locomotion;  Sensations  and  Sensory  Organs;  the  Organ  of  Sight ;  the 
Coalescence  of  Sensations  tvith  one  another  and  with  other  States  of  Con- 
sciousness ;  the  Nervous  System  and  Innervation;  Histology,  or  the 
Minute  Structure  of  the  Tissues,  A  Table  of  Anatomical  and  Physio- 
logical Constants  is  appended.  The  lessons  are  fully  illustrated  Ity 
numerous  engravings.  The  manual  is  primarily  intended  to  serve  as  a 
text-book  for  teachers  and  learners  in  boyi  and  girls^  schools.  ^^  Pure 
gold  throughout. ^"^ — GUARDIAN.  **  Unquestionably  the  clearest  and  most 
complete  elementary  treatise  on  this  subject  that  we  possess  in  any 
language. " — WESTMINSTER  REVIEW. 

QUESTIONS  ON  HUXLEY'S  PHYSIOLOGY  FOR  SCHOOLS. 
By  T.  Alcock,  M.D.     i8mo.     is.  6d. 

These  Questions  were  drawn  up  as  aids  to  the  instruction  of  a  class  Oj 
young  people  in  Physiology. 

BOTANY. 

PROFESSOR    OLIVER'S    LESSONS    IN    ELEMENTARY 
BOTANY.     With  nearly  Two  Hundred   Illustrations.       Eleventh 
Thousand.     i8mo.  cloth.     4^.  6//. 
This  book  is  designed  to  teach  the  Elements   of  Botany  on  Professor 
Hevslow' s  plan  of  selected  Types  and  by  the  use  of  Schedules.      The  earlier 
chapters,  embracing  the  elements  of  Structural  and  Physiological  Botany, 
introduce  us  to  the  methodical  study  of  the  Ordinal  Types.      The  con- 
cluding chapters  are  entitled,  *' How  to  dry  Plants^'  and  *' How  to 
describe  Plants."     A  valuable  Glossary  is  appended  to  the  volume.     In 
the  preparation  of  this  work  free  use  has  been  made  of  the  manuscript 
materials  of  the  late  Professor  Henslow, 


Elementary  Class-Books — continued. 

CHEMISTRY. 

PROFESSOR    ROSCGE'S   LESSONS   IN    ELEMENTARY   | 
CHEMISTRV,  INORGANIC  AND  ORGANIC.     By  Henri 
E.   RoscoE,  F.R.S.,  Profeasor  of  Chemistry  in  Owens  Collie,    \ 
Manchester.     With  numerous  IlluBlrations  and  Chromo-Litlio. 
the  Solar  Spectrum,  and  of  tlie  Alknlie!i  and  Alkaline  Karths 
New  Edition.     Twenty-ninth  Thousand.     iSmo.  cloth,     4J.  60'. 

//  km  been  Ike  endetwour  of  the  author  to  arrange  Ike  masl  important    . 
fatit  and  principles  of  Alodent  Chemistry  in  a  plain   but  concise 
Ktentifc  form,  suited  to  the  present  requirtmtnts  of  elementary  instruc. 
Far  the  purpose  ej  facilitating  Iht  attainment  of  exaetittide  in  the  hnvailedgl  J 
*/  tkf  subject,  a  series  of  exercises  and  questions  upon  the  lessons  have  been  I 
added.     Tht  metric  system  of  vaigAls  and  measuns,  and  Ike  centigrade 
IkermoniOric  scale,  are  tiied  throughout  tht  laori.     The  »im  Edition, 
iisides  new  loeod-euts,  contains  many  aJditiens  and  improvtments.  ami 
inehides  the  most  impariant  of  the  latest  diseovertes.    '"  As  a  standard 
general  text-book  it  deserves  to  laiea  leaJingplace." — Spkctatob.     "  We 
unhesitatingly  pronoauee  it  the  best  of  all  our  elemenlnry  treatises  on 
C^/mw/ri'.— Medtcal  Times. 


POLITICAL   ECONOMY. 


Tht fitlaaiing paps  hcwe  been  writteti  mainly  fm'th  the  hope  Ihnt  a  short 
and  tlemetitary  iooi  might  help  to  make  Political  Economy  a  mare  popular 
study  in  boys'  and  girls'  schools.  In  ordfr  to  adept  the  iooi  esfieeiallyfur 
lehool  use,  questmts  kavt  ttru  added  at  the  end  of  each  chapter.  ' '  Clear, 
eompact,  and eompreieasive."~OMLy  Nkws.  "  7»i'  relation! o/eepilal 
and  labour  hmie  never  been  more  simply  or  mere  clearly  expounded.— 
CnsTF.MroRARv  Review. 
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LOGIC. 

ELEMENTARY  LESSONS  IN  LOGIC  ;  Deductive  and  Induc- 
tive, with  copious  Questions  and  Examples,  and  a  Vocabulary  of 
Logical  Terms.  By  W.  Sta nley  Jevons,  Mi  A. ,  Professor  of  Logic 
in  Owens  College,  Manchester.     Second  Edition.      i8mo.     y,  6d. 

In  preparing  these  Lessons  the  author  has  attempted  to  show  that  Logic ^ 
even  in  its  traditional  form,  can  he  made  a  highly  useful  subject  oj  study, 
and  a  powerful  means  of  mefital  exercise.  With  this  view  he  has  avoided 
the  use  of  superfluous  technical  terms,  and  has  abstained  from  entering 
into  questions  of  a  purely  speculative  or  metaphysical  character.  For  the 
puerile  illustrations  too  often  found  in  works  on  Logic,  examples  draion 
from  the  distinct  objects  and  ideas  treated  in  the  natural  and  experimental 
sciences  have  been  generally  substituted.  At  the  end  of  almost  every 
Lesson  will  be  found  references  to  the  works  in  which  the  student  ivill  most 
profitably  continue  his  reading  of  tlu  subject  treated,  so  that  this  little 
volume  may  serve  as  a  guide  to  a  more  extended  course  of  study.  The 
Guardian  thinks  *^  nothing  can  be  better  for  a  school-book"  and  the 
Athen^um  calls  it  ^*  a  mammal  alike  simple,  interesting,  and  scientific." 

PHYSICS. 

LESSONS    IN   ELEMENTARY   PHYSICS.      By   Balfour 
Stewart,  F.R.S.,  Professor  of  Natural   Philosophy   in   Owens 
College,  Manchester.     With  numerous  Illustrations  and  Chromo- 
liths  of  the  Spectra  of  the  Sun,  Stars,  and  Nebulae.     Fifth  Thou- 
sand.    i8mo.  45".  6d. 
A  description,  in  an  elementary  manner,  of  the  most  important  of  those 
hnus  which  regulate  the  phenomena  of  nature.      The  active  agents,  heat, 
light,  electricity,  etc. ,  are  regarded  as  varieties  of  energy,  and  t/ie  work  is 
so  arranged  that  their  relation  to  one  another,  looked  at  in  this  light,  and 
the  paramount  .i7nportance  of  the  laws  of  energy  are  clearly  brought  out. 
The  volume  contains  all  the  necessary  illustrations,  and  a  plate  represent- 
ing the  Spectra  of  Sun,  Stars,  and  NebuluBs  forms  a  frontispiece.      The 
Educational  Times  calls  this  "  the  beau  ideal  of  a  scientific  text-book, 
clear,  accurate,  afid  thoro7i^hy 
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MANUALS    FOR    STUDENTS. 

Flower  (W.  H.)— an  introduction  to  the  oste- 
ology OF  THE  MAMMALIA.  Being  the  substance  of 
the  Course  of  Lectures  delivered  at  the  Royal  College  of  Surgeons 
of  England  in  1870.  By  W.  H.  Flower,  F.R.S.,  F.R.C.S., 
Hunterian  Professor  of  Comparative  Anatomy  and  Physiolog}'. 
With  numerous  Illustrations.     Globe  8vo.    yj-.  6</. 

Although  the  present  work  contains  the  substance  of  a  Course  of  Lectures^ 
the  form  has  been  changed,  so  as  the  better  to  adapt  it  as  a  handbook  for 
students.  Theoretical  views  have  been  almost  entirely  excluded:  and  while 
it  is  impossible  in  a  scientific  treatise  to  avoid  the  employment  oj  technical 
terms,  it  has  been  the  authof^s  endeavour  to  use  no  more  than  absolutely 
necessary,  and  to  exercise  due  care  in  selecting' only  those  that  seem  most 
appropriate,  or  which  have  received  the  sanction  of  general  adoption.  With. 
a  very  few  exceptions  the  illustrations  have  beefi  drawn  expressly  for  this. 
work  from  specimens  in  the  Museum  of  the  Royal  College  (f  Surgeons. 

Hooker   (Dr.)— the    students   flora   of   the 

BRITISH  ISLANDS.  By  J.  D.  Hooker,  C.B.,  F.R.S., 
M.D.,  D.C.L.,  Director  of  the  Royal  Gardens,  Kew.  Globe 
8vo.     lOJ.  6d. 

The  object  oJ  this  luork  is  to  supply  students  and  field-botanists  with  a 
fuller  account  of  the  Plants  of  the  British  Islands  than  the  manuals 
hitherto  in  use  aim  at  grving.  The  Ordinal,  Generic,  and  Specific 
characters  have  been  re-writtett,  and  are  to  a  great  extent  original,  ami 
drawn  Jrom  living  or  dried  specimens,  or  both.  *  *  Cannot  fail  to  perfectly 
fulfil  the  purpose  for  which  it  is  intended " —'LtMD  and  Water. 
**  Containing  the  fullest  and  most  accurate  manual  of  the  kind  that  has  yd 
appeared.''— V MA.  Mall  Gazette. 
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Oliver  (Professor).— first  book  of  Indian  botany. 

By  Daniel  Oliver,  F.R.S.,  F.L.S.,  Keeper  of  the  Herbarium 
and  Library  of  the  Royal  Gardens,  Kew,  and  Professor  of  Botany 
in  University  College,  London.  With  numerous  Illustrations. 
Extra  fcap.  8vo.     ds,  6d, 

This  manual  is^  in  substance^  the  author^ s  **  Lessons  in  Eiementary 
Botany"  adapted  for  use  in  India,  In  preparing  it  he  has  had  in  viea 
thewanty  often  felt^  of  some  handy  risumi  of  Indian  Botany^  which  might 
be  serviceable  not  only  to  residents  of  India^  but  also  to  any  one  about  to 
proceed  thither^  desirous  of  getting  some  preliminary  idea  of  the  Botany  oj 
that  country,  *  *  //  contains  a  well-digested  summary  of  all  essential  knovy- 
ledge  pertaining  to  Indian  botany ^  wrought  out  in  accordance  with  the  bid 
principles  of  scientific  arrangement,*^ — Allen's  Indian  Mail. 

Other  volumes  oftluse  Manuals  will  follow. 


Ball  (R.  S.,  A.M.)— EXPERIMENTAL  MECHANICS. 
A  Course  of  Lectures  delivered  at  the  Royal  College  of  Science 
for  Ireland.  By  Robert  Stawell  Ball,  A.M.,  Professor  of 
Applied  Mathematics  and  Mechanics  in  the  Royal  College  of 
Science  for  Ireland  (Science  and  Art  Department).  Ro)'al  8vo. 
i6x. 

These  twenty  Lectures ^  delivered  by  the  author  in  tJie  spring  of  1870, 
have  in  i he  present  volume  been  revised^  and  some  of  them  rewritten.  His 
aim  has  been  to  create  in  the  mind  of  the  student  physical  ideas  corre- 
sponding to  theoretical  laws,  and  thus  to  produce  a  wjrk  which  may  bf 
regarded  either  as  a  supplement  or  an  introduction  to  manuals  of  theoretic 
mechanics.  To  realize  this  design^  the  copious  use  of  exptrimentcl 
illustrations  was  necessary.  The  apparatus  used  in  the  Lectures^  anJ 
f^urcd  in  the  volume,  has  been  principally  built  up  from  Professor  J I  Vliis 
most  admirable  system.  In  the  selection  of  the  subjects,  the  (Question  ff 
t>ractical  utility  has  in  fjiany  cases  been  regarded  as  the  one  of  paramount 
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importance.  The  eUmentary  truths  of  Mechanics  are  too  well  known  to 
admit  of  novelty,  but  it  is  believed  that  the  mode  of  treatment  which  is 
adopted  is  more  or  Uss  original.  This  is  especially  the  case  in  the  Lectures 
relating  to  friction,  to  the  mechanical  powers,  to  the  strength  of  timber  and 
structures,  to  the  laws  of  motion,  and  to  the  pendulum.  The  illustrations, 
drawn  from  the  apparatus,  are  nearly  all  original,  and  are  beautifully 
executed. 

Cooke  (Josiah  P.,  Jun.).— FIRST  PRINCIPLES  OF 
CHEMICAL  PHILOSOPHY.  By  Josiah  P.  Cooke,  Jun., 
Ervine  Professor  of  Chemistry  and  Mineralogy  in  Harvard  College. 
Crown  8vo.     I2J. 

The  object  of  the  author  in  this  book  is  to  presetit  the  philosophy  of 
Chemistry  in  such  a  form  that  it  can  be  made  with  profit  the  subject  oj 
College  recitations,  and  furnish  the  teacher  with  the  means  of  testing  the 
student's  faithfulness  and  ability.  With  this  view  the  subject  has  been 
developed  in  a  logical  order,  and  the  principles  of  the  science  are  taught 
independently  of  the  experimental  evidence  on  which  they  rest. 

Roscoe  (H.  E.)— SPECTRUM  ANALYSIS.  Six  Lectures, 
with  Appendices,  Engravings,  Maps,  and  Chromolithographs. 
By  H.  E.  Roscoe,  F.R.S.,  Professor  of  Chemistry  in  Owens 
College,  Manchester.     Royal  8vo.     2Ij, 

A  Second  Edition  of  these  popular  Lectures,  containing  all  the 
most  recent  discoveries  and  sezeral  additional  Illustrations.  "  In  six 
lee  fit  res  he  has  given^  the  history  of  the  discovery  and  set  forth  the  facts 
relating  to  the  analysis  of  light  in  such  a  way  that  any  reader  of 
ordinary  intelligence  and  information  will  be  able  to  understand  what 
*  Spectrum  Analysis^  isy  and  what  are  its  claims  to  rank  among  the  most 
signal  triumphs  of  science  of  ivhich  ez'en  this  century  can  boast. " — NON- 
COM-ORMIST.  '^  The  illustrations  — no  unimportant  part  of  a  book  on 
such  a  subject— are  marvels  of  ivood-printingy  and  reflect  the  clearness 
which  is  the  distinguishing  merit  of  Mr.  Roscce's  explanations.'^ — 
Saturday   Review.     "  The   lectures  themselves  furnish  a  most  ad- 
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mirabU  eUnuntary  treatise  on  the  subject^    lohilst  by  the  insfrtm  w 
appendices  to  each  lecture  dj  extracts  from    the  most  important  publtM 
memoirs,    the  author  has  rendered  it  egualfy  valuable  as  a  text  hod 
for  advanced  students''' — Westminster  Review. 

Thorpe  (T.  E.)— a  series  of  chemical  problems, 

for  use  in  Colleges  and  Schools.  Adapted  for  the  preparation  oi 
Students  for  the  Government,  Science,  and  Society  of  Arts  Ea- 
minations.  With  a  Preface  by  Professor  RoscoE.  i8ma 
cloth.     \s. 

In  the  Preface  Dr.  Roscoe  says — **  My  experience  has  led  me  to  fid  nun 
and  more  strongly  that  by  no  method  can  accuracy  in  a  knmvld^^] 
chemistry  be  more  surely  secured  than  by  attention  to  the  working  of  ta^' 
selected  problems  ^  and  Dr.  Thorpe^  s  thorough  acquaintance  with  the  vsitd! 
of  the  student  is  a  sufficient  guarantee  that  this  selection  has  been  carfftSr 
made.  I  intend  largely  to  use  these  questions  in  my  own  classes^  andUsX' 
confidently  recommend  them  to  all  teachers  andstudents  of  the  scimcL 

Wurtz.— A  HISTORY  OF  CHEMICAL  THEORY,  from  the 
Age  of  Lavoisier  down  to  the  present  time.  By  Ad.  Wcrti 
Translated  by  Henry  Watts,  F.R.S.     Crown  8vo.    6j. 

*  *  The  treatment  of  the  subject  is  admirable,  and  the  translator  /«^' 
evidently  done  his  duty  most  efficiently.^' — Westminster  Review- 
'*  The  discourse,  as  a  resume  of  che7nical  theory  and  research  ««^ 
singular  himinousness  and  grasp.  A  fezu  judicious  notes  are  added  ly  /*•' 
translator."— V ALL  Mall  Gazette. 
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Abbott A  SHAKESPEARIAN  CKnMMAR.    AnAttemptto 

illustrate  some  of  the  DilTerences  between  Eluabetha;i  and  Modern 
English.  Bj  the  Rev.  E.  A.  Abuott,  M.  A.,  Head  Master  of  the 
City  of  London  School.  For  the  Use  of  Scliools.  New  and  En- 
larged Edition.     Extra  rca,p.  8vo.     ds. 

The  object  of  this 'work  u  la  furnish  studcnls  oj  Shaiisptart  and  Saeon 
•oath  a  short  systematic  account  of  somt  feints  of  difference  between  KHna- 
hahan  syntax  and  our  own.  A  seclian  on  Prosody  is  added,  and  Notes 
and  Questions.  Ute  success  viiicA  kai  attended  the  First  and  Stand 
Mditiom  of  the  "  Shakespeabian  Grammar,"  and  the  demand  for  a 
TUrd  Edition  ■within  a  year  o/IAefubiicationo/lAt  First,  has  encouraged 
the  Author  to  tndea'nour  to  make  the  "uierk  semrmhal  more  useful,  and  to 
render  it,as  far  as  possible,  a  complete  book  of  reference  for  alt  difficulties  of 
Shate^ariait  syiuax  or  prosody.  For  this  purpose  the  whole  of  Shake 
tptare  has  been  re-read,  and  an  attempt  has  been  made  to  include  vithin 
iiit  Edition  l&e  explanation  of  every  idiomaiic  difficulty  \^ken  the  text 
it  not  confessedly  corrupt)  that  coma  within  the  province  of  a  grammar 
«r  distinct  from  a  glossary.  The  great  o^'cct  bang  Co  mate  a  us^itl  book 
af  reference  for  sludtnli,  and  especially  for  classes  in  schaoli,  several 
Kays  have  been  indexed  so  fdly  thai  viith  lie  aid  of  a  glossary  and 
iistericnl  nates  the  references  will  serve  for  a  eamfiete  commenlarv. 
"  if  critieal  ini/uiry,  conducted  with  great  skill  and  hnoviledge,  and 
vdth  <UI  the  appHanees  of  modem  philology  .  .  .  We  venture  to  bdiaie 
that  these  -who  consider  thems^cs  mast  proficient  as  Shal^spearians  teill 
find  scm^Mng  to  learn  from  its  pager."— ¥m.i.  Mall  Gaikttk. 
••  Valuable  mt  only  as  an  aid  to  the  eritied  study  of  Shakespeare,  tut 
as  lending  to  familiarixe  titr  reader  vilh  Elitubethaa  English  in 
/r"<™/."— At  ME  N.KU  M. 
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Atlas   of    Europe.      GLOBE  EDITION.      Uniform   i 

with  M3.ciiiillaii's  Globe  Series,  cont^uning  45  Coloured  Maps,  on 

a.  uniform  scale  and  projection  :  with  Plans  of  London  and  Paiii, 

and  a  copious  Index.    StroDgly  bound  in  half-morocco,  with  flexible 

back,  g/. 

Tloi  Atlo!  includes  all  the  countrUs  oj  Europe  m  a  strifs  of  48  Mnfi, 

drawn  on  the  same  scale,  ■wilh  an  Alpkaieiical  Index  to  the  situ<aa«  <f 

mere  than  ten  thousand  Jilates  ;  and  the  relation  of  ffu  various  maf»  aid 

eaunlries  to  each  other  is  defined  in  a  genenU  fTey-map.      The  idetitity  ^ 

seale  in  all  the  maps  fdtUitates  the  comparison  of  extent  and  distance,  ani 

comieyi  a  just  impression  of  tie  magnitude  0/  di^irent  cvHntrits. 

sisx  suffiees  to  show  the  prooincitd  dhiiiions,  the  railways  and  main  n 

the  principal  rivers  and  mountain  ranges.      "  This  Atlas,"  a/riles  the 

British  Quarterly,  "  will  be  an  iiaialiiaile  boon  for  the  school,  the  desi,  or 

the  traneliet' s  portmanteau: 

Bates.— A  CLASS-BOOK  OF  GEOGRAPHY.     Adapted  10  the 

recent  Pn^ramnie  of  the   Royal  Geographical  Society.    By  IL 

W.  Bates,  Assistant  Secretary  to  tlia  Royal  Geographical  Sodely. 

\IH  the  Press. 

CAMEOS  FROM  ENGLISH  HISTORV.—See  Yonge  (C.  M.)- 

Dclamotte — a  BEGINNER'S  drawing  book.    By  P.  H. 

Dklamotte,   F.S.A.      Progressively  arranged,  wiUi   upwanls  of 

Fifty  Plates.  Crown  Svo,  Sfiff  ct 
This  work  is  intended  togise  such  instrueliori  to  Beginners  in  Dnmiii^ 
and  to  pace  b^ore  them  copies  so  easy,  that  they  maynotfnd  any  ehlatSi 
in  mahng  the  first  step.  TTtencefonwatd  the  lessons  art  gradmilfy 
pregressive.  Mechanical  improvements  too  have  lent  their  aid.  TAetvMt 
af  the  Hates  have  been  esgrcaied  by  a  new  process,  by  means  ofvihith  « 
■varying  depth  of  ione-~up  to  the  present  time  the  distinguishing  eiara, 
istic  of  pencil  drooling — has  been  imparted  to  woodcuts.  ' '  We  haie 
and  examined agreat  many  drawing-hoois,  but  the  one  nmii  btfort  lu  stHki$ 
us  as  being  the  best  of  them  o//."— ILLUSTRATED  TiMBS. 
simple,  and  thoroughly  practical  work.  The  letter-press  is  thnnigAMt 
intdligiblc  and  to  the  point."— Cvt 
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D'Oursy   and    FeiUet.— a   FRENCH   GRAMMAR   AT 
SIGHT,   on  an   entirely  new  method.       By  A.  D'Oursy   and 
A,  FeilLet.      Eapeciaily  adapted  for  Pupils  preparing  for  Exa- 
mination.    Fcap.  8vo.  doth  extra,     ar.  6rf, 
Thi  method  follcmcd  in  lAis  volume  eensisU  i'«  presenting  the  gramihar.    \ 
as  much  ta possible  by  synnfHcal  tnbles,  -which,  striking  the  eye  at  once,  and 
f^lewing  throughout  the  same  order— "  vseA—tiaX  used  i "  "changes- 
does  not  change  " — are  easily  remembered.     The  parsing  tables  viill  enable 
the  pupil  to  parse  easUy  from  the  beginning.     The  ezereises  consist  oj 
translatians  from  Frmck  into  English,  and  from  English  into  French  ; 
and  of  a  number  of  grammaHcal questions. 

Freeman    (Edward    A.}— OLD- ENGLISH    HISTORY. 
By   Edward   A.   Freeman,    D.C.L.,    late    FeUow   of  Trimly 
College,  Oxford.     With  Five  Coloured  Map?.     Second  Editi. 
Exira  fcap.  8vo.  half-liound.     6j. 
The  first  edilioH  of  this  work  tvus  an  experiment,  but  aii  experimenf  J 
which  the  Author  found  had  already  succetded  with  his  ovni  child 
Till  rapid  sale  of  the  first  tdUinH  and  the  unititrsal  approval  vith  whiek  I 
it  has  iecH  received,  shew  that  the  Autker's  eem'htkm  katr  been  ivett  J 
foHnial,  that  his  xntms  have  been  wide!}/  accepted  hath  by  teachers  a 
learners,  and  that  the  warh  is  eminently  calculated  to  serve  Ihe purpose  for  I 
vhkk  it  was  intended.     Although  full  of  instruction  and  calcuMed  highly  J 
to  itUerett  and  men  fascinate  ehiidrtn,  it  is  a  rnrrh'whieh  may  be  and  ha*  J 
bun  usid  with  profit  and  pleasure  by  all.     Its  ohjea  is  to  skim  that  clear,   \ 
oceuratt,  and  scientific  views  ef  history,  sr  indeed  of  any  subject,  may  6e  1 
tMUf  given  to  children  front  the  very  first.    "Jhave,  J  hope,"  the  .Author  \ 
tayj,  "shmvn  that  it  is  perfectly  easy  la  teach  children,  from  the  very 
first,  la  distinguish  true  history  alike  from  legend  and  from  wilful  iir 
lien,  and  also  to  understand  the  nature  of  historical  au&eriHts  and  to  viei^ 
one  statement  against  another.     /  have  throughnut  slrhtn  to  connect  the 
history  of  England  with   the  general  history  3f  cicSittd  Europe,  and 
I  have  especially  tried  ft   mate  the  W*  senv  as  an  incentive   t 
mon  aeiHmte  study  of  historical  geography. "     In  the  present  edition 
whole  has   been  carefiilly    nz'isid,  and  stich    impnn'ements   as  suggested    j 
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.  rfhemsehes  have  been  introduced.  **  The  book  indeed  is  full  of  instruction 
-ofid  interest  to  students  of  all  ages,  and  he  must  be  a  wdl-informed  man 
indeed  who  wUl  not  rise  from  its  perusal  with  clearer  and  more  accuraU 
-ideas  of  a  too  much  neglected  portion  of  English  Ifistorj/,"—SPECTA£OK. 

Helfen Stein  (James).— a   comparative   grammar 

OF  THE   TEUTONIC   LANGUAGES.     Being  at  the  same 
time  a  Historical  Grammar  of  the  English  Language,  and  comprising 
CiOuWc,  Anglo-Saxon,  Early  English,  Modem  English,  Icelandic 
'COld  Norse),  Danish,  Swedish,  Old  High  German,  Middle  High 
German,  Modern  German,  Old  Saxon,  Old  Frisian,  and  Dutch. 
By  James  Helfenstein,  Ph.D.    8vo.     i&r. 
This  work  traces  the  different  stages   of  development  through   which 
^^the  various   Teutonic  languages  have  passed,  and  the  laws  which  haroe 
regulated  their  growth.      The  reader  is  thus  enabled  to  study  the  relation 
which  these  languages  bear  to  one  another,  and  to  the  English  language  in 
particular,  to  which  special  attention  is  devoted  throughout.      In  the 
chapters  on  Ancient  and  Middle  Teutonic  tankages  no  grammatical  form 
is  omitted  the  knowledge  of  which  is  required  for  the  study  of  ancient 
literature,  whether  Gothic  or  Anglo-Saxon  or  Early  English.      To  each 
chapter  is  prefixed  a  sketch  showing  the  relation  of  the  Teutonic  to  the 
cognate  languages,  Greek,  Latin,  and  Sanskrit.     Those  who  have  mastered 
the  book  will  be  in  a  position  to  proceed  with  intelligence  to   the  more 
elaborate  works  of  Grimm,  Bopp,  Pott,  Schleicher,  and  others. 

Hole.— A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF 
ENGLAND   AND  FRANCE.     By  the  Rev.  C.    Hole.     On 
Sheet.     IJ-. 
The  different  families  are  printed  in  distinguishing  colours,   thus 
facilitating  reference. 

A    BRIEF    BIOGRAPHICAL    DICTIONARY.      Compiled    and 

Arranged  by  Charles  Hole,  M.  A.,  Trinity  College,  Cambridge. 

Second  Edition,  i8mo.  neatly  and  strongly  bound  in  cloth.  4?.  dd. 

The  inquiry  is  frequently  made  concerning  an  eminent  man,  when  did 

he  live,  or  for  what  was  he  celebrated,  or  what  biographies  have  we  about 

him  ?  Such  information  is  concisely  supplied  in  this  Dictionary.   It  contains 

more  than  18,000  najftes.     Extreme  care  has  been  bestowed  on  the  verifica- 
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lion  oftkcdaUs,  and  thus  nuinenius  trmrs  current  in  prrvioufworis  have 
tttH  corrected.  lis  siu  adapts  it  for  the  desk,  fortmanlean,  or  pocket. 
"Ah  invaluable  addition  to  oar  manuals  of  reference,  and  from  its 
mmUratc  price  cannot  fail  to  become  as  popular  as  it  is  useful," —TtHt.%, 

JephSOn.— SHAKESPEARE'S  "TEMPEST."   Willi  Glossatial 
and  Eipknalory  Notes.     By  the  Rev,  J,  M.  Jkphsow.     iSmo. 
IS.  6d. 
2t  is  impoilant  to  find  same  substitute  for  classical  study,  and  it  it 
Mieved  that  such  a  subslitutt  may  bt  found  in  the  Plays  of  Shakespeare. 
Each  sentence  of  Shakespeare  becomes,  likt  a  sentence  in    'lltucydides  or 
Cicero,  a  lesion  in  tit  origin  and  derivalioH  of  words,  and  in  the  funda- 
mental rules  of  grammatical  conitnlction.      On  this  principle  the  present 
edition  of  the  "  Tempest"  has  bew  frefar^.     The  text  is  taien  from  the 
**  Cambrid^  Shakespeare. " 

M'Cosh     (Rev.     Principal) For  olher  Works  hy  the  same 

Auihor  see  Philosophical  Catalocl'e. 
THE  LAWS  OF  DISCURSIVE  THOUGHT.  Being  a  Texl-Boolt 
of  Formal  Logic.  By  James  M'Cosh,  D.D.,  LL.D.  Svo.  t^s. 
In  this  trattise  the  Notion  (mik  the  Term  and  the  delation  of  Thought 
to  language, )  will  be  found  to  occupy  a  larger  relative  place  than  in  any 
Ugieal  work  written  since  the  time  of  the  famous  "Art  of  Thintiag." 
"  We  heartily  viclceme  his  hfok  as  one  whieh  is  likely  to  be  of  great  valitc 
w  Colleges  and  Schools." — Athen/bum. 

Oppen.— FRENCH   READER.     For  the   Use  of  Colleges  anil 

Schools     Containing  a  gradualed  Selection  from  modern  Aulliora 

in  Prose  and  V«se;  and  coiiious  Notes,  chiefly  EtymologiLil.   By 

Edwabo  a.  OpptN,     Fcap.  8vo.  cloth.     41.  6rf. 

This  is  a  Selection  from  the  iesi  modem  authors  of  France.     Its  dis- 

tindine  feature  consists  in  its  etymological  nota,  coHHeeliHg  French  with 

Hu  elasiiral  and  modem  lungmigts,  including  the  Celtic.     This  subjtel 

kv  hitherto  iecn  little  discussed  even  fy  the  ieH-eJueMed  teachers. 
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SHILLING  BOOK  OF  GOLDEN  DEEDS     See  Yiinge  (C  M.) 

Sonnenschein    and     Meiklejohn.  —  the    ENGLISH 

METHOD  OF  TEACHING  TO  READ.  By  A,  Sonnesschiw 
and  J.  M.  D.  Meiklejohn,  M.A.     Fcap.  Svo. 

Comprising 
The  Nursehv  Book,  containing  all  the  Two-Lelier  Wonis  in  Ihe 
Language,      id.     (Also  in  Large  Type  on  Sliecta  for  Sdwol 
Walls,     sj.) 
The   First   Course,  consisting  of   Short  Vowels  witli  Sin^ 

Consonants,     3^. 
The   Second   Course,  -with  Combinations    and    Bridge*,  con- 
sisting of  Short  Vowels  with  Double  Ccmisonnnls.     4^. 
The    Third    and    Fchtrth     Courses,    consisting    of   Loi^ 
Vowels,  and  all  the  Double  Vowels  in  the  I,anguage.    &£ 
A  Stria  oj  Beaks  in  ■sihich  an  attempt  is  made  Ig  place  thepraaa  tj 
Itnrning  la  read  English  an  a  scientific  iasis.      This  lias  ian  (bnt  If 
separating  Ike  perfectly  regular  parts  of  the  language  from  the  implit 
and  by  grving  the  repdar  parts  to  the  learner  in  the  exati  order  of  M* 
difficulty.     The  chilli  begins  with  the  smallest  paisiile  dtalent,  ami 
that  element  one  Idler — in  only  one  of  Us  functtons — at  one  time. 
the  sequence  is  natural  and  eomplete.     "  These  are  admirable  iopii, 
they  are  constructed  on  a  principle,  and  that  the  simplest  principle  tu 
it  is  possible  to  learn  to  read  English." — Spectator. 

Vaughan  (C.  M.)  —  a  SHILLING  BOOK  OF  WORDS 
FROM  THE  rOETS.  By  C.  M,  Vaughan,  iSmo.  dolh. 
It  has  been  felt  of  late  years  that  the  children  af  our  paroehiat  seMk 
and  those  classes  of  our  countrymen  nihich  they  eommonfy  rtfirettt^  1 
capable  of  being  interested,  and  therefore  benefited  alsv,  iy  somHhiltg  t^im 
in  Ike  scale  of  poetical  tamposition  than  those  brief  and  somewhai  f< 
fragntents  to  inhkh  their  knowl^ge  was  formerly  restricted.  An  oOM^ 
has  here  been  made  to  supply  tlie  toant  by  forming  a  selection  at  *iuk 
various  and  unambitious  ;  healthy  in  tone,  just  in  sentiment,  elevalmgit 
thought,  and  beautifil  in  expression. 
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Thring, — -Works  by   ErWARB  TUBING,    M.A.,    Head  Mnster    of 
Uppingham. 

THE  ELEMENTS  OF  GRAMMAR  TAUGHT  IN  ENGLISH, 
with  Questions.  Fourth  Edition.  iBma.  2j. 
This  little  work  u  chiefly  intended  fur  teachers  and  Iforners.  It  took  ill 
riajrom  quisticnings  in  Ntttional  Schooli,  and  the  whole  of  the  first  part 
is  merely  Ike  writing  out  in  ordei  the  answers  to  questions  which  have  been 
used  alrea^  with  sueeess.     A  chapter  on  I-eaming  Language  ii  esfecially 


THE  CHILD'S  GRAMMAR.  Being  the  Substance  of  "The 
Elements  of  Gmmmar  taught  in  English,"  adapted  for  the  Use  nf 
Junior  Classes.     A  New  Edition.      iSmo.      u. 

SCHOOL  SONGS.     A  Collection  of  Songs  for  Schools.     With  the 

Music  arranged  for  four  Voices.     Edited  by  the  Rev,  E.  Thriso 

ind  H.  RICCIU3,      Folio.      J/.  6rf. 

Tkire  IS  a  taidetuyin  schools  to  slirtolype  Ike  forms  of  life.    Any  genial 

tehum  is  valuable.     Games  do  much;    till  games  do  not  fenOrale  to 

domestic  lifiy  and  are  much  limited  by  agi.     Music  supplies  the  want. 

The  collection  includes  the  "Agnus  Dei,"  Tennyson's  "Light  Brigade." 

Afiuaulay's"  Ivry,"  &•!.  among  other  pieces. 


Trench  (Archbishop) — HOUSEHOLD  BOOK  OF  ENG- 
LISH   POETRY.        Selected  and   Arranged,   with   Notes,   \ij 
R.  C.  Trench,  D,D.,  Archbishop  of  Dublin,    Extta  fcnp.  8vo. 
SJ.  td.    Second  Edition. 
This  volume  is  called  a  "  lleusehotd  Boak"  by  this  name  implying  that 
it  ii  B  book  for  all—thai  there  ts  nothing  in  it  to  prevent  it  from  being 
reitfidently  placed  in  the  hands  of  every  member  of  the  household.     Sped- 
mens  of  all  classes  of  poetry  are  given,  including  selections  from  living 
tuahorj.     The  Editor  has  aimed  to  produee  a  tooh'^iehich  lAeemigraHf, 
Jbidiitg  room  for  little  net  aiiolutdy  necessary,  might  yet  flnd  room  for  tt 
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in  his  trtmk,  and  the  traveller  in  hisknapsacky  and  that  on  some  narrcw 
shelves  where  there  are  few  books  this  might  be  one.**  **  TTie  Archbishop 
has  conferred  in  this  delightful  volume  an  important  gift  on  the  ivhoU 
English-speaking  population  of  the  world," — Pall  Mall  Gazette. 

Yonge  (Charlotte  M.)— a  PARALLEL  HISTORY  OF 
FRANCE  AND  ENGLAND  :  consisting  of  Outlines  and  Dates. 
By  Charlotte  M.  Yonge,  Author  of  "The  Heir  of  Redclyffe," 
**  Cameos  of  English  History,"  &c.,  &c.     Oblong  4to.     3J-.  6</. 

This  tabular  history  has  been  drawn  up  to  supply  a  want  felt  by  many 
teachei's  of  some  means  of  making  their  pupils  realize  what  events  in  the 
two  countries  were  contemporary.  A  skeleton  narrative  has  been  con- 
structed  of  the  chief  transactions  in  either  country ^  placing  a  column 
between  for  what  affected  both  alike,  by  which  means  it  is  hoped  that  young 
people  may  be  assisted  in  grasping  the  mutual  relation  of  ez'ents.  "  We 
can  imagine  few  more  really  advantageous  courses  of  historical  study  for 
a  young  mind  than  going  carefully  and  steadUy  through  Miss  Yonge' s 
excellent  Utile  book." — Educational  Times. 

CAMEOS  FROM  ENGLISH  HISTORY.  From  RoUo  to  Edward 
II.  By  the  Author  of  "The  Heir  of  Redclyffe."  Extra  fcap. 
8vo.     Second  Edition,  enlarged.     5'^* 

The  endeavour  has  not  been  to  chronicle  facts,  but  to  put  together  a  series 
of  pictures  of  persons  and  events,  so  as  to  arrest  the  attention,  atul  grve 
sof?ie  individuality  and  distinctness  to  the  recollection,  by  gathering  together 
details  at  the  most  memorable  moments.  The  "  Cameos  "  are  intended  as 
a  book  for  young  people  just  beyond  the  elementary  histories  of  England, 
and  able  to  enter  in  some  degree  into  the  real  spirit  of  events,  and  to  he 
struck  with  characters  and  scenes  presented  in  some  relief.  "  Instead  oj 
diy  details,"  says  the  Nonconformist,  "a/^  have  living  pictures,  faithful, 
vivid,  and  striking. " 

A  Second  Series  of  CAMEOS  FROM  ENGLISH  HISTORY. 
The  Wars  in  France.     Extra  fcap.  8vo.  pp.  xi.  415.     5^. 

This  new  volume,  closing  with  the  Treaty  of  Arras,  is  the  history  of  the 
struggles  of  Plantagenet  and  Valois.  It  refers,  accordingly,  to  one  of  the 
most  stining  epochs  in  the  median<al  era,  includiitg  the  battle  of  Poicticrs, 
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Yonge  (Charlotte  M.) — continued. 

lit  gnat  Sr/iisiii  of  the  (Vest,  the  Lollard!,  Agincoiirt  and  jban  of  Ar^. 
The  Atahoras  reminds  her  readers  that  ske  aims  merdy  at  "collecting from 
the  hat  authorities  such  dettdls  as  may  presmt  stous  and  persma^  tt  the 
^  in  some  fulness  i"  her  Cameos  area  "eoUectinn  of  Mslorical  seeites 
and  portraits  suck  as  the  young  might  find  it  diffiealt  to  form  for  themseh/es 
vilhout  access  to  a  very  eomptde  library."  "  Thmgh  mainly  intended," 
says  the  JOKM  BULL,  "far  young  readers,  they  'oiitl,  if  we  mistake  not,  If 
found  very  acceptable  to  those  of  more  mature  years,  and  the  life  and 
reality  imparted  to  the  dry  bones  of  history  cannot  fail  to  be  atlractiw  li- 
readers  of  every  age. " 

EUROPEAN  HISTORY.     NnrraleJ  in  a  Series  of  Historical  Sdec 
lions  from  the  Best  Authorities.      Edited  and  arranged  by  E.  M. 
Seweu.  anii  C  M.  VoNCE.      First  Series,  1003 — 1 154.     Crown 
8vo.    61.     Second  Series,  1088 — IJ18,     Crown  8vo.    6j. 
men  idling  children  ha:!'e  acquired  the  outlines  of  History  /rom  abridg- 
ments and  catechisms,  and  it  becomes  desirable  to  give  a  more  enlarged 
vital  of  the  subject,  in  order  to  render  it  really  useful  and  interesting,  a 
difficulty  often  arises  as  to  the  choice  of  books.    Two  courses  are  open,  either 
ft  take  a  general  and  consequently  dry  history  of  facts,  such  as  /fussefs 
Modern  Europe,  or  to  choose  seme  -amri  treating  of  a  particular  ferkd  or 
mhject,  such  as  the  works  of  Macaulay  and  Fronde.     7%e  former  course 
utnally  renders  history  uninteresting ;  the  latter  is  unsatisfaefoiy  because 
U  is  not  sitpciently  comprehensive.    *  To  remedy  this  difficulty  idetiions, 
eetltiuuous  and  chronological,  ham,  in  the  present  volume,  been  taken  from 
tie  larger  woris  of  Freeman,  Afilmaii,  /'afgrave,  and  others,  ■which  may 
serve  as  distinct  landmarks  of  historical  reading.     "  We  knata  of  scarcely 
anything,"  says  the  Guardian  of  this  volume,  "which  is  so  likely  to  raise 
(9  a  higher  lei'd  the  average  standard  of  English  Plication." 

A  SHILLING  BOOK  OF  GOLDEN  DEEDS.     A  Reading  Book 
for  Schools  and  General  Readers.     By  the  Author  of  "Tbc  Heir 
Redclyffe,"     iSmo.  cloth. 

a/ some  of  the  good  and  great  deeds  of  all  time,  abridged  from 
IT  aori  of  the  same  author  in  the  Golden  Treaiury  Series, 
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For  other  Works  by  these  Authors  see  Theological  Catalogue. 


Abbott  (Rev.  E.  A.)— BIBLE  LESSONS.  By  the  Rev. 
E.  A.  Abbott,  M.A.,  Head  Master  of  the  City  of  London 
School.     Second  Edition,  crown  8vo.     4$".  dd. 

This  book  is  written  in  the  form  of  dialogues  carried  on  betiveen  a 
teacher  and  pupil,  and  its  main  object  is  to  make  the  scholar  think  for 
himself  The  great  bidk  of  the  dialogues  represents  in  the  spirit^  and 
often  in  the  words,  the  religious  instruction  which  the  atUhor  has  been 
in  the  habit  of  giving  to  the  Fifth  and  Sixth  Forms  of  the  City  of  London 
School.  The  Author  has  endeavoured  to  make  the  dialogues  thoroughly 
unsectarian.  **  Wise,  suggestive,  and  really  profound  initiaHon  into  rdigious 
tJiotighty — Guardian.  "  I  think  nobody  could  read  them  without  being 
both  the  better  for  them  himself,  and  being  also  able  to  see  how  this  dijkult 
duty  of  imparting  a  sound  religious  education  may  be  effected." — from 
Bishop  of  St.  David's  Speech  at  the  Education  Coxferenxe 
AT  Abergwilly. 

Cheyne  (T.  K.)— -the  BOOK  OF  ISAIAH  CHRONO- 
LOGICALLY ARRANGED.  An  Amended  Version,  with 
Historical  and  Critical  Introductions  and  Explanatory  Notes.  By 
T.  K.  Cheyne,  M.A.,  Fellow  of  Balliol  College,  Oxford. 
Crown  8vo.     *js.  6d. 

The  object  of  this  edition  is  simply  to  restore  the  probable  meaning  oj 
Isaiah,  so  far  as  this  can  be  expressed  in  modern  English.      The  basis  oj 
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thi  vtrsiou  is  thi  reuisid  tramlatien  of  tbix,  but  no  scruple  has  bicii  felt 
in  iHlrwiucing  alteratians,  wherever  the  true  sense  of  lie  propfieciis 
appeared  to  require  it.  "  A  piece  cf  scholarlyiBork,  T/e:y  carefully  and 
censidirately  done." — Westmisster  Review. 

GoWcn  Treasury  Psalter. — students'  Edition.     Being  an 

Edition   of   "The    Psalms    Chronologicilly  Arranged,  by  Ff>ur 

Friends,"  wiih  briefer  Notes,     iSmo.     3r,  erf. 

In  maiiag  this  abridgment  cf"  The  Psalms  Chroiuiiogically  Arranged," 

lAe  tditors  have  endeavoured  A>  nuS  the  n^tUremettts  of  readers  nf  a 

d^erent  class  front  those  far  iBkom  the  larger  editiait  -uias  iiitended.    Some 

who  found  the  large  hook  useful  for  private  nadiug,  have  asked ^w  ait 

a/iHail  of  a  smallir  site  and  at  a  Ivwsr  price,  for  family  lae,  mAile  al  the 

same  time  some  Teachers  in  Iiiilic  Sehoali  have  suggested  that  it  -unmld  be 

eamieHient  for  them  to  hove  n  simpler  boot,  which  li^  could  put  into  the 

hands  bJ  younger  pupils.     "  ft  is  a  gem,"  says  the  NosconFORuisr. 


Hardwick.— A  HISTORY  OF  THE  CHRISTIAN  CHURCH. 

Middle  Age.     From  Gregory  the  Great  to  the  Excommunication 

of  LuLher.    By  Archdeacon  Hardwick.    Edited  by  Francis 

PboCTeh,  M.  a.    With  Four  Mnps  constructed  for  tliis  work  by 

A.  Keith  Johnston,     Second  Edition.     Crown  8™,    loi.  td. 

The  groiiml-plan  of  this  treatise  coincides  in  many  points  with  one 

adopted  al  the  ckseof  thelast  century  tn  the  colossal -work  of  Schrockh,  at>d 

tiate  that  time  by  others  of  his  thoughtful  countrymen  ;  but  in  arranging 

lit  materials  a  very  differcU  course  has  firequmlly  beenfursued.     With 

ngttrdlii  the  opinians  of  the  author,  he  is  willing  to  avow  disliHctly  that  he 

hat  ivnstrtieJ  history  with  the  specific  prepossessions  of  an  Englishman  and 

A  member  of  the  English  Church.     The  reader  is  constantly  referred  to 

Ihi  authorities,  both  original  and  crilieal,  on  vihick  the  ttalemtnts  art 

finindtd.      "  Ar  a  Manual  for  the  student  of  ecclesinstical  liislory  in  the 

MbUle  Ages,  laeimno  no  EngJitA  trori  a'AiiJi  fan  I'e  Ci/mf'Ued  lii  Mr. 

H^dwklti  A)At."~GuAHDrAi<. 
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H  ard  w  i  ck — contin  ued, 

A  HISTORY  OF  THE  CHRISTIAN  CHURCH  DURING  THE 

REFORMATION.     By  Archdeacon  Hard  wick.     Revised  by 

Francis  Procter,  M.  A.    Second  Edition.    Crown  8vo.    lOr.  6^. 

This  volume  is  intended  as  a  sequel  and  companion  to  the  ^^  History  oj 

the  Christian  Church  during  the  Middle  Age."     The  author^s  earnest 

wish  has  been  to  give  the  reader  a  trustworthy  version  of  those  stirring 

incidents  which  mark  the  Reformation  period^  without  relinquishing  his 

former  claim  to  characterise  peculiar  systems^  persons^  and  events  according 

to  the  shades  and  colours  they  assume,  when  contemplated  from  an  English 

point  of  view,  and  by  a  member  of  the  Church  of  England, 

Maclear. — Works  by  the  Rev.  G.  F.  MACLEAR,  B.D.,  Head 
Master  of  King's  College  School,  and  Preacher  at  the  Temple 
Church. 

A  CLASS-BOOK  OF  OLD  TESTAMENT  HISTORY.  Fifth 
Edition,  with  Four  Maps.  i8mo.  cloth.  4r.  6^/. 
This  volume  forms  a  Class-book  of  Old  Testament  History  from  the 
earliest  times  to  those  of  Ezra  and  Nehemiah.  In  its  preparation  the 
most  recent  authorities  have  been  consulted,  and  wherever  it  has  appearal 
useful.  Notes  have  been  subjoined  illustrative  of  the  Text,  and,  for  the  sake 
of  more  advanced  students,  references  added  to  larger  works.  TTie  Index 
has  been  so  arranged  cts  to  form  a  concise  dictionary  of  the  persons  and 
places  mentioned  in  the  course  of  the  narrative;  while  the  maps,  which  have 
been  prepared  with  considerable  care  at  Stanford's  Geographical  Establish- 
ment, wilU  it  is  hoped,  materially  add  to  the  value  and  usefulness  of  the 
Book.  *^  A  careful  and  elaborate  though  brief  compendium  of  all  thai 
modern  research  has  done  for  the  illustration  of  the  Old  Testament.  We 
know  of  no  work  which  contains  so  much  important  information  in  so 
small  a  compass.^'—BKnisK  Quarterly  Review. 

A  'class-book  of  new  testament  HISTORY,  including 
the  Connexion  of  the  Old  and  New  Testament.     With  Four  Maps. 
Third  Edition.     i8mo.  cloth.     5^.  6d. 
A  sequel  to  the  author's  Class-book  of  Old  Testament  History,  continuing 

the  narrative  from  the  point  at  which  it  there  ends,  and  carrying  it  on  to 
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M  a  clea  r — continued. 

the  dost  of  St.  Pauls  second  imprisonment  at  Romt.  In  its  firtparaiiim 
at  in  l/mt  oflhefBrmervvlume,  thi  most  rtcatt  and  trushvuttliy  aulhorilics 
hitBt  ban  tonsulltd.  noils  svbjained,  and  referains  te  largo'  works  addtd. 
It  is  thus  hoped  thai  it  miqi  prove  at  once  an  useful  clais-boek  and  a 
comitnieni  eomfranien  to  the  study  of  the  Greek  Talamenl.  ' '  A  singularly 
(Itar  and  orderly  arrangement  of  the  Sacred  Story,  His  work  it  solidly 
and  completely  dene." — Athen^um. 

A  SHILLING  BOOK  OF  OLD  TESTAMENT   HISTORY,   for 

National    and    Elementary   Schools,       With  Map.       iSmO.  cloth. 

A  SHILLING  BOOK  OF   NEW  TESTAMENT  HISTORY,  for 

National   mid  Elemenlaxy   Schools.     With   Map.     iSmo.    doth. 

These  works  heme  been  earejully  abridged  Jrom  the  authot's  larger 

manuals. 

CLASS-BOOK  OF  THE  CATECHLSM  OF  THE  CHURCH  OF 
ENGLAND,  Second  Edition.  iSuio.  doth,  is.  6d. 
This  may  if  regarded  as  a  sequel  to  the  Class-books  oj  Old  and  Nr» 
Tistament  History.  Like  them,  it  is  fiimished  with  notes  and  reftrenees 
b)  larger  works,  and  it  is  koped  that  it  may  be  found,  especially  in  tie 
higher  forms  ej  our  Public  Schools,  to  nifldy  a  suitatle  manual  of 
imtruelioH  in  the  ehiej  doelrines  of  the  /English  Church,  and  a  usififl 
Mp  in  thi  preparation  of  Candidates  for  CanJSrmaliim.  "  It  is  indeed 
the  UK/rk  of  a  seholdr  and  drvine,  and  as  such,  though  Extremely  simple, 
il  is  also  extremely  instruclit'e.  There  are  feiB  dergymen  who  would  not 
find  it  useful  in  preparing  candidates  for  ConfirmalioH ;  and  thtre  are 
not  a  few  who  would  pad  it  useful  to  themselves  as  well." — Litbkakv 
Churchman, 

A    FIRST    CLASS-BOOK   OF    THE   CATECHISM   OF   THE 
CHURCH   OF  ENGLAND,  with  Scripture  Proofi,   for  Junior 

and  Schools.     i8mo.     6d. 
;   ORDER   OF   CONFIRMATION.      A  Sequel  to  the  Clus 
Dok  of  the  Catechism.     For  the  ii&e  of  CandJdiLtes  for  Conlinii*- 
Wilh  Prayers  and  Collects,     tSmo,     3d. 
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Maurice,— THE   LORD'S   PRAYER,    THE    CREED,    AND 

THE  COMMANDMENTS.  A  Manual  for  Pirents  and  Sdlool- 
maBters.  To  which  is  added  the  Ordei  of  Ihe  Scriplutes.  Bj'  Ibe 
Rev.  F.  Denison  Maurice,  M.A.  Professor  of  Moral  Philosflphj 
in  the  Universily  of  Cambridge.     iSmo.  tlotli  limp.      \s. 

Procter.— A    HISTORY    OF    THE    BOOK    OF    COMMON 

PRAYER,  with  a  Rationale  of  its  Offices.  By  FRAMCIsPftOCrmt, 
M.A.  Ninth  Edition,  revised  and  enlarged.  Crown  Bvft 
lOf.  (irf. 

In  the  course  of  the  last  titimfy  ymrs  the  whole  question  of  Litvrgic^ 
kniKiiltdge  has  bun  nopcned  itiith  great  iiarnmg  and  accurate  raeartA, 
and  it  is  mainly  viith  Ike  iiifw  of  epitomising  ixtaisive  fiuilieatiiiitt,  ttU 
correetiti^  t/ie  cm>rs  and  miscomeptiens  which  had  obtained  ai 
that  tit  present  volumi  has  been  put  together.  ' '  We  admire  the  AnlMl 
dili^met,  and  beartiriihng  testimet^  la  the  extent  and  aectiraey  <^  ^ 
reitding.  The  origin  of  every  fart  of  the  Prayer  Book  A-u  beat  JSS 
iniiestijflUed,  and  there  are  few  gueslieHS  of  fads  connected  with  it 
are  not  either  sujicienlly  explnlnetl,  or  so  re/erred  fa  thai  fierteits  in! 
may  mork  oul  the  truth  for  /Acntrj/Mr,"— AtheNAiUM, 

Procter    and    Maclear.— AN   ELEMENTARY   INTR* 

DUCTION    TO    THE    BOOK    OF    COMMON    PRAYER. 

Re-arranged  and  snpplemented  by  an  Explanalion  of  Ihe  MimiiaS 

and   Evening  Prayer  aiici  the  Lilany.     By  the  Rev.  F,  pROOlX- 

and  the  Rdv.  G.  F.  Maclear.     Fourth  Edition.      iSmo. 

As  in  the  other  Class-books  of  the  series,   tioles  have  also  been  siu 

and  rejrrenets'giveii  to  larger  moris,  and  il  is  hoped  thai  the  iwAr 

befinnd  adapted  for  use  in  the  higher  forms  Jj  our  Put/k  Schools,  aitit- 

stdlahle  manual  for  thos;  prejmring  for  the  Oxfird  and  Camhridgt  Ikb 

examinations.       This  new  Edition    has   been   cansideraUy  allend, 

several  important  additions  have  been  made.     Besides  a  re-arrange 

of  the  TBork  generally,  the  Historical  Portion  has  been  supiplemeHlld  ij  *< 

Explaiiationof  the  Morning  o, id  F.venixg  Pniyer  and  of  Ihe  Lit,: 


Paalms    of  David  chronologically  arranged.     By 

Four    Friends.       An   Amended    VerBion,    with    Historical 

Inlroductlon    and    Explanatory   Notes.      Second    Edition,    with 

AdiUttons  and  Corrections.     Crown  Svo.     ii.  6d. 

7t>  ratBTf  tht  PsaUtr  as  Jar  as  foaibletothe  order  in  vikich  Iht  Ptalmi 

toa-t  virillin,  — to  give  Iht  divUii/n  of  cash  Fialm  inta  sh-efAtiy  of  each 

tlr^ht  iHla  IkeliaaiohUk  composed  U,-~to  amend  lAta-rors  of  IranslatioH, 

it  l/u  ebject  of  the  present  Edilian.     Profasor  EiboJcPj  wor/is,  espeeialfy 

Ikal  an  lie  Psalms,  have  been  exltnshiely  conrulUd.      This  hook  has  ieen 

MtJ  ■with  saliifaetion   bv  masters  for  firhmte  -work  in  higher  classes  m 

sehotls.     The  Spectator  calls  this  "  one  of  Iht  mast  insiructive  and 

valuttble  boots  that  lias  beat  published  for  many  years." 

Ramsay.— THE  CATECHISER'S  MANUAL;  or,  the  Church 

Catechism  illustrated  and  explainiid,   for  the  nse  of  ClcrEymcn, 

Schoolmasters,   and  Teachera,     By  Ihe   Rev.  Arthur  Ramsay, 

M.A.     Second  Edition,     iSino.     \s.bd. 

A  clear  explanation  of  the  Catechism,  by  way  of  Question  and  Annaer. 

"  This  is  by  far  Ihe  best  Manual  en  the  Catechism  toe  have  met  vAtk." 

-ENGUiH  JuuRNM.  OF  Education. 

Simpson.— AN  epitome  of  the  history  of  THE 
CHRISTIAN    CHURCH,      By    William    Simmon,    M.A. 
Fifth  Editioiu     Fcap.  8»o.    31.  W. 
A  eampendieus  summary  ef  Chunk  History. 

Swainson.—  a  handbook  10  SUTLER'S  analogy.    By 

C.  A.  Swainson,  D.D,,  Canon  of  Chichester.    Crown  Svo.   ij.  6rf, 

TTiis  manual  is  deiigneJ  to  tent  as  a  handbook  or  raad-^eei  to  the 

Student  in  reading  the  A  HoUgy,  to  groe  Ikt  Student  a  sketch  or  ouHint  map 

ef  Ihe  country  on  which  he  it  entering,  and  to  poiHl  out  to  him  matters  of 

inieret'  as  ke/atiei  aUng. 
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Westcott. — Worlts  by  BROOKE  FOSS   WESTCOTT,  B.D., 

Canon  of  Peterborongh. 
A    GENERAL     SURVEY     OF     THE     HISTORY     OF    THK 

CANON    OF   THE    NEW   TESTAMENT    DURING  THE 

FIRST  FOUR  CENTURIES.     Third  Edition,  revised.    Crown 

Svo.      loj,  bd. 
The  oHthor  kas  mdtinjeurfd  te  CBnnect  the  history  of  thi  New  Testemtnl 
Caitim  viilA  the  growth  and  eonsoliJation  of  the  Church,  anj  to  fieint  mt 
tht  rdatton  existing  helioan  the  amount  of  roiitenet  for  the  authenttcity  o; 
Us  cempontHl  fiiirts,  and  the  wfiole  man  of  Christian  literature.     Su, 
method  of  inquiry  loill  eonvey  both  the  truest  notion  of  the  connexion  of  lie    ' 
torittett  Woi-d  with  the  living  Body  of  Christ,  and  the  surest  convicliBn  ej 
its dcviiie authority.   Of  thisxoork  the  Saturday  Review Tmfei,'  "Tluo- 
ifgical  students,  and  not  they  eniy,   but  tie  general  public,  owe  a  A^  ttt( 
of  gratiiude  la  Mr,    Westcott  for  bringing  this  subject  fairly  b^ore  £i( 
IB  this  candid  and  comprehcmir/i  essay.  .  ...  As  a  theological  nwni  it 
at   eiue  perfectly  fair    and  imfartiat,    and    imbued   -aiith  a  tharougkh 
rdigious  spirit;   and  as  a  naiiual  it  arhiiili,  in  a  lucid  form  and  in 
narrme  compass,  the  results  of  extensive  research  and  aeeurale  fhoughl.  ■ 
We  cordially  recommend  it." 

NTRODUCTION  TO  THE  STUDY  OF  THE  FOUR  GOSPELS. 
Third  Edition.    Crown  S»o.     las.  6d. 
This  book  is  intended  to  be  an  Introduction  to  tht  Study  of  tht  Gotftli. 
The  author  has  made  it  a  point  carefully  to  study  the  researches  of  ike^tat 
mrilers,  and  consciously  to  neglect  none.     There  is  an  elaborate  diicui 
appended  "  On  the  Priraitine  Doctrine  of  Inspiration."       "Jfis  '  /i 
Auction'  and  •  Canon'  are  t-,vo  of  lie  best  works  of  the  kind  Ic  be  fouH. 
any  literature."— Dwi-Y  News. 


— DAU.V  Nkws. 


Westcott  (Canon] — eonlini4t4. 

"  A  brief,  sckvtarty,  and,  to  a  gratt  exteni,  an  origina!  coHtribulion  In 
tlUtilogicai  literature.  He  is  lie  first  Id  offer  any  coHsiderable  amtriba- 
Ikm  ta  what  he  «Uh  thar  internal  history,  lehtek  dials  iidth  their  relation 
Ik  Bther  texts,  with  their Jtliatinn  one  o«  onelher,  aad  with  the  priivifles  by 
vahiek  thry  have  been  succesihiely  modified." — Pall  Mall  Gazette. 


THE  BTELE  IN  THE  CHURCH.  A  Popular  Account  of  the 
CoUeclion  and  Reception  of  the  Holy  Scriptures  in  the  Christian 
Chutchea.     Third  Edition,     iSmo.  elotb,  4r.  dd. 

The  freseHt  booh  is  an  attempt  to  aHsvier  a  rtpiesl,  which  has  been  made 
frma  time  le  time,  to  place  in  a  simple  farm,  fiii-  the  use  of  general  readers, 
the  substance  of  the  author's  " HisloTy  of  thi  Canon  of  the  New  Testament." 
An  elaborate  tind  eomprehensitle  Introduetion  is  followed  by  chapters  on 
the  Sibil  of  the  Apostolic  Age;  on  the  Grvwth  of  the  New  Testament;  the 
A poitalie  Fathers  ;  the  Age  of  the  Apologists :  the  First  Christian  SHU; 
the  Bale  Proscrihed  and  Restored;  the  Age  oj  ferame  and  Augustine; 
the  Bible  of  the  MiddU  Ages  in  the  tfact  and  in  the  East,  and  in  the 
Sixteenth  Century,  Two  appendices  on  tie  History  of  the  Old  Testament 
Canon  b^ore  the  Christian  Era,  and  on  the  Contents  of  the  most  ancient 
MSS.  of  the  Christian  Bible,  com flete  the  volume.  "We  would  recommend 
every  one  who  tovtt  and  studies  the  BWe  to  read  a  sd  ponder  this  exquisite 
tillicboek.  Mr.  It'cstcott's  accouil  of  the  'Canon'  is  Uae  histoij  in  its 
hi^bat  sense." — LITERARY  Ckubciiman. 

THE  GOSPEL  OF  THE  RESURRECTION.     ThouebU  on  iw 

Relation  to    Reuon   and    History.     New   Edition.     Fcap.   Svo. 

V.6d. 

7'hii  Essay  is  an  endettttiw  to  consider  seme  of  the  elemenlaty  truths 

if  Christianity  as  a  miraculous  Ke^iilatioH,  from  the  side  of  History  and 

A'eason,     Jf  the  arguments  ichick  are  here  adduced  are  valid,  they  11/111  go 

far  to  prove  that  the  Xesurreclion,  with  all  that  it  includes,  is  the  hey  to 

Ihe  history  of  man,  and  the  complement  of  reason. 
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Wilson.— THE  BIBLESTDDENTS'GDIDEtothemoreCcOTect 

Understanding  of  the  ErgUali  translation  of  the  Old  Teslamcnt, 

by  reference  to  the  Original  Hebrew.     By  Wlt-LIAM  Wll-SON, 

D.D.,   Canon   of  Winchester,   late  Fellow  of  Queen's  CoUf^ 

Oiford.      Second  Edition,  carehdly  Revised,     410.  cloth.     25* 

Tim  imrk  it  tht  raail  of  aimail  iacrtdiile  laboHr  bestowed  DM  it  dariiig. 

many  years.     lis  abject  is  to  enable  the-raiden  of  the   Old  Tatammt 

ScriftHres  ta  penetrate  iate  the  real  meaning  ef  the  saersd  ■writers.    AUlkf 

English  words  used  in  the  AulAoriied  fersirn  are  aJphabdiciitty  iirranged, 

ohJ  bettealh  them  are  given  Ike  Hebrew  equaioUitis,  with  a  cartful  exflan- 

alien  of  the  peculiar  sigtaficalioH  and  amstmctiim  of  etuh  term.     7%t 

kameledge  of  the  Hehrnii  language  is  not  absolutdy  necessary  to  tkefreft- 

able  use  of  the  -work.     Devout  and  accurate  students  of  the  SOU,  entirdji 

tmaeqaainted  ■zvith  Hebrrm,   may  derive  great  advantage  fr^t  freftmt 

reference  to  it.   It  is  especially  adapted  f}r  the  use  of  the  clergy.    "FettB 

earnest  students  of  the  Old -Testament  Scriptures  it  is  a   me. 

Manual.     Its  arrangement  is  so  simple  that  these  leho  possess 

mother-tongue,  if  they  ■will  take  a  Utile  pai/ti,  may  employ  it  with  great 

profit. ' ' — N  ONCONFOEMIST. 

Yonge   (Charlotte   M.)— SCKIPTURE  READINGS  FOR 

SCHOOLB  AND  FAMILIES.      By  Cwarlot'ik  M.    Yonct, 

Author  of  "The  Heir   of   Redclyffc,"      Globe   8yo.       u.   6i. 

With  Commenta,  31.  bd. 

Every  one  engaged  in  education  must  at  limes  have  fell  some  dijlcut^  m 

the  subject  of  reading  Holy  Scripture  with  ebildren.     ActuaJ  nerd  has  led 

the  author  to  endeaiimr  t»  prepare  a  reading  hook  convenient  for  Ate^ 

■with  children,  containing  tht  iiery  words  ef  the  Bible,  with  onfy  d  fim 

expedient  omissions,  and  arranged  in  Lessons  of  such  length  as  iy  eir- 

ferience  she  has  found  to  suit  with  children's  ordinary  power  ef  aettmdt 

attentive  interest.     The  verse  form  has  been  retained,  because  ef  its  cMt- 

venience fir  children  reading  iit  class,  and  as  more  memSting  Ihjdr  BiUit ! 

bat  the  poetical  portions  have  ban  ginen  in  their  Hues.     When  Psalwu  or 

portions  fr-om  the  Prophds  illustrate  or  fill  in  with  the  ■■     -■ 


II 


giaen  in  their  ckretulcgical  stqmtnsi.  THi  Serif  tun  fierlinn,  wilA  a  very 
frtv  m/ta  explanalory  of  mere  words,  is  touml  u/i  apart,  to  be  used  by 
ehildnH,  white  the  same  is  also  stif plied  Tiiilh  a  briff  tommcnt,  the  fHrpase 
tf  Mikick  is  either  to  assist  the  teacher  in  explainiiig  the  lesson,  or  la  Se 
Used  by  more  advoHctd  young  peapte  to  vfhom  it  may  net  be  possible  to  give 
aeon  to  tie  authorities  whence  it  has  bent  latai. 

Pro/essor  Huxley,  at  a  metttHgo/thc  LendoH  School  Board,  particuhrlji 
meHHBned  thesdection  made  by  Miss  Yongt  as  an  example  of  hmo  sdecHans 
might  be  made  from  the  Bible  for  School  reading.  See  TlMES,  March  30. 
.87.. 
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Arnold.— A    French     etom:    or.    middle   class 

EDUCATION  AND  J"HE  STATE.    By  Matthew  Aknold. 

Fcap.  8vo.  cloih.     21.  fid. 

This  inlerestiHg  mile  volume  is  the  result  0/ a  visit  to  France  in  1859 

iji  Mr.  Arnold,  aathorisei  by  tht  Hayal  Commissienasy  wko  were  then 

inpdrii^inlo  the  slaU  of  popular  edueaiiou  in  Eu^and,  to  seeh,  in  their 

name,  infirmation  rispteHng  the  Ftench  Primary  Schools.     "A  very  ii.- 

teresting  dissertation  on  thisvtiem  of  secondary  inslnction  %n  France,  and 

on   Ihi  advisability  of  (Ofying  the  system  in    England." —Satvkuav 

Rkview, 

Jex-Blakc— A  VISIT  TO  SOME   AMERICAN   SCHOOLS 

AND  COLLEGES.    By  SomiA  jEX-DlJkKB.    Crown  8vo,  cloth, 

6s. 

'•Jnthefollowingpagrs/Aajietndeaveuredtogiveit  simple  and aeturale 

teeount  of  what  I  law  during  a  series  ef  visits  to  some  of  tht  Schools  and 

Ctiltga  in  the  United  Slates.  .  .  .  /  taisA  simply  to  gri'e  other  ttachrrs  an 

Iffortunity  of  seeing  through  my  gw  •what  they  canned  perhaps  set  for 

themselves,  and  to  this  end  I  have  recorded  just  tuth  partatlari  as!  should 

myitlf  care  to  im^."— Author's   Prepacr.     "Miss  Slate  gives  a 

living  picture  of  the  Sekoeli  and   Call^a  themttlvts  in  which  that 

mtuea/uiu  u  nt/y/rf*!!."— PAU.  Mall  Gaxbttk. 
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Quain    (Richard,    F.R.S.) — ON  SOME   DEFECTS  IN 

GENERAL  EDUCATION.  By  Richard  Quain,  F.R.S. 
Crown  8vo.  3j.  6^/. 
Having  been  charged  by  the  College  of  Surgeons  Tvith  the  delivery  of  the 
Hunter ian  Oration  for  1869,  the  Author  has  availed  himself  of  the 
occasion  to  bring  under  notice  some  dejects  in  the  general  education  of  the 
country,  which,  in  his  opinion,  effect  injuriously  all  classes  of  the  people, 
and  not  least  the  members  of  his  own  profession.  The  earlier  pages  of  the 
address  contain  a  short  ndtice  of  the  genius  and  labours  of  John  Hunter, 
but  the  subject  of  education  will  be  found  to  occupy  the  larger  part— from 
page  twelve  to  the  end.  The  Examiner  calls  the  work  "  an  interesting 
addition  to  educational  literature^ 

Thring. — EDUCATION  AND  SCHOOL.     By  the  Rev.  Edward 
Thring,  M.A.,   Head  Master  of  Uppingham.     Second  Edition. 
Crown  8vo.  cloth.     5^.  dd. 
**^«  invaluable  book  on  a  subject  of  the  highest  importance^ — English 
Independent. 

Youmans. — MODERN  CULTURE  :  its  True  Aims  and  Require- 
ments.    A  Series  of  Addresses  and  Arguments  on  the  Claims  of 
Scientific  Education.     Edited  by  Edward  L.  Youmans,  M.D. 
Crown  8vo.    %s.  6d. 
Contents  : — Professor  Tyndall  on  the  Study  of  Physics  ;  Dr.  Daubeny  • 
on  the  Study  of  Chemistry  ;  Professor  Henfrey  on  the  Study  of  Botany  ; 
Professor  Huxley  on  the  Study  of  Zoology  ;  Dr.  y,  Paget  on  the  Study  of 
Physiology;  Dr.   Whewell  on  the  Educational  History  of  Science ;  Dr. 
Faraday  on  the  Education  of  the  Judgment ;  Dr,  Hodgson  on  the  Study 
of  Economic  Science ;    Mr.  Herbert  Spencer   on   Political  Education; 
Professor  Masson  on  College  Education  and  Self  Education  ;  Dr.  Youmans 
on  the  Scientific  Study  of  Human  Nature,    A  n  Appendix  contains  extracts 
from  distinguished  authors,  and  from  the  Scientific  Evidence  given  befon 
the  Public  Schools  Commission, 
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